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N O T A T I O N
s h e l l  r a d i u s  o f  c u r v a t u r e  or  t h e  p o i n t  o f  
maximum p o s i t i v e  s t r a i n  on an e l l i p t i c a l  
h y s t e r e t i c  l o o p .
c o n s t a n t s  r e l a t i n g  s t r e s s  t o  s t r a i n  a m p l i t u d e s ,  
beam c r o s s  s e c t i o n a l  a r e a  or  a g e n e r i c  p o i n t  
on t h e  c o n t o  u r . 
c o n s t a n t s  o f  i n t e g r a t i o n .
a m a t r i x  r e l a t i n g  t h e  d i s p l a c e m e n t  a m p l i t u d e s  t o  
t h e  c o n s t a n t s  o f  i n t e g r a t i o n .
t h e  p o i n t s  o f  z e r o  s t r e s s e s  on an e l l i p t i c a l  
h y s t e r e t i c  l o o p .
c o n s t a n t s  r e l a t i n g  s t r e s s  t o  s t r a i n  a m p l i t u d e s ,  
w i d t h  o f  f l a n g e s  f o r  d i f f e r e n t  s e c t i o n s  or 
a g e n e r a l  s h e l l  p o i n t  n o t  l y i n g  on t h e  c o n t o u r ,  
c o n s t a n t s  o f  i n t e g r a t i o n .
c o n s t a n t s  c o n t a i n i n g  some c r o s s  s e c t i o n a l  and 
m a t e r i a l  p r o p e r t i e s  as  w e l l  a s  t h e  f o r c i n g  
fr e q u e n c  y .
a m a t r i x  r e l a t i n g  t h e  s t r e s s  r e s u l t a n t  a m p l i t u d  
to  t h e  c o n s t a n t s  o f  i n t e g r a t i o n ,  
t o t a l  l e n g t h  o f  t h e  c o n t o u r .
x v i  i
t h e  p o i n t s  o f  z e r o  s t r a i n  on an e l l i p t i c a l  
h y s t e r e t  i c  l o o p .
l e n g t h  o f  a b r a n c h  o f  t h e  c o n t o u r .
t h e  c e n t r o i d  o f  t h e  s e c t i o n  c r  t h e  o r i g i n  o f  t h e
f i x e d  c o o r d i n a t e  s y s t e m .
t h e  o r i g i n  o f  a t r a n s f o r m e d  f i x e d  c o o r d i n a t e  
s y s t e m .
c o n s t a n t s  o f  i n t e g r a t i o n .
c o n s t a n t s  c o n t a i n i n g  some c r o s s  s e c t i o n a l  and 
m a t e r i a l  p r o p e r t i e s  a s  w e l l  as  t h e  f o r c i n g  
f r  e q u e n c  y .
a v e c t o r  c o n t a i n i n g  t h e  c o n s t a n t s  o f  i n t e g r a t i o n ,  
t h e  p o i n t  o f  maximum n e g a t i v e  s t r a i n  on an 
e l l i p t i c a l  h y s t e r e t i c  l o o p .
a d i f f e r e n t i a l  m i d s u r f a c e  s h e l l  l e n g t h  a l o n g  t h e  
c o n t o  ur .
a d i f f e r e n t i a l  s h e l l  l e n g t h  n - d i s t a n c e  away from 
t h e  m i d s u r f a c e  and p a r a l l e l  t o  t h e  c o n t o u r ,  
t h e  a n g l e  o f  c u r v a t u r e  o f  a d i f f e r e n t i a l  
c y l i n d r i c a l  s h e l l  e l e m e n t .
d
t h e  d i f f e r e n t i a l  o p e r a t o r  
d i f f e r e n t i a l  o p o p e r a t o r s ;  s o m e t i m e s  in 
d e t e r m i n  a n t a l  f o r m.
t h e  d y na mi c  s t i f f n e s s  m a t r i x  wh i c h  r e l a t e s  t h e  
s t r e s s  r e s u l t a n t  t o  d i s p l a c e m e n t  a m p l i t u d e s .
x v i  i  i
[ D a ] » [ D b 3 t he  d y na mi c  s t i f f n e s s  m a t r i x  o f  beam A and B, 
r e s p e c t i v e l y .
A B
Di j ’ ^ i j  t i^e e ^ ement  a t  row ’ *' and co l umn ' j 1 o f  t h e
m a t r i c e s  CDA3 and CDB3 , r e s p e c t i v e l y .
e a d i s t a n c e  used in l o c a t i n g  t h e  s h e a r  c e n t e r  f o r
c e r t a i n  s e c t i o n s .
E t h e  mo d u l u s  o f  e l a s t i c i t y .
*
E t h e  c o m p l e x  mo d u l u s  o f  e l a s t i c i t y .
Er t h e  s t o r a g e  mo dul us  o f  e l a s t i c i t y .
Ej t h e  l o s s  m o d u l u s  o f  e l a s t i c i t y .
E a c o n s t a n t  e q u a l s  t o  E * / ( 1 - v 2 )
F a c o n s t a n t  r e l a t i n g  s t r e s s  t o  s t r a i n - r a t e  i n
v i s c o u s  m a t e r i a l  m o d e l s .
F . * Fy . , F . c o e f f i c i e n t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n s  o f  J X j Y j
d i s p l a c e m e n t  a m p l i t u d e s .
Fv a f o r c e  a m p l i t u d e  a p p l i e d  a t  t h e  node  ’ q' in t h eXq
p r i n c i p a l  X - d i r e c t i o n .
IF} a v e c t o r  c o n t a i n i n g  t h e  beam s t r e s s  r e s u l t a n t
ampl i t u d e s  .
g t h e  p o i n t  o f  maximum s t r e s s  on an e l l i p t i c a l
h y s t e r e t i c  l o o p .
G t h e  s h e a r  m o d u l u s .
*
G t h e  c o mp l e x  s h e a r  m o d u l u s .
G t h e  s t o r a g e  modul us  o f  s h e a r .R
h t h e  t h i c k n e s s  o f  t h e  s h e l l .
hp t h i c k n e s s  o f  f l a n g e s  f o r  d i f f e r e n t  s e c t i o n s .
x i x
h t h i c k n e s s  o f  webs  f o r  d i f f e r e n t  s e c t i o n s ,w
H t h e  h e i g h t  o f  t h e  web f o r  d i f f e r e n t  s e c t i o n s .
Hy, Hy, d e t e r m i n a n t s  used  in t h e  d i s p l a c e m e n t  a m p l i t u d e s ’
d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  c a s e  o f  no a x e s  o f  
s y mme t r y .
Hxy,  d e t e r m i n a n t s  us e d  in t h e  d i s p l a c e m e n t  a m p l i t u d e s '
d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  c a s e  when t h e  
X - a x i s  i s  an a x i s  o f  s y mme t r y .
Hyy,  d e t e r m i n a n t s  used in t h e  d i s p l a c e m e n t  a m p l i t u d e s '
d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  c a s e  when t h e  
Y - a x i s  i s  an a x i s  o f  s y mme t r y .
i  t h e  i m a g i n a r y  u n i t  ( f T  >.
Ip t h e  p o l a r  moment  o f  i n e r t i a  a b o u t  an a r b i t r a r y
p o l e  or  a bo ut  t h e  p r i n c i p a l  p o l e .
I . 1XX XX 1
I , t h e  s e c o n d  moment  o f  i n e r t i a  a bo ut  an a r b i t r a r yx xc XX J
f i x e d  x - a x i s , a t r a n s f o r m e d  x ^ - a x i s ,  a c e n t r o i d a l '
x c ~ a x i s ,  and t h e  p r i n c i p a l  X - a x i s ,  r e s p e c t i v e l y .
I , I yy yy 1
I , I ,,,, t h e  s e c o n d  moment  o f  i n e r t i a  a b o u t  an a r b i t r a r yyyc  YY
f i x e d  y - a x i s ,  a t r a n s f o r m e d  y ^ - a x i s ,  a c e n t r o i d a l
y - a x i s ,  and t h e  p r i n c i p a l  Y - a x i s ,  r e s p e c t i v e l y ,  c
1 * 1 xy xy 1
I t h e  p r o d u c t  o f  i n e r t i a  a b o u t  a r b i t r a r y  x y - a x e s ,x y o
t r a n s f o r m e d  x ^ y ^ - a x e s ,  and c e n t r o i d a l  x c y c - a x e s ,
r e s pe c  t i  v e l  y .
x x
*o)X ’ ^ x c  *
I^x t h e  s e c t o r i a l  p r o d u c t  o f  i n e r t i a  a bout  a r b i t r a r y
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s  and about
an a r b i t r a r y  x - a x i s ,  a c e n t r o i d a l  xc - a x i s ,  and
t h e  p r i n c i p a l  X - a x i s ,  r e s p e c t i v e l y .
I „ t h e  s e c t o r i a l  p r o d u c t  o f  i n e r t i a  a bout  anto 1 x
a r b i t r a r y  x - a x i s  and t r a n s f o r m e d  c u r v i l i n e a r  and 
a u x i l i a r y  c o o r d i n a t e s .
9I , Iajy oiyc
I t h e  s e c t o r i a l  p r o d u c t  o f  i n e r t i a  a bout  a r b i t r a r y
o)Y
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s  and about
an a r b i t r a r y  y - a x i s ,  a c e n t r o i d a l  yc - a x i s ,  and
t h e  p r i n c i p a l  Y - a x i s ,  r e s p e c t i v e l y .
I t h e  s e c t o r i a l  p r o d u c t  o f  i n e r t i a  a bo ut  an
oil y
a r b i t r a r y  y - a x i s  and t r a n s f o r m e d  c u r v i l i n e a r  and
a u x i l i a r y  c o o r d i n a t e s .
I t h e  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a  wi t h
0)0)
r e s p e c t  t o  a r b i t r a r y  c u r v i l i n e a r  and a u x i l i a r y
c o o r d i n a t e  s y s t e m s .
I t h e  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a  w i t h
0) 0)1
r e s p e c t  to  t r a n s f o r m e d  c u r v i l i n e a r  and a u x i l i a r y  
c o o r d i n a t e  s y s t e m s .
I t h e  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a  wi t h
0)0) p
r e s p e c t  t o  t h e  p r i n c i p a l  p o l e  and an a r b i t r a r y  
c u r v i l i n e a r  c o o r d i n a t e  s y s t e m .
x x i
I = C t h e  p r i n c i p a l  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a
w
( t h e  w a r p i n g  c o n s t a n t ) ,  
j a d i s t a n c e  used  to l o c a t e  t h e  p r i n c i p a l  o r i g i n
o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s  f o r  a Z - s e c t i o n  
and t h e  h o r i z o n t a l  d i s t a n c e  b e t w e e n  t he  
c e n t e r l i n e  o f  t h e  c o n t o u r  and t h e  p r i n c i p a l  p o l e  
f o r  a c i r c u l a r  arc  s e c t i o n .
J S t .  V e n a n t ' s  t o r s i o n a l  c o n s t a n t .
V V V
V V VV v
V V
MY j ’ MYJ’
.» Q,,,, . c o n s t a n t s  r e l a t i n g  t h e  c o n s t a n t s  o f  i n t e g r a t i o nYj XY j
when s o l v i n g  f o r  a m p l i t u d e s .
L l e n g t h  o f  t h e  beam.
M , M s h e l l  b e n d i n g  mo me nt s ,s z
M M . s h e l l  i n e r t i a  mo me n t s ,s i  z i
M , M s h e l l  t w i s t i n g  mo me n t s ,
s z  zs
M , M beam t r a n s v e r s e  b e n d i n g  moment s  w i t h  r e s p e c t  t o
x y
a r b i t r a r y  f i x e d  a x e s .
M , M beam t r a n s v e r s e  b e n d i n g  moments  w i t h  r e s p e c t  to
A I
t h e  p r i n c i p a l  f i x e d  a x e s .





M , M beam t r a n s v e r s e  b e n d i n g  moment  a m p l i t u d e s  a t  i t s
Y a Yb
e n d s  ' a '  and * b * , r e s p e c t i v e l y .
Mxe* Mye beam e x t e r n a l  t r a n s v e r s e  b e n d i n g  moments  per  u n i t
l e n g t h  w i t h  r e s p e c t  to  a r b i t r a r y  f i x e d  a x e s .
Mx e , MyE beam e x t e r n a l  t r a n s v e r s e  b e n d i n g  moments  per  u n i t
l e n g t h  w i t h  r e s p e c t  to  t h e  p r i n c i p a l  f i x e d  a x e s .
Mx£» Myg • beam e x t e r n a l  t r a n s v e r s e  b e n d i n g  moment
am pi  i t  u de s  .
^xi *  ^yi  b a a ro i n e r t i a  moment s  per  u n i t  l e n g t h  w i t h  r e s p e c t
t o  a r b i t r a r y  f i x e d  a x e s .
M t h e  beam w a r p i n g  moment  w i t h  r e s p e c t  t o  a r b i t r a r y<1)
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s .
t h e  beam w a r p i n g  moment  w i t h  r e s p e c t  t o  t h e
p r i n c i p a l  c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s .
M t h e  wa r p i n g  moment  a m p l i t u d e .
M , M beam w a r p i n g  moment  a m p l i t u d e s  a t  i t s  e n d s  ’ a*
S2a Sib
and ' b ' f r e s p e c t i v e l y .
M t h e  beam e x t e r n a l  w a r p i n g  moment w i t h  r e s p e c t  to
we
a r b i t r a r y  c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s .
M t h e  beam e x t e r n a l  w a r p i n g  moment w i t h  r e s p e c t  tosi £
t h e  p r i n c i p a l  c u r v i l i n e a r  and a u x i l i a r y  
c o o r d  i n a t e s .
M e x t e r n a l  wa r p i n g  moment  a m p l i t u d e .
SI E
xxi  i i
t h e  beam w a r p i n g  i n e r t i a  moment  per u n i t  l e n g t h  
w i t h  r e s p e c t  to  a r b i t r a r y  c u r v i l i n e a r  and 
a u x i l i a r y  c o o r d i n a t e s .
r i g h t  handed c u r v i l i n e a r  c o o r d i n a t e  s y s t e m ,  
an a u x i l i a r y  c o o r d i n a t e  s y s t e m ,  
beam normal  f o r c e ,  
normal  f o r c e  a m p l i t u d e .
beam normal  f o r c e  a m p l i t u d e s  a t  i t s  e n d s  'a* and 
1b 1 , r e s p e c  t i v  e l y .
beam e x t e r n a l  l o n g i t u d i n a l  f o r c e  per u n i t  l e n g t h  
w i t h  r e s p e c t  to  a r b i t r a r y  z - a x i s .
beam e x t e r n a l  l o n g i t u d i n a l  f o r c e  per u n i t  l e n g t h
w i t h  r e s p e c t  t o  t h e  p r i n c i p a l  Z - a x i s .
beam e x t e r n a l  l o n g i t u d i n a l  f o r c e  a m p l i t u d e .
beam l o n g i t u d i n a l  i n e r t i a  f o r c e  per u n i t  l e n g t h .
a c o n s t a n t  e q u a l s  N /EAE
s h e l l  membrane f o r c e s .
c o n c e n t r a t e d  edge  s h e l l  f o r c e  in t h e  s - d i r e c t i o n .  
o r i g i n  o f  an a r b i t r a r y  or  t h e  p r i n c i p a l  
c u r v i l i n e a r  c o o r d i n a t e  s y s t e m ,  
o r i g i n  o f  t h e  t r a n s f o r m e d  c u r v i l i n e a r  
c o o r d  i n a t e s .
an a r b i t r a r y  or  t he  p r i n c i p a l  p o l e .  I t  i s  a l s o  
used a s  an i n c l i n e d  f o r c e  a m p l i t u d e ,  
a t r a n s f o r m e d  p o l e .
x x i  v
a c o n c e n t r a t e d  f o r c e .
n e t  s h e l l  j u n c t i o n  l o a d s .
s h e l l  e x t e r n a l  d i s t r i b u t e d  f o r c e s .
s h e l l  i n e r t i a  f o r c e s .
a c o l umn v e c t o r  c o n t a i n i n g  t h e  p a r t i c u l a r  
s o l u t i o n  f o r  d i s p l a c e m e n t  a m p l i t u d e s ,  
a c o l umn v e c t o r  c o n t a i n i n g  t h e  e x t e r n a l  
d i s t r i b u t e d  t r a n s v e r s e  and w a r p i n g  moment  
a m p l i t u d e s .
t h e  a r b i t r a r y  a u x i l i a r y  c o o r d i n a t e  o f  a g e n e r i c  
p o i n t  ' A 1 in t h e  s - d i r e c t i o n .
t h e  t r a n s f o r m e d  a u x i l i a r y  c o o r d i n a t e  o f  a g e n e r i c  
p o i n t  'A* in t h e  s - d i r e c t i o n .
c o n s t a n t s  r e l a t i n g  t h e  s t r e s s  t o  t h e  s t r a i n  in 
v i s c o e l a s t i c  m a t e r i a l  m o d e l s .
t h e  p r i n c i p a l  a u x i l i a r y  c o o r d i n a t e  o f  a g e n e r i c  
p o i n t  ’A ’ in t h e  s - d i r e c t i o n .  
s h e l l  t r a n s v e r s e  s h e a r i n g  f o r c e s ,  
t h e  a r b i t r a r y  a u x i l i a r y  c o o r d i n a t e  o f  a g e n e r i c  
p o i n t  ' A'  in t h e  n - d i r e c t i o n .
t h e  t r a n s f o r m e d  a u x i l i a r y  c o o r d i n a t e  o f  a g e n e r i c  
p o i n t  ’ A 1 in t h e  n - d i r e c t i o n .  
t h e  p o l a r  r a d i u s  o f  g y r a t i o n .
t h e  p r i n c i p a l  a u x i l i a r y  c o o r d i n a t e  o f  a g e n e r i c  
p o i n t  ’A1 i n t h e  n - d i r e c t i o n .  I t  i s  a l s o  us e d  a s  
a c o n s t a n t  wh i c h  c o n t a i n s  c r o s s  s e c t i o n a l  and 
m a t e r i a l  p r o p e r t i e s  as  w e l l  a s  t h e  f o r c i n g  
f r  e q u e n c  y .
t h e  f i r s t  moment s  o f  i n e r t i a  a b o u t  a r b i t r a r y
f i x e d  x and y a x e s ,  r e s p e c t i v e l y .
t h e  f i r s t  moment s  o f  i n e r t i a  a b o u t  t r a n s f o r m e d
f i x e d  x^and y ^ a x e s ,  r e s p e c t i v e l y .
t h e  f i r s t  s e c t o r i a l  moment  o f  i n e r t i a  w i t h
r e s p e c t  t o  a r b i t r a r y  c u r v i l i n e a r  and a u x i l i a r y
c o o r d i n a t e s .
t h e  f i r s t  s e c t o r i a l  moment  o f  i n e r t i a  w i t h  
r e s p e c t  t o  t r a n s f o r m e d  c u r v i l i n e a r  and a u x i l i a r y  
c o o r d  in a t e  s .
t h e  f i r s t  s e c t o r i a l  moment  o f  i n e r t i a  w i t h  
r e s p e c t  t o  t h e  p r i n c i p a l  p o l e  and a r b i t r a r y  
c u r v i l i n e a r  c o o r d i n a t e s ,  
t  ime .
t h e  beam t o r q u e  ( t o r s i o n a l  m o me n t ) ,  
t o r s i o n a j .  moment  a m p l i t u d e .
beam t o r s i o n a l  moment  a m p l i t u d e s  a t  i t s  e n d s  ' a 1 
and ' b 1 , r e s p e c t i v e l y .
beam e x t e r n a l  t o r q u e s  per  u n i t  l e n g t h  w i t h  
r e s p e c t  to  an a r b i t r a r y  and t h e  p r i n c i p a l  p o l a r  
a x e s ,  r e s p e c t i v e l y .
x x v i
e x t e r n a l  t o r q u e  a m p l i t u d e .
beam i n e r t i a  t o r q u e  per u n i t  l e n g t h .
S t .  V e n a n t ' s  t o r q u e .
t h e  d y n a mi c  wa r p i n g  t o r q u e .
a c o n s t a n t  e q u a l s  T^/ ( E ) .
s h e l l  j u n c t i o n  f o r c e s .
c o n c e n t r a t e d  s h e l l  j u n c t i o n  f o r c e s .
s h e l l  d i s p l a c e m e n t  and a c c e l e r a t i o n  in t h e
n - d i r e c t i o n .
s h e l l  m i d s u r f a c e  d i s p l a c e m e n t  and a c c e l e r a t i o n  
in t h e  n - d i r e c t i o n .
s h e l l  m i d s u r f a c e  d i s p l a c e m e n t  i n t h e  x - d i r e c t i o n .  
beam d i s p l a c e m e n t  and a c c e l e r a t i o n  in t h e  
x - d i r e c t i o n .
beam d i s p l a c e m e n t  a m p l i t u d e  in t h e  x - d i r e c t i o n .  
beam d i s p l a c e m e n t  a m p l i t u d e s  a t  i t s  e n d s  'a* 
and ’ b ' ,  r e s p e c t i v e l y .
t h e  c o m p l e m e n t a r y  s o l u t i o n s  o f  t h e  d i s p l a c e m e n t  
a m p l i t u d e s .
t h e  p a r t i c u l a r  s o l u t i o n s  o f  t h e  d i s p l a c e m e n t  
a m p l i t  u d e s .
a v e c t o r  c o n t a i n i n g  t h e  d i s p l a c e m e n t  a m p l i t u d e s ,  
s h e l l  d i s p l a c e m e n t  and a c c e l e r a t i o n  in t h e  
s - d i r e c t i o n .
x x v i i
s h e l l  m i d s u r f a c e  d i s p l a c e m e n t  and a c c e l e r a t i o n  in 
t h e  s - d  i r  ec  t  i on  .
s h e l l  m i d s u r f a c e  d i s p l a c e m e n t  i n t h e  y - d i r e c t i o n .  
beam d i s p l a c e m e n t  and a c c e l e r a t i o n  in t h e  
y - d i r e c t i o n „
beam d i s p l a c e m e n t  a m p l i t u d e  in t h e  y - d i r e c t i o n .  
beam d i s p l a c e m e n t  a m p l i t u d e s  a t  i t s  e n d s  'a*  
and ’ b* ,  r e s p e c t i v e l y .
n e t  s h e l l  edge  s h e a r i n g  f o r c e  in t h e  n - d i r e c t i o n .  
c o n e e n t a r a t e d  e d g e  s h e l l  f o r c e  in t he  
n-d i r  ec t  i on  .
beam t r a n s v e r s e  s h e a r i n g  f o r c e s  w i t h  r e s p e c t  t o  . 
a r b i t r a r y  f i x e d  c o o r d i n a t e s .
beam t r a n s v e r s e  s h e a r i n g  f o r c e s  w i t h  r e s p e c t  t o
t h e  p r i n c i p a l  f i x e d  c o o r d i n a t e s .
beam t r a n s v e r s e  s h e a r i n g  f o r c e  a m p l i t u d e s .
beam t r a n s v e r s e  s h e a r i n g  f o r c e  a m p l i t u d e s  a t  i t s  
e n d s  'a* and ' b 1 r e s p e c t i v e l y .
t r a n s v e r s e  s h e a r i n g  f o r c e  a m p l i t u d e s  f o r  beam ' A'  
and 'B'  a t  t h e i r  common j u n c t i o n  ' q ' .  
beam e x t e r n a l  t r a n s v e r s e  d i s t r i b u t e d  l o a d s  w i t h  
r e s p e c t  t o  a r b i t r a r y  f i x e d  a x e s .
beam e x t e r n a l  t r a n s v e r s e  d i s t r i b u t e d  l o a d s  w i t h  
r e s p e c t  t o  t h e  p r i n c i p a l  f i x e d  a x e s .
x x v i  i i
beam e x t e r n a l  t r a n s v e r s e  d i s t r i b u t e d  l o a d  
a m p l i t u d e s .
beam t r a n s v e r s e  i n e r t i a  f o r c e s .
a c o n s t a n t  e q u a l s  V / ( E I „ „ ) .XL YY
a c o n s t a n t  e q u a l s  V / ( El  ) .YE XX
s h e l l  l o n g i t u d i n a l  d i s p l a c e m e n t  and a c c e l e r a t i o n ,  
s h e l l  l o n g i t u d i n a l  m i d s u r f a c e  d i s p l a c e m e n t  and 
acc e l  er a t  i on  .
beam l o n g i t u d i n a l  d i s p l a c e m e n t  and a c c e l e r a t i o n ,
beam l o n g i t u d i n a l  d i s p l a c e m e n t  a m p l i t u d e .  _
beam l o n g i t u d i n a l  d i s p l a c e m e n t  a m p l i t u d e s  a t  i t s
e n d s  ' a '  and ' b 1 , r e s p e c t i v e l y ,
f i x e d  end e f f e c t  l o a d  v e c t o r  a m p l i t u d e s ,  
an a r b i t r a r y  f i x e d  c o o r d i n a t e  s y s t e m ,  
c o o r d i n a t e s  o f  a g e n e r a l  s h e l l  p o i n t  'B ' ( n o t  on 
t h e c o n t o u r ) .
c o o r d i n a t e s  o f  a g e n e r i c  m i d s u r f a c e  s h e l l  p o i n t  
•A' .
t r a n s f o r m e d  f i x e d  c o o r d i n a t e  s y s t e m ,  
c o o r d i n a t e s  o f  p o i n t  'A' w i t h  r e s p e c t  to  
t r a n s f o r m e d  a x e s .
c o o r d i n a t e s  o f  t h e  c e n t r o i d .  They a l s o  r e p r e s e n t  
c e n t r o i d a l  a x e s .
c o o r d i n a t e s  o f  p o i n t  * C * w i t h  r e s p e c t  to  
a r b i t r a r y  f i x e d  a x e s .
x x i x
( x , y ) , 
o o
U 0 i , y o1 ) c o o r d i n a t e s  o f  t h e  o r i g i n  and t h e  t r a n s f o r m e d  
o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s  w i t h  
r e s p e c t  t o  a r b i t r a r y  f i x e d  a x e s .
( x oc1 »
y0C1 ) c o o r d i n a t e s  o f  t h e  t r a n s f o r m e d  o r i g i n  o f  t h e
c u r v i l i n e a r  c o o r d i n a t e s  w i t h  r e s p e c t  t o  a r b i t r a r y  
c e n t r o i d a l  a x e s .
<V V-
( Xp^,  y ) c o o r d i n a t e s  o f  an a r b i t r a r y  p o l e  and a
t r a n s f o r m e d  p o l e  w i t h  r e s p e c t  t o  a r b i t r a r y  f i x e d
c o o r d  in a t e  s .
 ^Xpc ’ ypc 5 ’
( x pc1 , y p o 1 K  
( X ,
pep
y ) c o o r d i n a t e s  o f  an a r b i t r a r y  p o l e ,  a t r a n s f o r m e dpep
p o l e ,  and t h e  p r i n c i p a l  p o l e  w i t h  r e s p e c t  t o
a r b i t r a r y  c e n t r o i d a l  a x e s .
X, Y, Z t h e  p r i n c i p a l  f i x e d  c o o r d i n a t e  s y s t e m .
(X , Y ) ,
P P
(X , Y ) c o o r d i n a t e s  o f  an a r b i t r a r y  p o l e  and t he  
PP PP
p r i n c i p a l  p o l e  w i t h  r e s p e c t  to  the-  p r i n c i p a l
f i x e d  c o o r d i n a t e s .
Z , Z t h e  Z - c o o r d  in a t e s  o f  t h e  beam e n d s  'a* and ’ b ' .
a b
a t h e  a n g l e  b e t w e e n  a r b i t r a r y  and t h e  p r i n c i p a l
f i x  ed ax e s  .
XXX
t h e  a n g l e  b e t w e e n  a r b i t r a r y  and t r a n s f o r m e d  
f i x e d  a x e s .
2 2a c o n s t a n t  e q u a l s  { 1 + [ h  / ( 1 2 a ) ] }  f o r  c i r c u l a r  
arc  s e c t  i on  .
t h e  r a t i o  b e t w e e n  t h e  f o r c i n g  f r e q u e n c y  and t h e  
n - t h  n a t u r a l  f r e q u e n c y .
2 2
a c o n s t a n t  e q u a l s  { 1 + [ h  / ( 4 a  ) ] }  f o r  c i r c u l a r
arc  s e c t  i o n .
s h e l l  s h e a r i n g  s t r a i n .
s h e l l  m i d s u r f a c e  s h e a r i n g  s t r a i n .
a c o n s t a n t  use d  in t h e  n o r m a l i z e d  h y s t e r e t i c
l o o p  .
t h e  p h a s e  a n g l e  by  w h i c h  t h e  s t r e s s  l e a d s  t h e
s t r  a in .
t h e  s t r  a i n  .
t h e  s t r a i n  a m p l i t u d e .
maximum s t r a i n  in e l l i p t i c a l  h y s t e r e t i c  l o o p .
s t r a i n  c o m p o n e n t s  in Ma x we l l  m a t e r i a l .
s h e l l  t a n g e n t i a l  and l o n g i t u d i n a l  s t r a i n s .
c o n s t a n t s  us e d  in t h e  p a r t i c u l a r  s o l u t i o n s
o f  d i s p l a c e m e n t  a m p l i t u d e s .
t h e  s t r u c t u r a l  dampi ng  c o e f f i c i e n t .
t h e  a n g l e  b e t w e e n  t h e  f i x e d  and bo t h  t h e
c u r v i l i n e a r  and t h e  a u x i l i a r y  c o o r d i n a t e  s y s t e m s .
t he  a n g l e  b e t w e e n  t h e  t r a n s f o r m e d  f i x e d  and b o t h
t h e  c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s .
x x x i
t h e  f o r c i n g  f r e q u e n c y ,  
t h e  n - t h  n a t u r a l  f r e q u e n c y .
P o i s s o n ’ s r a t i o  .
c o n s t a n t s  used  in t h e  m a t r i c e s  [ A]  and [ B ] .
t h e  work d o n e  d u r i n g  a v i r t u a l  d i s p l a c e m e n t  by
t h e  s t r e s s  r e s u l t a n t s ,  t h e  e x t e r n a l  f o r c e s ,  and
t h e  i n e r t i a  f o r c e s ,  r e s p e c t i v e l y .
t h e  ma s s  d e n s i t y  o f  t h e  m a t e r i a l .
t h e  s t r e s s  .
t h e  s t r e s s  a m p l i t u d e .
s t r e s s  c o m p o n e n t s  i n  K e l v i n - V o i g t  m a t e r i a l ,  
t h e  s t r e s s  c o mp o n e n t  in p h a s e  w i t h  s t r a i n ,  
t h e  s t r e s s  c o mp o n e n t  9 0 °  out  o f  p h a s e  w i t h  
s t r  a in .
t h e  c o mp l e x  s t r e s s .
t h e  s h e l l  s t r e s s  c o m p o n e n t s .
s h e l l  s h e a r i n g  s t r e s s  c o m p o n e n t s ,  
t h e  beam a n g l e  o f  t w i s t  and t o r s i o n a l  
a c c  e l e r  a t i o n  .
t h e  a n g l e  o f  t w i s t  a m p l i t u d e .
t h e  beam a n g l e  o f  t w i s t  a t  i t s  e n d s  ' a '  and * b ' ,  
r e s p e c  t i v  e l y .
h a l f  t h e  c e n t r a l  a n g l e  o f  a c i r c u l a r  a r c .
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t h e  t o t a l  and c o n t o u r  wa r p i n g  f u n c t i o n s  w i t h  
r e s p e c t  t o  a r b i t r a r y  c u r v i l i n e a r  and a u x i l i a r y  
c o o r d i n a t e  s y s t e m s .
a s e c t o r i a l  a r e a  w i t h  r e s p e c t  t o  a r b i t r a r y  
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s  used  
in l o c a t i n g  t h e ' p r i n c i p a l  o r i g i n  o f  t h e  
c u r v i l i n e a r  c o o r d i n a t e s .
a s e c t o r i a l  a r e a  w i t h  r e s p e c t  t o  t h e  p r i n c i p a l
p o l e  use d  i n  l o c a t i n g  t h e  p r i n c i p a l  o r i g i n
o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s .
t h e  t o t a l  and c o n t o u r  wa r p i n g  f u n c t i o n s  wi t h
r e s p e c t  t o  t h e  p r i n c i p a l  c u r v i l i n e a r  and
a u x i l i a r y  c o o r d i n a t e  s y s t e m s .
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The dynami c  e q u i l i b r i u m  e q u a t i o n s  f o r  t h i n - w a l l e d  beams  
o f  open,  c r o s s  s e c t i o n  a r e  d e r i v e d  w i t h  r e f e r e n c e  t o  an 
a r b i t r a r y  s y s t e m  o f  c o o r d i n a t e s .  E x a c t  s t r e s s
r e s u l t a n t - d i s p l a c e m e n t  r e l a t i o n  o f  t h e  b e n d i n g  t h e o r y  o f  
c y l i n d r i c a l  s h e l l s  h a s  be e n  used and t h e r e f o r e  t h e  s h e l l  
c u r v a t u r e ,  s e c o n d a r y  wa r p i n g  , and r o t a r y  i n e r t i a  e f f e c t s  
a r e  i n c l u d e d  in t h e  d e r i v a t i o n .
The e q u i l i b r i u m  e q u a t i o n s  h a v e  be e n  r e f e r r e d  to  
p r i n c i p a l  c o o r d i n a t e s  i n  o r d e r  t o  r e d u c e  t h e  c o u p l i n g  
b e t w e e n  t h e  d i f f e r e n t  d i s p l a c e m e n t  c o m p o n e n t s .  The 
p r i n c i p a l  c o o r d i n a t e s  and t h e  a s s o c i a t e d  c r o s s  s e c t i o n a l  
p r o p e r t i e s  f o r  some s e c t i o n s  h a v e  be e n  s t u d i e d .  Th i s  s t u d y  
h a s  i n d i c a t e d  t h a t  t h e  s h e l l  c u r v a t u r e  and s e c o n d a r y  wa r p i n g
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e f f e c t s  c a n n o t  be  i g n o r e d  f o r  some s e c t i o n s .
The s t r u c t u r a l  dampi ng e f f e c t  h a s  be e n  i n t r o d u c e d  t o  
t h e  e q u i l i b r i u m  e q u a t i o n s  t h r o u g h  c o mp l e x  m o d u l i  
c o n c e p t .  The dynami c  d i r e c t  s t i f f n e s s  h a s  be e n  u s e d  as  a 
b a s e  f o r  a n u m e r i c a l  s o l u t i o n  o f  t h e  c o mp l e x  f r e q u e n c y  
r e s p o n s e  p r o b l e m.  A c o mp u t e r  program h a s  be e n  w r i t t e n  t o  
p e r f o r m t h e  p r o c e s s .
T h i s  program has  be e n  us e d  in b o t h  f r e e  and f o r c e d  
r e s p o n c e  o f  t h i n - w a l l e d  be a ms .  The n a t u r a l  f r e q u e n c i e s  
c a l c u l a t e d  a r e .  compared w i t h  s o l u t i o n s  o b t a i n e d  by t h e  
f i n i t e  e l e m e n t  method as  w e l l  a s  e x p e r i m e n t a l  work o f  o t h e r  
i n v e s t i g a t o r s .  S h e l l  e l e m e n t s  and t h i n - w a l l e d  beam e l e m e n t s  
h a v e  be en  u s e d  i n  t h e  f i n i t e  e l e m e n t  s o l u t i o n .  S a t i s f a c t o r y  
r e s u l t s  were  o b t a i n e d  i n t h i s  c o m p a r i s o n .
Dynamic m a g n i f i c a t i o n  i n  t h e  v i c i n i t y  o f  r e s o n a n t  
f r e q u e n c i e s  f o r  some beams h a s  a l s o  been
p r e s e n t e d .  S u b s t a n t i a l  e f f e c t  o f  s h e l l  c u r v a t u r e  and 
s e c o n d a r y  w a r p i n g  on t h e  r e s p o n s e  h a s  be e n  o b s e r v e d  f o r  
c e r t a i n  s e c t i o n s .  The s t u d y  a l s o  i n d i c a t e d  t h e  g r ea t '  e f f e c t  
o f  t h e  v a l u e  o f  t h e  dampi ng c o e f f i c i e n t  on t h e  
r e s p o n s e .  The a l g o r i t h u m  u s e d  i s  s t a b l e  and l e s s  c o s t l y  i n  
c o mp u t e r  t i m e  i n  c o m p a r i s o n  t o  t h e  f i n i t e  e l e m e n t  m e t h o d .
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INTRODUCTION
1. 1 In t r o d  uc t o r y  Remarks
The b e h a v i o r  o f  t h i n - w a l l e d  beams h a s ,  f o r  many y e a r s ,  
b e e n  a t o p i c  f o r  i n v e s t i g a t i o n  by r e s e a r c h  w o r k e r s  i n t h e  
f i e l d  o f  —a p p l i e d  m e c h a n i c s  and t h e o r y  o f
e l a s t i c i t y .  A t t e n t i o n  t o  t h i n - w a l l e d  members  a c c o mp a n i e d  
t h e  m a n u f a c t u r i n g  o f  a i r p l a n e s .  The r e q u i r e m e n t s  o f  
w e i g h t - s a v i n g  n e c e s s i t a t e d  t h e  wi de  u s e  o f  t h i n - w a l l e d  
members  and t h e  a n a l y s i s  o f  s uc h  members  be came  an 
i m p o r t a n t ,  p r a c t i c a l  p r o b l e m.  He n c e ,  some b o o k s  d e a l i n g  
w i t h  t h i n - w a l l e d  beams [ 9 , 1 5 , 2 6 , 3 0 ]  h a v e  be e n  
p u b l i s h e d .  Ho we v e r ,  f o r  t h e  mo s t  p a r t ,  t h e  work c a r r i e d  o u t  
i n  t h i s  f i e l d  i n  t h e  p a s t  h a s  b e e n  d e v o t e d  to t h e  s t a b i l i t y  
o f  t h e s e  beams .
T h i n - w a l l e d  members  may be c l a s s i f i e d  as  ’ open* or  
' c l o s e d '  c r o s s - s e c t i o n .  The t r e a t m e n t  o f  t h e  two t y p e s  
d i f f e r  i n  some i m p o r t a n t  a s p e c t s .  In c l o s e d  s e c t i o n s  t h e  
a s s u m p t i o n  o f  z e r o  m i d s u r f a c e  s t r a i n s ,  whi ch  i s  b e i n g  
a d o p t e d  f o r  open s e c t i o n s ,  w i l l  l e a d  to i n f i n i t e l y  r i g i d  
beam i n  t o r s i o n  [ 9 ] .  T h e r e f o r e ,  t h i s  a s s u m p t i o n  c a n n o t  be
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made f o r  c l o s e d  s e c t i o n s .  A g e n e r a l i z e d  a s s u m p t i o n  i s  made  
f o r  t h i s  c a s e  by a s s u m i n g  t h a t  t h e  s h e a r  s t r a i n s  a r e  t h e  
same as  t h o s e  o b t a i n e d  from t h e  c a s e  o f  u n i f o r m  t o r s i o n .  
G e n e r a l l y ,  c l o s e d  s e c t i o n s  a r e  more s t r o n g e r  i n  t o r s i o n  t han  
open s e c t i o n s .
In t h i s  i n v e s t i g a t i o n  t h i n - w a l l e d  members  o f  o pe n  c r o s s  
s e c t i o n  w i l l  o n l y  be  c o n s i d e r e d .  S t r u c t u r a l  e l e m e n t s
• f i t t i n g  t h e  g e n e r a l  d e s c r i p t i o n  o f  t h i n - w a l l e d  beams a p p e a r  
i n  . many f o r m s ,  s i z e s ,  and m a t e r i a l s .  C o l d - f o r m e d  or  
h o t - r o l l e d ,  w e l d e d  or  r i v e t t e d  m e t a l l i c  b e a ms ,  c o l u m n s ,  
g i r d e r s ,  and e l e m e n t s  o f  f r a m e s  a r e  e x a m p l e s  o f  t h i n - w a l l e d
members .  In a d d i t i o n ,  many s p a t i a l  e n g i n e e r i n g  s t r u c t u r e s ,
s uc h  a s  s h e a r  w a l l  s t r u c t u r e s ,  have  s u c h  p r o p o r t i o n s  t h a t
t h e y  c an  be c o n s i d e r e d  as  t h i n - w a l l e d  s t r u c t u r e s .  He n c e ,
t h e  c a s e  o f  c o u p l e d  f r e e  v i b r a t i o n  o f  s h e a r  wa. . s  was  
s t u d i e d  u s i n g  t h e  V l a s o v ’ s d e r i v a t i o n s  [ 2 6 ]  f o r  t h i n - w a l l e d  
beams by H e i d e b r e c h t  and Rai na  [ 1 0 ]  as w e l l  as  Mukhe r j e e  and 
C o u l l  [ 1 7 ] .
S t a b i l i t y  c a p t u r e d  t h e  i n t e r e s t  o f  t h e  r e s e a r c h e r s  i n  
t h e  a r e a  o f  t h i n - w a l l e d  b e a ms ,  l e a v i n g  a f ew t o  c o v e r  t h e  
dynami c  b e h a v i o r .  Dynamic a n a l y s i s  o f  t h i n - w a l l e d  beams i s  
a c o m p l i c a t e d  s u b j e c t  due  t o  t h e  f a c t  t h a t  when s u c h  beam o f  
a s y m m e t r i c  c r o s s  s e c t i o n  i s  s u b j e c t e d  t o  dynami c  e x c i t a t i o n ,  
b o t h  b e n d i n g  and t o r s i o n a l  v i b r a t i o n s  w i l l  r e s u l t .  B e c a u s e  
o f  t h e  l o w t o r s i o n a l  r i g i d i t y  o f  t h i n - w a l l e d  open s e c t i o n s
3t h e  pr o b l e m o f  c o u p l e d  t o r s i o n a l  and b e n d i n g  v i b r a t i o n s  
b e c o m e s  o f  u t m o s t  p r a c t i c a l  i n t e r e s t .
The c o u p l e d  t o r s i o n a l - f l e x u r a l  and l o n g i t u d i n a l  f r e e  
v i b r a t i o n  e q u a t i o n s  we r e  d e r i v e d  by V l a s o v  [ 2 6 ] .  He a l s o
showed t h a t  t h e s e  e q u a t i o n s  become  u n c o u p l e d  when t h e
c e n t r o i d  o f  t h e  s e c t i o n  c o i n c i d e s  w i t h  t h e  s h e a r  c e n t e r ,  as  
i n  t h e  c a s e  o f  d o u b l e  s y mm e t r i c  s e c t i o n s .  Gere [ 7 ]
c o n s i d e r e d  t h e  f r e e  t o r s i o n a l  v i b r a t i o n  o f  d o u b l e  s y m m e t r i c  
s e c t i o n s  w i t h  e m p h a s i s  on t h e  d i f f e r e n t  b o u n d a r y  c o n d i t i o n s .  
Gere and Lin [ 8 ]  c l a s s i f i e d  t h e  c o u p l i n g  i n t o  two t y p e s ,  
d o u b l e  and t r i p l e .  The f o r me r  o c c u r s  when t h e  s e c t i o n  has  
one  a x i s  o f  s y mme t r y ,  w h i l e  t h e  l a t t e r  i s  a s s o c i a t e d  w i t h  no 
a x e s  o f  s y mme t r y .
The c a s e  o f  d o u b l e  c o u p l i n g  f r e e  v i b r a t i o n  was  
c o n s i d e r e d  by many i n v e s t i g a t o r s .  The R a y l e i g h - R i t z
method was e mp l o y e d  i n  t h i s  c a s e  by Gar l and [ 6 ] ,  w h i l e  Mei
[ 1 6 ]  u s e d  t h e  f i n i t e  e l e m e n t  me t h o d .  Tso [ 2 5 ]  p r e s e n t e d
a n a l y t i c a l  a s  w e l l  as  e x p e r i m e n t a l  i n v e s t i g a t i o n  o f  t h e  f r e e  
v i b r a t i o n  f o r  c i r c u l a r  arc  s e c t i o n s  t a k i n g  i n t o  a c c o u n t  t h e  
s h e a r  d e f o r m a t i o n s .  A b i b l i o g r a p h y  o f  t h e  d y n a m i c s  o f  
t h i n - w a l l e d  beams  c a n  be found i n  t h e  work o f  N o w i n s k i  [ 1 8 ]  
and F r i b e r g  [ 5 ] .
4In a l l  dynami c  p r o b l e m s ,  dampi ng i s  n o r m a l l y
p r e s e n t .  Damping i s  r e s p o n s i b l e  f o r  t h e  e v e n t u a l  d e c a y  o f  
f r e e  v i b r a t i o n s  and p r o v i d e s  an e x p l a n a t i o n  f o r  t h e  f a c t
t h a t  t h e  r e s p o n s e  o f  a v i b r a t o r y  s y s t e m  e x c i t e d  a t  r e s o n a n c e
d o e s  n o t  grow w i t h o u t  l i m i t .  M a t h e m a t i c a l l y ,  t h e r e  a r e
t h r e e  common ways  t o  t a k e  c a r e  o f  d a mp i n g .  F i r s t ,  i t  may be  
r e g a r d e d  a s  p r o p o r t i o n a l  t o  v e l o c i t y  a s  i n  t h e  c a s e  o f  
v i s c o u s  d a mp i n g .  The s e c o n d  a p p r o a c h ,  wh i c h  i s  c a l l e d  
Coulomb d a mp i n g ,  t a k e s  i t  as  a c o n s t a n t  w i t h  a p e r i o d i c a l l y  
c h a n g i n g  s i g n .  F i n a l l y ,  i t  may be  t a k e n  a s  p r o p o r t i o n a l  t o  
t h e  d i s p l a c e m e n t  and i n  p h a s e  w i t h  v e l o c i t y  a s  i n  t h e  c a s e  
o f  s t r u c t u r a l  d a mp i n g .  The l a s t  a p p r o a c h  was found t o  be  
c o n v e n i e n t  f o r  c o mp l e x  f r e q u e n c y  r e s p o n s e  wh i c h  i s  t h e  c a s e  
c o n s i d e r e d  i n  t h i s  work.  The e f f e c t  o f  s t r u c t u r a l  dampi ng  
on t h e  B e r n o u l l i - E u l e r  as  w e l l  as  t h e  Ti mos henko  beams can  
be f ound i n t h e  book  o f  Snowdon [ 2 0 ] ,  w h i l e  v a l u e s  o f  
s t r u c t u r a l  dampi ng c o e f f i c i e n t s  f o r  d i f f e r e n t  m a t e r i a l s  can  
be o b t a i n e d  from t h e  book o f  L a z a n . [ 1 4 ] ,
 ^ Pur po se  and Scope
The o b j e c t i v e s  o f  t h i s  i n v e s t i g a t i o n  a r e :
1) t o  d e v e l o p  a g e n e r a l  s e t  o f  dy n a mi c  e q u i l i b r i u m  
e q u a t i o n s  f o r  t h i n - w a l l e d  beams o f  open c r o s s  s e c t i o n s ;
2)  t o  d e v e l o p  a g e n e r a l  c o m p u t a t i o n a l  p r o c e d u r e  
f o r  t h e  c o mpl e x  f r e q u e n b y  r e s p o n s e  o f  s u c h  b eams ;
53) t o  c h e c k  t h i s  p r o c e d u r e  a g a i n s t  t h e  a p p r o x i m a t e  
n u m e r i c a l  s o l u t i o n  o f  t h e  f i n i t e  e l e m e n t  m e t h o d ;  and,
M) t o  i n v e s t i g a t e  t h e  e f f e c t  o f  some p a r a m e t e r s  
s uc h  a s  s e c o n d a r y  wa r p i n g  and s t r u c t u r a l  dampi ng  on t h e  
f r e q u e n c y  r e s p o n s e  o f  t h e s e  b e a ms .
1 . 3  O u t l i n e  o f  C o n t e n t s
By u t i l i z i n g  t h e  c l a s s i c a l  t h e o r y  o f  c y l i n d r i c a l
s h e l l s ,  wh i c h  i s  r e v i e w e d  in Appe ndi x  I ,  and t h e  V l a s o v ' s
a s s u m p t i o n ,  t h e  a x i a l ,  f l e x u r a l ,  and t o r s i o n a l  dynami c  
e q u i l i b r i u m  e q u a t i o n s  a r e  d e r i v e d  i n  c h a p t e r  2.  Th e s e  
e q u a t i o n s  a r e  d e r i v e d  w i t h  r e f e r e n c e  t o  an a r b i t r a r y  s e t  o f  
a x e s .  The e x p r e s s i o n s  r e l a t i n g  t h e  beam t o  s h e l l  
d i s p l a c e m e n t s  and f o r c e s ,  wh i c h  a r e  n e e d e d  f o r  t h i s
d e r i v a t i o n ,  a r e  e x p l a i n e d  in Appe nd i x  I I .  On t h e  o t h e r  
hand ,  t h e  fo r c e - d i s p l  acem' ents  r e l a t i o n s ,  w h i c h  a r e  a l s o  
n e e d e d ,  a r e  o u t l i n e d  i n Appe ndi x  I I I .
In c h a p t e r  3 ,  s i m p l i f i c a t i o n  o f  t h e  dy na mi c  e q u i l i b r i u m  
e q u a t i o n s  i s  d e r i v e d  t h r o u g h  t r a n s f o r m i n g  them to  p r i n c i p a l  
c o o r d i n a t e  s y s t e m s .  Some e x a m p l e s  f o r  d e t e r m i n i n g  t h e  c r o s s  
s e c t i o n a l  p r o p e r t i e s  w i t h  r e f e r e n c e  to  t h e s e  p r i n c i p a l  
c o o r d i n a t e s  a r e  a l s o  g i v e n .  The t r a n s f o r m a t i o n  e q u a t i o n s  
b e t w e e n  t wo d i f f e r e n t  s y s t e m s  o f  c o o r d i n a t e s  a r e  d e r i v e d  in  
Appendi x  IV.
6Cha pt e r  4 i n t r o d u c e s  t h e  e f f e c t  o f  s t r u c t u r a l  dampi ng
on t h e  d y na mi c  e q u i l i b r i u m  e q u a t i o n s  and g i v e s  a d e s c r i p t i o n
o f  t h e  g e n e r a l  c o m p u t a t i o n a l  p r o c e d u r e  f o r  t h e  c o mp l e x  
f r e q u e n c y  r e s p o n s e .  The p r o c e s s  o f  d e v e l o p i n g  t h e  c o mp u t e r  
program ’ TNWLBM* wh i c h  i s  use d  to p e r f o r m t h a t  p r o c e d u r e  i s  
d i s c u s s e d  i n t h a t  c h a p t e r  and t h e  l i s t i n g  o f  ’ TNWLBM* i s  
g i v e n  i n  Appendi x  V.
The r e s u l t s  o f  f r e e  and f o r c e d  r e s p o n s e  o f  some
t h i n - w a l l e d  beams  are  p r e s e n t e d  i n  c h a p t e r  5.  Th e s e  r e s u l t s
were  compared w i t h  some e x p e r i m e n t a l  r e s u l t s  p r e s e n t e d  by
o t h e r  i n v e s t i g a t o r s  as  w e l l  a s  some f i n i t e  e l e m e n t  
a n a l y s i s .  Two f i n i t e  e l e m e n t  pr o g r a ms  we re  used in t h i s  
c o m p a r i s o n . .  The e i g h t - n o d e d  s h e l l  e l e m e n t  o f  t h e  g e n e r a l  
p u r p o s e  c o mp u t e r  program 'PAFEC 7 5 '  [ 1 9 ] ,  a s  w e l l  as  t h e
t h i n - w a l l e d  beam e l e m e n t  o f  t h e  program 'TINWAL1 , were  
u s e d .  The l a t t e r  program was d e v e l o p e d  by t h e  a u t h o r  f o r  
g e n e r a l  f i n i t e  e l e m e n t  a n a l y s i s  o f  t h i n - w a l l e d  beam 
a s s e m b l i e s .  F i n a l l y ,  a s h o r t  summary and d i s c u s s i o n  as  w e l l  
a s  s u g g e s t i o n s  f o r  f u t u r e  r e s e a r c h  a r e  c o n t a i n e d  i n
c h a p t e r  6.
C HAP T ER  2
FORMULATION OF THE DYNAMIC 
EQUILIBRIUM EQUATIONS
2.  1 In t r o d u c t i o n
T h i s  c h a p t e r  c o n s i d e r s  t h e  f o r m u l a t i o n  o f  t h e  g o v e r n i n g  
dynami c  e q u i l i b r i u m  e q u a t i o n s .  T h i s  f o r m u l a t i o n  f o l l o w s  t h e  
p a t h  p r o v i d e d  by G j e l s v i k  [ 9 ]  in h i s  s t a t i c  a n a l y s i s  o f
t o r s i o n  and f l e x u r e  o f  beams w i t h  a t h i n - w a l l e d  o p e n  c r o s s
s e c t i o n .  Most  o f  t h e  n o t a t i o n s  use d  in t h i s  d i s s e r t a t i o n  
a g r e e  w i t h  t h o s e  p r e s e n t e d  by G j e l s v i k .  The ma j o r  
d i f f e r e n c e  b e t w e e n  t h e  work o f  G j e l s v i k  and t h e  o t h e r
p i o n e e r s  in t h e  f i e l d  i s  t h a t  he t r e a t e d  t h e  w a l l  o f  t h e
beam as  a t h i n  c y l i n d r i c a l  s h e l l .  Th i s  e n a b l e d  him to  make 
u s e  o f  t h e  t h e o r y  o f  c y l i n d r i c a l  s h e l l s  a s  p r e s e n t e d  by  
Fl i i g g e  [ 3 ] .
The e a r l y  t r e a t m e n t s  o f  t h i n - w a l l e d  beams were  
r e s t r i c t e d  to s y m m e t r i c a l  s e c t i o n s  and h e n c e  t o r s i o n  and 
f l e x u r e  we re  c o n s i d e r e d  s e p a r a t e l y .  The e l e m e n t a r y  b e n d i n g  
t h e o r y  p r o v i d e d  t h e  b a s i s  f o r  t h e  f l e x u r a l  a n a l y s i s .  T h i s  
t h e o r y  a d o p t e d  t h e  N a v i e r  a s s u m p t i o n  o f  p l a n e  c r o s s  s e c t i o n  
r e m a i n i n g  p l a n e  d u r i n g  b e n d i n g .  On t h e  o t h e r  hand t h e  s h e a r
8s t r e s s e s  we r e  a n a l y s e d  u s i n g  t h e  a p p r o x i m a t e  e n g i n e e r i n g  
f o r m u l a  d e v e l o p e d  by J o u r a w s k i  ( s e e  T i mo s h e n k o  [ 2 2 ]  ) .  As 
f o r  t h e  t o r s i o n ,  P r a n d t l  membrane a n a l o g y  made i t  p o s s i b l e  
to a p p l y  S t .  Ve nant  t h e o r y  in h a n d l i n g  t h e  u n i f o r m  t o r s i o n  
o f  d i f f e r e n t  s e c t i o n s .  T h i s  t h e o r y  i m p l i e d  t h a t  t h e  
l o n g i t u d i n a l  d i s p l a c e m e n t  o f  t h e  c r o s s  s e c t i o n  d o e s  n o t  
v a n i s h  d u r i n g  t o r s i o n .  In o t h e r  words  t h e  c r o s s  s e c t i o n  i s  
f r e e  to  warp .-
The c a s e  o f  n o n - u n i f o r m  t o r s i o n  was f i r s t  a n a l y s e d  f o r  
t h e  s p e c i a l  c a s e  o f  an I - b e a m by Ti mo s h e n k o  [ 2 2 ] ,  Wagner  
[ 2 7 ]  g e n e r a l i z e d  t h i s  a n a l y s i s  t o  a l l  t h i n - w a l l e d  open  
s e c t i o n s .  The pr o b l e m o f  c o u p l i n g  b e t w e e n  t o r s i o n  and 
f l e x u r e  was  c l e a r e d  up by  M a i l l a r t  [ 2 2 ] ,  who i n t r o d u c e d  t h e  
n o t i o n  o f  t h e  s h e a r  c e n t e r .  A g e n e r a l  t h e o r y  f o r  a x i a l ,  
f l e x u r a l ,  and t o r s i o n a l  a n a l y s i s  o f  t h i n - w a l l e d  beams w i t h  
an o p e n  c r o s s  s e c t i o n  was i n t r o d u c e d  in V l a s o v ' s  [ 2 6 ]  book  
wh i c h  i s  o n e  o f  t h e  mo s t  v a l u a b l e  t e x t s  i n  t h i s  f i e l d .
By a s s u m i n g  t h e  s h e a r  s t r a i n  o f  t h e  m i d d l e  s u r f a c e  i s  
z e r o ,  V l a s o v  was a b l e  t o  t r e a t  t h e  a x i a l ,  f l e x u r e ,  and 
n o n - u n i f o r m  t o r s i o n  a s  o n e  c a s e  and s u p e r i m p o s e d  t h e  c a s e  o f  
u n i f o r m  t o r s i o n  on i t .  On t h e  o t h e r  h a nd ,  T i mos he nko  [ 2 1 ]  
s u p e r i m p o s e d  t h e s e  d i f f e r e n t  c a s e s  one  a t  a t i m e .  In t h e  
r e c e n t  d e r i v a t i o n s  o f  G j e l s v i k  [ 9 ] .  a l l  t h e  c a s e s  were  
c o n s i d e r e d  a t  o n c e .  In o t h e r  w o r d s ,  t h e  c a s e  o f  u n i f o r m  
t o r s i o n  need n o t  t o  be c o n s i d e r e d  s e p a r a t e l y ,  and P r a n d t l
membrane  a n a l o g y  i s  n o t . n e e d e d .
2 . 2  De f i n  i t  i o n s  And Coord i n a t e  S y s t e ms
The beam shown in F i g . ( 2 - 1 )  i s  a t h i n - w a l l e d  beam w i t h  
an open c r o s s  s e c t i o n .  T h i s  beam c o n s i s t s  o f  f i v e  t h i n  
n a r r o w p l a t e  e l e m e n t s .  Two o f  t h e s e  p l a t e s  are  f l a t  and 
t h r e e  a r e  c u r v e d .  G e n e r a l l y  a t h i n - w a l l e d  beam c o n s i s t s  o f  
a f i n i t e  number o f  t h i n  n a r r o w p l a t e  e l e m e n t s  ( f l a t  or  
c u r v e d  ) .  An a r b i t r a r y  f i x e d  r i g h t  handed c o o r d i n a t e  s y s t e m  
( x , y , z )  i s  a s s i g n e d  w i t h  t h e  beam a s  s hown.  The z - a x i s  i s  
t a k e n  p a r a l l e l  t o  t h e  s t r a i g h t  l o n g e r  s i d e  o f  t h e  p l a t e s  and 
i s  c o n s i d e r e d  t h e  beam a x i s .  The x - y  p l a n e  c u t s  t h e  m i d d l e  
s u r f a c e  o f  e a c h  p l a t e  in a l i n e  c a l l e d  a b r a n c h ,  and t h e  
c o m b i n a t i o n  o f  t h e s e  b r a n c h e s  f orms  t h e  c o n t o u r  o f  t h e  
s e c t i o n .  The t h i c k n e s s  ( h )  o f  e a c h  p l a t e  i s  t a k e n  c o n s t a n t  
in t h e  d i r e c t i o n  p a r a l l e l  t o  t h e  z - a x i s .  The i n t e r s e c t i o n  
o f  b r a n c h e s *  s h a r p  c o r n e r s  i n  t h e  c o n t o u r ,  or  s udden c h a n g e  
in t h e  t h i c k n e s s  o f  t h e  p l a t e s  a r e  r e f e r r e d  t o  a s  j u n c t i o n s  
in t h e  c o n t o u r .
A r i g h t  handed c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  ( n , s , z )  i s  
p l a c e d  in t h e  c o n t o u r  w i t h  s p a r a l l e l  t o  t h e  c o n t o u r  and 
n normal  to  i t .  The o r i g i n  o f  t h i s  c o o r d i n a t e  s y s t e m  i s  
p l a c e d  a t  an a r b i t r a r y  p o i n t  0 To a v o i d  a m b i g u i t y ,
a bar  i s  us e d  when i t  i s  n e c e s s a r y  t o  i n d i c a t e  a q u a n t i t y  
a s s o c i a t e d  w i t h  t h e  c o n t o u r  or  m i d d l e  s u r f a c e .  The a n g l e
I Ths, C o m t o u r 1
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b e t w e e n  t h e  f i x e d  and c u r v i l i n e a r  c o o r d i n a t e  s y s t e m s  i s  
t a k e n  as  9 . An a r b i t r a r y  p o i n t  P ( x  ^ , y? ) in t h e  x - y  p l a n e  
i s  c h o s e n  as  a p o l e .  The d i s p l a c e m e n t s  o f  t h i s  p o l e  w i l l  be  
t a k e n  a s  r e p r e s e n t a t i v e  o f  t h e  c r o s s  s e c t i o n  d i s p l a c e m e n t s  
as  i t  w i l l  be shown l a t e r .  An a u x i l i a r y  c o o r d i n a t e  s y s t e m  
( n , s ) ,  wh i c h  i s  p a r a l l e l  t o  t h e  c u r v i l i n e a r  s y s t e m ,  i s  
p l a c e d  a t  ?P* .  He n c e ,  a g e n e r i c  p o i n t  ’ A'  on t h e  c o n t o u r  
has  f i x e d  c o o r d i n a t e s  (1c , y”) , a c u r v i l i n e a r  c o o r d i n a t e  ( s )  ,
and a u x i l i a r y  c o o r d i a t e s  ( r , q )  as  shown in F i g . ( 2 - 2 ) .  The
g e o m e t r i c  r e l a t i o n s  b e t w e e n  t h e s e  c o o r d i n a t e  s y s t e m s  are  
d e r i v e d  in Appendi x  I I .  I t  s h o u l d  a l s o  be n o t e d  h e r e  t h a t  
t h e  q u a n t i t i e s  h , r , q ,  and 0 a r e  a l l  f u n c t i o n s  o f  s ,  i . e . ,  
h( s )  , r  ( s )  ,q ( s )  , and 9 ( s )  .
a
S p e c i a l  a t t e n t i o n  must  be  g i v e n  when d e t e r m i n i n g  t he
s i g n s  o f  r and q .  I f  t h e  g e n e r i c  p o i n t  ’A' l i e s  in t h e
f i r s t  q u a d r a n t  o f  t h e  a u x i l i a r y  c o o r d i n a t e  s y s t e m ,  b o t h  r 
and q are  p o s i t i v e  [ F i g . ( 2 - 3 - a )  ] .  I f  p o i n t  'A' l i e s  in
t h e  s e c o n d  q u a d r a n t ,  r i s  n e g a t i v e  and q i s  p o s i t i v e  
[ F i g . ( 2 - 3 - b )  ] ,  and so f o r t h .
As m e n t i o n e d  b e f o r e ,  G j e l s v i k  [ 9 ]  t r e a t e d  t h e  w a l l  o f  
t h e  beam a s  a t h i n  c y l i n d r i c a l  s h e l l .  The d i s p l a c e m e n t s  o f  
t h e  m i d d l e  s u r f a c e  ( u , v , w )  w i t h  r e s p e c t  t o  t h e  c u r v i l i n e a r  
c o o r d i n a t e  s y s t e m  ( n , s , z )  a r e  r e f e r r e d  t o  a s  t h e  s h e l l  
d i s p l a c e m e n t s  [ s e e  F i g . ( 2 - 4 )  ] .  On t h e  o t h e r  h a nd ,  t h e  
d i s p l a c e m e n t s  o f  t h e  p o l e  ’ P' (U, V)  w i t h  r e s p e c t  to  t h e
F IG . 2 . 2
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f i x e d  c o o r d i n a t e  s y s t e m  ( x , y )  a r e  r e f e r r e d  to  a s  t h e  beam 
d i s p l a c e m e n t s .  A n o t h e r  beam d i s p l a c e m e n t  c o mp o n e n t  i s  t h e  
a v e r a g e  c r o s s  s e c t i o n a l  l o n g i t u d i n a l  d i s p l a c e m e n t  W.
An a n a l o g y  s i m i l a r  to  t h a t  use d  in t h e  k i n e m a t i c s  o f  
r i g i d  b o d i e s  i s  a d o p t e d  when d e r i v i n g  t h e  r e l a t i o n s  b e t w e e n  
t h e  beam and s h e l l  d i s p l a c e m e n t s  in Appe ndi x  I I .  The
d i s p l a c e m e n t  o f  a ny  p o i n t  i n t h e  c r o s s  s e c t i o n  can be
d e s c r i b e d  by  r e f e r r i n g  i t  t o  t h e  d i s p l a c e m e n t  o f  a n o t h e r
p o i n t  and t h e  r o t a t i o n  o f  t h e  s e c t i o n  a bout  t h i s  p o i n t .  The
o t h e r  p o i n t  in t h i s  c a s e  i s  t h e  p o l e ,  and t h e  a n g l e  $ i s  t h e  
a n g l e  o f  r o t a t i o n  o f  t h e  s e c t i o n  about  t h i s  p o l e  a s  shown in  
F i g .  ( 2 - 4 )  .
One o f  t h e  d i f f e r e n c e s  b e t w e e n  t h e  e l e m e n t a r y  beam 
t h e o r y  and t h e  t h i n - w a l l e d  beam t h e o r y  a p p e a r s  when 
e x a m i n i n g  t h e  g e n e r a l i z e d  d i s p l a c e m e n t s .  In t h e  e l e m e n t a r y  
beam t h e o r y  t h e r e  are  s i x  g e n e r a l i z e d  d i s p l a c e m e n t  
c o m p o n e n t s ,  n a m e l y ;  t h e  d i s p l a c e m e n t  c o m p o n e n t s  ( U , V,  and 
W),  t h e  s l o p e  s (IK and V' ' ) ,  and t h e  a n g l e  o f  t w i s t  ( $ ) .  In 
t h e  t h i n - w a l l e d  beam t h e o r y ,  a s e v e n t h  g e n e r a l i z e d  
d i s p l a c e m e n t  c o mp o n e n t  e x i s t s  i n a d d i t i o n  to  t h e  p r e v i o u s  
s i x .  T h i s  c o mp o n e n t  i s  t h e  r a t e  o f  c h a n g e  o f  t h e  a n g l e  o f  
t w i s t  w i t h  r e s p e c t  t o  t h e  beam a x i s ,  i . e . , $ ^ .  The 
d e r i v a t i v e  w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e  z w i l l  be  
i n d i c a t e d  by p r i m e s ,  i . e . ,  ^   ^ = ( Y .
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The l a s t  t erm t o  be  d e f i n e d  h e r e  was f i r s t  i n t r o d u c e d  
by Wagner [ 2 8 ]  when he s t u d i e d  t h e  l o n g i t u d i n a l  d i s p l a c e m e n t  
o f  t h e  m i d d l e  s u r f a c e  due to  t o r s i o n .  Wagner g a v e  t h i s  t erm 
t h e  name ' u n i t  d i s p l a c e m e n t '  f o r  t h e  s p e c i a l  c a s e  when t h e  
p o l e  c o i n c i d e s  w i t h  t h e  c e n t e r  o f  r o t a t i o n .  Ot he r  
i n v e s t i g a t o r s  l a t e r  c a l l e d  i t  ' u n i t  w a r p i n g ' .  V l a s o v  [ 2 6 ]  
use d  t h e  t erm ' s e c t o r i a l  a r e a '  f o r  t h e  c a s e  o f  an a r b i t r a r y  
p o l e ,  w h i l e  G j e l s v i k  [ 9 ]  used  t h e  e x p r e s s i o n  ' t h e  c o n t o u r  
w a r p i n g  f u n c t i o n ' .  M a t h e m a t i c a l l y  t h i s  t erm e q u a l s  t o
0) ( s )  = r ( s )  .d s (2 -1 )
and i t  i s  t w i c e  t h e  a r e a  b e t w e e n  t h e  two v e c t o r s  ' P 0 ' ,  ' PA'  
and t h e  c o n t o u r  c u r v e  ' 0 A' a s  shown in F i g . ( 2 - 5 ) .  T h i s  t erm  
w i l l  a r i s e  n a t u r a l l y  when an e x p r e s s i o n  f o r  t h e  s h e l l
l o n g i t u d i n a l  d i s p l a c e m e n t  i s  d e r i v e d  in Appe ndi x  I I .
The c o n t o u r  w a r p i n g  f u n c t i o n  can be  c o n s i d e r e d  as  a 
f o u r t h  c o o r d i n a t e ,  i . e . ,  t h e  g e n e r i c  p o i n t  'A' c a n  be  
c o n s i d e r e d  h a v i n g  t h e  c o o r d i n a t e s  ( x , y , z , w ) .  The f i r s t  
t h r e e  c o o r d i n a t e s  a r e  r e l e v a n t  to  t h e  a r b i t r a r y  f i x e d  
c o o r d i n a t e s ,  w h i l e  t h e  l a s t  c o o r d i n a t e  i s  a s s o c i a t e d  w i t h  
t h e  a r b i t r a r y  p o l e  and t h e  a r b i t r a r y  o r i g i n  o f  t h e
c u r v i l i n e a r  c o o r d i n a t e s .  On t h e  o t h e r  h a nd ,  any  p o i n t  ' B '
o f  t h e  b e a m' s  w a l l  [ s e e  F i g . ( 2 - 2 )  ] ,  whi c h  h a s  c u r v i l i n e a r
c o o r d i n a t e s  ( n , s , z ) ,  w i l l  a c c o r d i n g l y  h a v e  t h e  c o o r d i n a t e s
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( x , y , z  , to ) . The l a s t  t erm to i s  c a i l e d  t h e  t o t a l  w a r p i n g  
f u n c t i o n  and i s  e q u a l  t o
a) = to -  nq ( 2 - 2 )
where  t h e  t erm ( - n q )  i s  c a l l e d  t h e  t h i c k n e s s  w a r p i n g  
f u n c t i o n  or  t h e  s e c o n d a r y  wa r p i ng  f u n c t i o n .
There  w i l l  be some c r o s s  s e c t i o n a l  p r o p e r t i e s  
a s s o c i a t e d  w i t h  t h e  wa r p i n g  f u n c t i o n  wh i c h  a r e  d e r i v e d  in 
a p p e n d i x  I I I .  T h e s e  a r e  c a l l e d  t h e  s e c t o r i a l  p r o p e r t i e s  o f  
t h e  s e c t i o n ,  and a r e  s i m i l a r  to  t h e  f i r s t  and s e c o n d  moment s  
o f  i n e r t i a  o f  t h e  s e c t i o n .  As an e x a mp l e  i f  t h e  f i r s t  
moment  o f  i n e r t i a  o f  t h e  s e c t i o n  a bout  t h e  x - a x i s  i s  d e f i n e d  
a s
r
s x y .d A
, A
t h e n  t h e  f i r s t  s e c t o r i a l  moment i s  d e f i n e d  as
S = [ to . d A
to
In a s i m i l a r  way,  e x p r e s s i o n s  f o r  t h e  s e c o n d  s e c t o r i a l  
moment  and t h e  s e c t o r i a l  p r o d u c t s  can  be  o b t a i n e d .  T h i s  i s  
t h e  r e a s o n  b e h i n d  c o n s i d e r i n g  t he  wa r p i n g  f u n c t i o n  a s  a 
f o u r t h  c o o r d i n a t e .
17
The d e f i n i t i o n s  s t a t e d  h e r e  a g r e e  w i t h  G j e l s v i k  [ 9 1  
e x c e p t  t h e  a n g l e  0 whi c h  d i f f e r s  by 9 0 ° .  I t  i s  more
a p p r o p r i a t e  t o  h a v e  t h e  a n g l e  b e t w e e n  t h e  f i x e d  and
c u r v i l i n e a r  c o o r d i n a t e s  a s  0 i n s t e a d  o f  ( 0 -  90 ) .
2 . 3  A s s u m p t i o n s
I t  i s  now n e c e s s a r y  t o  make some o f  t h e  a s s u m p t i o n s  
n o r m a l l y  a s s o c i a t e d  w i t h  t h e  b e h a v i o r  and s h a p e  o f  
t h i n - w a l l e d  b e a ms .  Th e s e  a s s u m p t i o n s  form t h e  b a s i s  o f  t h e  
e n g i n e e r i n g  t h e o r y  o f  t h e s e  beams  a s  p r e s e n t e d  by
V l a s o v  [ 2 6 ]  and G j e l s v i k  [ 9 ]  and t h e y  a r e
1 -  R e g a r d l e s s  o f  t h e  l o a d i n g  s y s t e m ,  t h e  o r i g i n a l  s h a p e  
o f  t h e  p r o j e c t e d  c r o s s - s e c t i o n  i s  u n a l t e r e d  d u r i n g
de f o r ma t  i o n .
2 -  B e c a u s e  o f  t h e  b e n d i n g  and t o r s i o n a l  f l e x i b i l i t y  o f  
t h e  t h i n - w a l l e d  ope n  s e c t i o n s ,  t h e  r e l a t i v e  e f f e c t  o f  
s h e a r i n g  s t r a i n  a l o n g  t h e  m i d d l e  s u r f a c e  o f  t h e  p l a t e s  i s  
e x t r e m e l y  s ma l l  and c a n  be n e g l e c t e d .
3 -  The b a s i c  a s s u m p t i o n s  o f  t h e  c y l i n d r i c a l  s h e l l  
t h e o r y  a r e  a p p l i c a b l e  f o r  e a ch  pi  a t e  e l e m e n t .  In o t h e r  
w o r d s ,  t h e  f o l l o w i n g  a s s u m p t i o n s  from t h e  s h e l l  t h e o r y  can  
be  d r a w n :
a) The t h i c k n e s s  o f  t h e  e l e m e n t  i s  s m a l l  compared  
to  t h e  l e n g t h  o f  t h e  b r a n c h  and to  i t s  r a d i u s  o f  c u r v a t u r e .
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b) P l a n e  s e c t i o n s  t h r o u g h  t h e  p l a t e  e l e m e n t s  and 
normal  to t h e  m i d d l e  s u r f a c e  re mai n  p l a n e  a f t e r  d e f o r m a t i o n .
The f i r s t  a s s u m p t i o n  o f  i n d e f o r m a b i l i t y  o f  t h e  c o n t o u r  
b a s i c a l l y  d i f f e r e n t i a t e s  t h e  t h i n - w a l l e d  beam pr obl e m from 
t h a t  o f  t r u e  s h e l l s  f o r  wh i c h  a d e f o r m a t i o n ,  c a u s e d  by a 
l o c a l  l o a d ,  a p p e a r s  t o  be e s s e n t i a l .  T h i s  a s s u m p t i o n  was  
a d o p t e d  by a l l  r e s e a r c h e r s  i n  t h i s  a r e a .
The s e c o n d  a s s u m p t i o n  was s t a t e d  in t h i s  form by 
V l a s o v  [ 2 6 ]  and i s  r e f e r r e d  to a s  t h e  V l a s o v ' s
a s s u m p t i o n .  T h i s  a s s u m p t i o n  c a n  be u n d e r s t o o d  upon 
r e c a l l i n g  t h e  e n g i n e e r i n g  t h e o r y  o f  b e a ms .  In t h e
e n g i n e e r i n g  t h e o r y  o f  beams  t h e  c a s e  o f  p u r e  b e n d i n g ,  wh i c h  
i s  an e x a c t  c a s e ,  was  s t u d i e d  f i r s t .  Then t h e  C o n c l u s i o n s
o f  t h i s  c a s e  were used i n  d e r i v i n g  t h e  J o u r a w s k i ’ s f o r mu l a
f o r  t h e  s h e a r  s t r e s s e s  i n  b e a ms .  A s i m i l a r  a p p r o a c h  c an  be  
f o l l o w e d  h e r e  by  s t u d y i n g  t h e  c a s e  o f  pure  t o r s i o n  o f  
t h i n - w a l l e d  b e a ms ,  w h i c h  i s  a l s o  an e x a c t  c a s e ,  and u s i n g  
t h e  c o n c l u s i o n s  o f  t h i s  c a s e  f o r  t h e  g e n e r a l  c a s e  o f  f l e x u r e  
and n o n - u n i f o r m  t o r s i o n .  One o f  t h e  c o n c l u s i o n s  f o r  t h e  
c a s e  o f  pure  t o r s i o n  o f  t h i n - w a l l e d  open s e c t i o n s  i s  t h a t  
t h e  s h e a r i n g  s t r e s s e s  and s t r a i n s  o f  t h e  m i d d l e  s u r f a c e  a r e  
z e r o  ( s e e  R e f . [ 2 3 ]  p p . 2 7 3  and 287 ) .  T h i s  a p p r o a c h  i s  a l s o  
a d o p t e d  in t h e  c a s e  o f  c l o s e d  s e c t i o n s  [ 9 ] ,  s i n c e  t h e  s h e a r  
s t r a i n  f o r  t h e s e  s e c t i o n s  i s  as sumed t o  have  t h e  same  
d i s t r i b u t i o n  in t h e  c o n t o u r  d i r e c t i o n  as  i t  d o e s  in t h e  c a s e
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o f  pur e  t o r s i o n .
Howe ver ,  i n  t h e  d e r i v a t i o n  to  be p r e s e n t e d  h e r e ,  t h e
a s s u m p t i o n  o f  z e r o  m i d d l e  s u r f a c e  s t r a i n s  i s  made ,  t h e  c a s e
o f  p u r e  t o r s i o n  i s  a v o i d e d ,  and an a p p r o a c h  b a s e d  on t h e  
b e n d i n g  t h e o r y  o f  c y l i n d r i c a l  s h e l l s  i s  a d o p t e d .  That  i s  
a l s o  why t h e  t h i r d  a s s u m p t i o n  i s  made .  T h i s  a p p r o a c h  i s  
s i m i l a r  to  t h e  a p p r o a c h  u s e d  by G j e l s v i k  [ 9 ] .  The u s e  o f  
t h i s  a p p r o a c h  w i l l  a l l o w  t h e  S t .  Ve nant  t o r q u e  and t h e  
i n f l u e n c e  o f  n o n - u n i f o r m  d i s t r i b u t i o n  o f  l o n g i t u d i n a l  
s t r e s s e s ,  wh i c h  i s  r e s p o n s i b l e  f o r  t h e  s e c o n d a r y  wa r p i n g  
e f f e c t ,  to a r i s e  n a t u r a l l y .
2 . 4  S h e l l  F o r c e s
The w a l l  o f  t h e  beam w i l l  be  t r e a t e d  h e r e  a s  a
c y l i n d r i c a l  s h e l l .  Th e r e  are  t h r e e  t y p e s  o f  s h e l l  f o r c e s  
a c t i n g  on t h e  w a l l ,  n a m e l y ;  t h e  s t r e s s  r e s u l t a n t s ,  t h e
i n e r t i a  f o r c e s ,  and t h e  e x t e r n a l  l o a d s . .  The s h e l l  s t r e s s  
r e s u l t a n s  a r e  t h e  same a s  p r e s e n t e d  by F l Ug g e  [ 3 ] in h i s  
d i s c u s s i o n  o f  c y l i n d r i c a l  s h e l l s  and are  shown in 
F i g . ( 2 - 6 - a ) .  The s i g n  c o n v e n t i o n  f o r  t h e  a x i a l  f o r c e ,  s h e a r  
f o r c e ,  t w i s t i n g  moment ,  and b e n d i n g  moment s h a l l  d e f i n e  
t h e s e  t o  be p o s i t i v e  when t h e  f o r c e  or  moment  a c t s  on a 
p o s i t i v e  f a c e  in a p o s i t i v e  c o o r d i n a t e  d i r e c t i o n .  The 
s t r e s s  r e s u l t a n t s  a r e  e x p r e s s e d  in t e r m s  o f  t h e  s h e l l  
d i s p l a c e m e n t s  a s  g i v e n  in Appendi x  I ,  and i t  can be  n o t e d
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t h a t  t h e s e  s t r e s s  r e s u l t a n t s  a r e  q u a n t i t i e s  per  u n i t  l e n g t h  
o f  t h e  m i d s u r f a c e  s i d e s .
The s h e l l  i n e r t i a  f o r c e s  shown in F i g . ( 2 - 6 - b )  a r e
q u a n t i t i e s  per u n i t  m i d s u r f a c e  a r e a .  A c c o r d i n g  to
D’A l e m b e r t ' s  p r i n c i p l e ,  t h e  d i r e c t i o n  o f  t h e s e  f o r c e s  and
moment s  a r e  o p p o s i t e  t o  t h e  a c c e l e r a t i o n s .  The r e l a t i o n s  
b e t w e e n  t h e s e  f o r c e s  and t h e  s h e l l  a c c e l e r a t i o n s  a r e  a l s o  
g i v e n  in Appendi x  I .
Ge n e r a l  t y p e s  o f  e x t e r n a l  l o a d s  wh i c h  m i g h t  be  a c t i n g  
on t h e  l a t e r a l  s i d e s  o f  a t h i n - w a l l e d  beam are  shown i n
F i g . ( 2 - 6 - c ) .  Th e r e  a r e  l o a d s  P , P  , and P w h i c h  a r en s z
d i s t r i b u t e d  o v e r  t h e  m i d s u r f a c e  a r e a  o f  t h e  s h e l l .  On t h e
o t h e r  hand t h e r e  m i g h t  be  e d g e  l i n e  l o a d s  N ,V , and N i ns s s z
a d d i t i o n  t o  e d g e  moments  . F i n a l l y ,  t h e r e  a r e  j u n c t i o n
l i n e  l o a d s  T , T , and T . C o n c e n t r a t e d  l i n e  l o a d s  a p p l i e dx y  z
o u t s i d e  a j u n c t i o n  c a n  be t a k e n  i n t o  c o n s i d e r a t i o n  by  
c o n s i d e r i n g  t h e i r  l i n e  o f  a p p l i c a t i o n  as  a j u n c t i o n ,  w h i l e  
c o n c e n t r a t e d  l o a d s  c a n  be h a n d l e d  by d i v i d i n g  t h e  beam i n t o  
two s e g m e n t s  a t  t h e i r  p o i n t  o f  a p p l i c a t i o n ,  and c o n s i d e r i n g  
t h e  o v e r a l l  e q u i l i b r i u m  o f  t h e  two s e g m e n t s .
At t h e  e d g e s  and j u n c t i o n s ,  t h e  i n t e r n a l  ( i . e .  s t r e s s
r e s u l t a n t  ) t w i s t i n g  moment M c a n  be  r e p l a c e d  by a
SZ 9Ms zd i s t r i b u t e d  s h e a r i n g  f o r c e  e q u a l s  t o  and a
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t h e  n e t  s h e a r i n g  f o r c e  now b e c o m e s
3M
Vs = Qs •  i f  ( 2 “ 3>
a s  shown in F i g . ( 2 - 7 - b ) .  As f o r  t h e  c o n c e n t r a t e d  f o r c e s  P 
a t  t h e  j u n c t i o n ,  t h e y  c a n  be  added v e c t o r i a l l y  a s  shown in 
F i g . ( 2 - 7 - c ) .  The s e  f o r c e s  c a u s e  h i g h  s t r e s s  c o n c e n t r a t i o n  
a t  t h e  j u n c t i o n s  and b e c a u s e  o f  t h i s  s u c h  c o r n e r s  a r e  
r o unded  by f i l l e t s  i n  p r a c t i c e .  A d e t a i l e d  d i s c u s s i o n  o f  
t h i s  pr o b l e m c a n  be f ound in R e f . [ 9 ]  and R e f . [ 2 3 ] .
The p a r t  o f  t h e  t h e o r y  o f  c y l i n d r i c a l  s h e l l s  a s s o c i a t e d  
w i t h  t h i n - w a l l e d  be a ms  i s  r e v i e w e d  in Appendi x  I .  T h i s  
i n c l u d e s  t h e  d y n a mi c  e q u i l i b r i u m  e q u a t i t h e s  o f  a 
d i f f e r e n t i a l  s h e l l  e l e m e n t .  The r e l a t i o n s  b e t w e e n  t h e  beam 
and s h e l l  d i s p l a c e m e n t s  a r e  d e r i v e d  in Appendi x  I I  and a l s o  
t h e  s h e l l  f o r c e s  i n t e r m s  o f  t h e  beam d i s p l a c e m e n t s  c a n  be  
found in t h e  same A p p e n d i x .
2 . 5  Be am F o r c e s
The beam f o r c e s ,  a s  i n  t h e  c a s e  o f  s h e l l  f o r c e s ,  can be  
c l a s s i f i e d  i n t o  s t r e s s  r e s u l t a n t s ,  i n e r t i a  f o r c e s ,  and 
e x t e r n a l  l o a d s  a s  shown i n F i g . ( 2 - 8 ) .  The e x p r e s s i o n s  o f  
t h e  beam f o r c e s  in t e r m s  o f  t h e  s h e l l  f o r c e s  c a n  be  d e r i v e d  
by t h e  a p p l i c a t i o n  o f  t h e  p r i n c i p l e  o f  v i r t u a l  
d i s p l a c e m e n t s .  As an e x a m p l e ,  t h e  work d o n e  d u r i n g  a
S t r e s s  
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v i r t u a l  d i s p l a c e m e n t  by t h e  s h e l l  i n e r t i a  f o r c e s  [ s e e  
F i g . ( 2 - 6 - b )  ] per u n i t  l e n g t h  o f  t h e  beam i s
IT • = -  ( P . u + P . v + P . w + M .  + M . $) ds1 n i  s i  z i  s i  3z z i
c
w h e r e  c i s  t h e  t o t a l  l e n g t h  o f  t h e  c o n t o u r .
Upon s u b s t i t u t i n g  t h e  r e l a t i o n s  b e t w e e n  t h e  beam and
s h e l l  d i s p l a c e m e n t s ,  w h i c h  i s  d e r i v e d  in s e c t i o n  I I . 5 . b o f  
Appendi x  I I ,  i n t o  t h i s  work e x p r e s s i o n ,  one  o b t a i n s
n. s - N . W - V . U . - V . V - T .  $ - M . U "  + M. V"  -  Ml  l  xx y i  i  y i  x i  o)i
The above  e x p r e s s i o n  s hows  t h e  r e l a t i o n s  b e t w e e n  t h e  beam
and s h e l l  i n e r t i a  f o r c e s .  T h i s  p r o c e d u r e  i s  d i s c u s s e d  in 
more d e t a i l s  f o r  t h e  s t r e s s  r e s u l t a n t s ,  i n e r t i a  f o r c e s ,  and 
t h e  e x t e r n a l  l o a d s  a s  g i v e n  in Appe ndi x  I I .  S i n c e  t h i s  
e x p r e s s i o n  i s  per u n i t  l e n g t h  o f  t h e  beam,  t h e  beam i n e r t i a  
f o r c e s  a r e  q u a n t i t i e s  per  u n i t  l e n g t h .  The same i s  a l s o  
t r u e  f or  t h e  beam e x t e r n a l  l o a d s .
S i n c e  U and V a r e  t h e  l a t e r a l  d i s p l a c e m e n t s  o f  t h e  
p o l e  P,  t h i s  p o l e  i s  t h e  p o i n t  o f  a p p l i c a t i o n  o f  t h e  f o r c e s
V ,V ,V . ,V . ,V , and V a s  shown in F i g . ( 2 - 8 ) .x y x i  y i  xe ye
S i m i l a r l y ,  t h e  t o r q u e s  T . T^ ,  and Tg a r e  a l s o  a p p l i e d  a t  t h e  
p o l e .  U" and V' r e p r e s e n t  t h e  r o t a t i o n  o f  t h e  s e c t i o n  about
t h e  f i x e d  a x e s  x and y .  And,  M , M , M . , M . , M , and M arex y x i  y i  xe ye
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t h e  moment s  a b o u t  t h e s e  a x e s .  As f o r  t h e  l o n g i t u d i n a l  
f o r c e s ,  t h e  f o l l o w i n g  t h r e e  e q u a t i o n s  c a n  be  o b t a i n e d  from 
t h e  beam s t r e s s  r e s u l t a n t s  e x p r e s s i o n s  [ s e e  E q s . ( 1 1 - 2 9 ) ,  
( 1 1 - 3 3 ) ,  and ( 1 1 - 3 4 )  o f  Appe ndi x  I I ]
dN = N . d sz
dM = (-N x + M . c o s  0 ) d sy z z
dM = (N y -  M . s i n  6 ) d s
X  z J z
The a b o v e  t h r e e  e q u a t i o n s  show t h a t  t h e  l o n g i t u d i n a l  s h e l l  
s t r e s s  r e s u l t a n t  'N . d s '  i s  r e p l a c e d  by t h e  t wo  moment s  
' dM ' and 1dM * and t h e  f o r c e  ' d N ' .  S i n c e  t h e  arms o f  t h e s ey x
t wo  moment s  a r e  x and y ,  t h e  l o n g i t u d i n a l  f o r c e  ’ dN* a c t s  
t h r o u g h  t h e  o r i g i n  o f  t h e  ( x , y )  c o o r d i n a t e  s y s t e m .  He n c e ,  
t h e  beam s t r e s s  r e s u l t a n t  N, a n d ,  s i m i l a r l y ,  t h e  f o r c e s  JL 
and Ng a c t  a l o n g  t h e  z - a x i s .
The l a s t  beam f o r c e s  r e p r e s e n t  a d d i t i o n a l  f o r c e  s y s t e m  
whi c h  d o e s  n o t  e x i s t  in t h e  e l e m e n t a r y  beam t h e o r y .  T h i s  
s y s t e m  i s  a s s o c i a t e d  w i t h  t h e  s e v e n t h  g e n e r a l i z e d  
d i s p l a c e m e n t  co mp o n e n t  and h a s  b e e n  g i v e n  t h e  name
' w a r p i n g  moment '  by T i mo s he nko  [ 2 1 ]  and t h e  ' b i mo me n t '  by 
V l a s o v  [ 2 6 ] .  A t h r e e  he aded  arrow a l o n g  t h e  p o l e  a x i s  i s  
u s e d  to  i n d i c a t e  t h e s e  b i m o m e n t s .  The e x p r e s s i o n  f o r  t h e
27
s t r e s s  r e s u l t a n t  b i mo me n t  a s  d e r i v e d  in s e c t i o n  I I . 5 . a o f  




ct w .d n .d s  ( 2 - 4 )z a
- h / 2
where  a i s  t h e  r a d i u s  o f  c u r v a t u r e  o f  t h e  s h e l l  and t h e
3»"^nt erm r e p r e s e n t s  t h e  e f f e c t  o f  t h e  c u r v a t u r e  o f  t h e
s h e l l  whi ch was  n o t  i n c l u d e d  by e i t h e r  V l a s o v  [ 2 6 ]  or  
G j e l s v i k  [ 9 ] .  T h i s  b i mome nt  h a s  a d i m e n s i o n  o f  f o r c e  t i m e s  
l e n g t h  s q u a r e d .  __
The e x p r e s s i o n  f o r  t h e  e x t e r n a l  bi moment  i s  [ s e e  
Eq. ( 1 1 - 4 9 ) ]
M = -  P U.ds -  y N U -  7 T w ( 2 - 5 )toe I z sz  . L, . z' edges  j u n c t i o n s
I t  h a s  a d i m e n s i o n  o f  f o r c e  t i m e s  l e n g t h  s q u a r e d  per u n i t  
l e n g t h .  T h i s  e x p r e s s i o n  shows  t h a t  t h e  e x t e r n a l  b i moment  
d e p e n d s  o n l y  on t h e  s h e l l  f o r c e s  a p p l i e d  in t h e  
z - d i r e c t i o n .  In o t h e r  w o r d s ,  l o n g i t u d i n a l  f o r c e s  c a n n o t  be  
r e p l a c e d  by s t a t i c a l l y  e q u i v a l e n t  s y s t e m  u n l e s s  t h i s  s y s t e m  
p r o d u c e s  t h e  same b i mo m e n t .  S i n c e  t h e  b i mo m e n t s  a r e  
s t a t i c a l l y  z e r o  s t r e s s  s y s t e m s ,  in t h e  e l e m e n t a r y  beam 
t h e o r y  t h e  e f f e c t  o f  t h e s e  b i mo me n t s  d e c a y  r a p i d l y  a c c o r d i n g  
t o  S t .  V e n a n t ' s  p r i n c i p l e .  T h i s  d r a ws  t h e  c o n c l u s i o n  t h a t  
f o r  t h e  c a s e  o f  t h i n - w a l l e d  open s e c t i o n s  t h e  a p p l i c a t i o n s
2 8
o f  S t .  V e n a n t ’ s p r i n c i p l e  may l e a d  t o  s i g n i f i c a n t  e r r o r s .
The s t r e s s  r e s u l t a n t  t o r q u e  T c o n s i s t s  o f  two p a r t s ;  
t h e  S t .  V e n a n t ' s  t o r q u e  Tg and t h e  dynami c  w a r p i n g  t o r q u e  
shown in s e c t i o n  I I . 6 . c o f  Appendi x  I I  as
T = T + T ( 2 - 6  )
S  CO
The S t .  V e n a n t ’ s t o r q u e  i s  u s u a l l y  w r i t t e n  in t h e  form
T = GJ$' ( 2 - 7  )s
where  (GJ) i s  t h e  t o r s i o n a l  r i g i d i t y ,  G i s  t h e  s h e a r  
c o n s t a n t ,  and J i s  t h e  t o r s i o n a l  c o n s t a n t .  T h i s  t o r s i o n a l  
c o n s t a n t  f o r  t h i n - w a l l e d  open s e c t i o n s  e q u a l s  t o
J =
3
Y  ds ( 2 - 8  )
As m e n t i o n e d  b e f o r e  t h e  a b o v e  r e s u l t  was d e r i v e d  by  
t r e a t i n g  t h e  w a l l  o f  t h e  beam as  a c y l i n d r i c a l  s h e l l ,  a s  
shown in s e c t i o n  I I . 6 . c o f  Appendi x  I I ,  and n o t  by u t i l i z i n g  
P r a n d t l  membrane a n a l o g y .  The wa r p i n g  t o r q u e  e q u a l s  t o
T = -M' + M . -  M ( 2 - 9 )co co co l  coe
T h i s  e q u a t i o n  i s  d e r i v e d  by t h e  r e d u c t i o n  o f  t h e  e x p r e s s i o n
I
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f o r  t he  s t r e s s  r e s u l t a n t  t o r q u e  and u s i n g  t h e  d y na mi c  
e q u i l i b r i u m  e q u a t i o n s  o f  a d i f f e r e n t i a l  c y l i n d r i c a l  s h e l l  
e l e m e n t  a s  shown in t h e  same A p p e n d i x .
2 . 6  Beam Dyn am i c  E q u i l i b r i  urn Equat  i on s in 
Gener a l  Coord i n a t e  S y s t e m
S i n c e  t h i n - w a l l e d  beams h a v e  s e v e n  g e n e r a l i z e d  
d i s p l a c e m e n t  c o m p o n e n t s ,  t h e r e  w i l l  a l s o  be s e v e n  
e q u i l i b r i u m  e q u a t i o n s .  Th r e e  o f  t h e s e  e q u a t i o n s  a r e  d e r i v e d  
in Appendi x  I I  t h r o u g h  t h e  r e d u c t i o n  o f  t h e  e x p r e s s i o n s  f o r
t h e  s t r e s s  r e s u l t a n t  s h e a r s  V and V , and t h e  t o r q u ex y
T. The o t h e r  f o u r  e q u a t i o n s  c a n  be  o b t a i n e d  b y  c o n s i d e r i n g  
t h e  e q u i l i b r i u m  o f  t h e  d i f f e r e n t i a l  beam e l e m e n t  shown in 
F i g . ( 2 - 9 )  and n o t i c i n g  t h e  i n e r t i a l  and e x t e r n a l  f o r c e s  a r e  
g i v e n  in F i g . ( 2 - 8 ) .  C o n s i d e r i n g  t h e  e q u i l i b r i u m  o f  f o r c e s  
in t h e  x , y ,  and z d i r e c t i o n s  , t h e  e q u i l i b r i u m  o f  t o r q u e s ,  
and r e c a l l i n g  E q s . ( 1 1 - 5 1 ) ,  ( 1 1 - 5 3 ) ,  and ( 1 1 - 5 5 )  from
Appe ndi x  I I ,  t h e  s e v e n  e q u i l i b r i u m  e q u a t i o n s  a r e
■ H' -  N. + N = 0 ( 2 - 1 0 )
i e




V' -  V . + V = 0 ( 2 - 1 2 )
y  y i  ye
r  -  T. + T S 0 ( 2 - 1 3  )i  e
^  + Vx -  My i  + My e  = 0 ( 2 - 1 5 )
M" + T - M . + M  = 0  ( 2 - 1  6)w a) oil a)e
D i f f e r e n t i a t i n g  E q s . ( 2 - 1 4 ) ;  ( 2 - 1 5 ) ,  and ( 2 - 1 6 )  w i t h  r e s p e c t  
t o  z and s u b s t i t u t i n g  them i n t o  E q j s . ( 2 - 1 1 ) ,  ( 2 - 1 2 ) ,  and 
( 2 - 1 3 )  i n a d d i t i o n  t o  u s i n g  E q . ( 2 - 6 ) ,  t h e  above  s e v e n  
e q u i l i b r i u m  e q u a t i o n s  now r e d u c e  t o  t h e  f o l l o w i n g  f our  
e q u a t  i o n s  :
r  -  N. + N = 0i  e
-  M". + V . -  V + M' = 0y y i  x i  xe ye
-h" + rr.  + v . -  v - m  = ox x i  y i  ye  xe
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M" -  T  -  M'. + T. -  T + NT = 0
co s oil l  e we
In Appendi x  I I I  t h e  e x p r e s s i o n s  f or  t h e  c r o s s  s e c t i o n a l  
p r o p e r t i e s  a r e  d e r i v e d .  Thes e  i n c l u d e  t h e  moment s  o f  
i n e r t i a  and t h e  s e c t o r i a l  p r o p e r t i e s .  Then t h e  beam f o r c e s  
a r e  e x p r e s s e d  in t e r m s  o f  t h e s e  p r o p e r t i e s  a s  w e l l  a s  t h e  
beam d i s p l a c e m e n t s .  S u b s t i t u t i n g  t h e  beam f o r c e s  
e x p r e s s i o n s  o u t l i n e d  in Appendi x  I I I  i n t o  t h e  a b o v e  f our  
e q u a t i o n s  y i e l d s
E | aw~ -  S Y "  -  S XT" -  s r l
l _ v 2 x y  0) J
-  p [a w  -  S V"" -  S W  -  S < w l +  N = 0 ( 2 - 1 7 )L x y  o) -1 e
E [-s xr' + i + i xt" + i <r~ ]1 -v 2 L J  xy yy o)y
pT-S VT"+ I V~" + I  IT ” + I  Y "  ]L y xy yy coy J
+ p [AW + 3>"(Ay -  S ) ] -  V + M' = 0 ( 2 - 1 8 )u p x J xe ye
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— - [ -s  w~ + i  at~  + i  it-' + i  <r~ i2 L x xx xy cox -I1-v
-  p f - S VT" + I  AT" + I  IT "  + I  <T” 1 L x xx xy wx J
+ p IaV" -  * " ( Ax -  S ) ] -  V -  M' = 0  ( 2 - 1  9 )I p y J ye  xe
E 0 |-sr + i it" + i ir~ + i r  ] -  g j <t2 L. oj wx coy toto J1 -v  ^
-  p f-S  AT" + I  AT" + I  IT" + I  <T" 1 L to wx toy toto J
+ p f - V ( A x  -  S ) + U"(Ay -  S ) + I  1 L P y J p x p J
- T + M " = 0  ( 2 - 2  0 )e toe
where  E i s  t h e  m o d u l u s  o f  e l a s t i c i t y ,  v i s  t h e  P o i s s o n 1 s  
r a t i o ,  p i s  t h e  mass  d e n s i t y  o f  t h e  m a t e r i a l ,  A i s  t h e  c r o s s
s e c t i o n a l  a r e a ,  S i s  t h e  f i r s t  a r e a  moment  a b o u t  t h ex
x - a x i s ,  S i s  t h e  f i r s t  a r e a  moment  a bo ut  t h e  y - a x i s ,  I i sy xx
t h e  s e c o n d  moment  o f  i n e r t i a  a b o u t  t h e  x - a x i s ,  I i s  t h eyy
s e c o n d  moment  o f  i n e r t i a  a bo ut  t h e  y - a x i s ,  I i s  t h exy
p r o d u c t  o f  i n e r t i a ,  I i s  t h e  p o l a r  moment  o f  i n e r t i a  a b o u t
P
t h e  p o l e ,  S i s  t h e  f i r s t  s e c t o r i a l  moment ,  I, i s  t h eto wx
s e c t o r i a l  p r o d u c t  o f  i n e r t i a  a b o u t  t h e  x - a x i s ,  I i s  t h etoy
s e c t o r i a l  p r o d u c t  o f  i n e r t i a  a b o u t  t h e  y - a x i s ,  and I i sCJOJ
t h e  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a .  The d e r i v a t i v e  w i t h  
r e s p e c t  t o  t h e  t i m e  t  w i l l  be i n d i c a t e d  h e r e  by d o t s ,  i . e . ,
E q s . ( 2 - 1 7 )  t h r o u g h  ( 2 - 2 0 )  a r e  t h e  g e n e r a l  dynami c  
e q u i l i b r i u m  e q u a t i o n s  o f  a t h i n - w a l l e d  beam o f  o p e n  c r o s s
s e c t i o n .  I t  s h o u l d  be n o t e d  h e r e  t h a t  t h e s e  e q u a t i o n s  were  
d e r i v e d  w i t h  r e s p e c t  t o  an a r b i t r a r y  f i x e d  c o o r d i n a t e
s y s t e m ,  an a r b i t r a r y  p o l e ,  and an a r b i t r a r y  o r i g i n  o f  t h e  
c u r v i l i n e a r  c o o r d i n a t e  s y s t e m .
Host  r e s e a r c h e r s  i n  t h i s  a r e a  a p p r o x i m a t e d  t h e
F1term -----   t o  E. A d o p t i n g  t h i s  a p p r o x i m a t i o n  i s
1-v
e q u i v a l e n t  t o  a s s u m i n g  t h a t  t h e  t a n g e n t i a l  s h e l l  s t r e s s e s  
a r e  n e g l i g i b l e .  T h i s  c o n t r a d i c t s  t h e  a s s u m p t i o n  o f
i n d e f o r m a b l e  c o n t o u r ,  i . e . ,  t h e  t a n g e n t i a l  s h e l l  s t r a i n s  a r e
Tp
e q u a l  t o  z e r o .  In t h i s  d i s s e r t a t i o n  t h e  t erm w i l l
l-v ^
be use d  and i t s  e f f e c t  on t h e  f i n a l  r e s u l t s  w i l l  be
d i  sc u s s e d .
CHA P T E R  3
DYNAMIC EQUILIBRIUM EQUATIONS 
IN PRINCIPAL COORDINATE SYSTEMS
3. 1 In t r o d  uc t  i o n
A s o l u t i o n  f o r  t h e  dynami c  e q u i l i b r i u m  e q u a t i o n s  
d e r i v e d  in t h e  p r e v i o u s  c h a p t e r  i s  v e r y  c o m p l i c a t e d  due to  
t h e  c o u p l i n g  b e t w e e n  a l l  t h e  d i s p l a c e m e n t
c o m p o n e n t s .  S i m p l i f i c a t i o n  o f  t h e s e  e q u a t i o n s  c a n  be  
o b t a i n e d  by e x a m i n i n g  t h e  e q u i v a l e n t  f o u r  e q u a t i o n s  o f  t h e  
e l e m e n t a r y  beam t h e o r y .  Us i ng  t h e  same n o t a t i o n ,  t h e  
dynami c  e q u i l i b r i u m  e q u a t i o n s  o f  t h e  e l e m e n t a r y  beam t h e o r y  
ar e [ 2 4 ]
EAW~ -  pAW" + N_ = 0 ( 3 - 1  )E
EIyY U + pAU" -  + M^ e = 0  ( 3 - 2 )
E I XX + pAV"  -  VYE -  " i s  = 0 (3  - 3  )
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G J -  p Ip*" + = 0 ( 3  - 4  )
The above  f o u r  e q u a t i o n s  are  u n c o u p l e d .  Eq„ ( 3 —1) i s  
t h e  l o n g i t u d i n a l  dynami c  e q u i l i b r i u m  e q u a t i o n ,  E q s . ( 3 - 2 )  and 
( 3 - 3 )  are  t h e  t r a n s v e r s e  o n e s ,  and E q . ( 3 - * 0  i s  t h e  t o r s i o n a l  
v i b r a t i o n  e q u a t i o n  wh i c h  i s  b a s e d  on t h e  Co u l o mb ' s  t h e o r y  o f  
t o r  s i o n .
A f i r s t  g l a n c e  a t  t h e  a b o v e  f o ur  e q u a t i o n s ,  o n e  n o t i c e s
t h a t  t h e y  do n o t  c o n t a i n  t h e  t e r ms  S , S , I . The o t h e r
x y  xy
p o i n t  t o  be  n o t i c e d  i n t h e s e  e q u a t i o n s  i s  t h e  use  o f  c a p i t a l  
l e t t e r s  w i t h  t h e  s e c o n d  moment  o f  i n e r t i a  t e r m s ,  i . e .  u s i n g
I„,  and I i n s t e a d  o f  I and I . The r e a s o n  b e h i n d  t heXX YY xx yy
u s e  o f  c a p i t a l  l e t t e r s  X and Y i s  t h a t ,  t h e s e  a x e s  a r e ,  f o r  
t h e  e l e m e n t a r y  beam t h e o r y ,  t h e  p r i n c i p a l  a x e s  o f  i n e r t i a  
and n o t  a r b i t r a r y  f i x e d  a x e s  a s  in t h e  d e r i v a t i o n  o b t a i n e d  
in t h e  p r e v i o u s  c h a p t e r  f o r  t h i n - w a l l e d  beams .
In t h e  t h i n - w a l l e d  beam t h e o r y ,  a s  d i s c u s s e d  in t h e
p r e v i o u s  c h a p t e r ,  t h r e e  t y p e s  o f  c o o r d i n a t e s  a r e  u s e d .  T h i s  
means  t h e  s e a r c h  f o r  t h e  p r i n c i p a l  a x e s  e x t e n d s  f o r  t h e
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s  i n a d d i t i o n  to  t he  
f i x e d  o n e s .  In o t h e r  w o r d s ,  a s e a r c h  f o r  t h e  c o o r d i n a t e
s y s t e m s  whi c h  make t h e  p r o p e r t i e s  S , S , I , S , I , andr r  x '  y ’ xy ’ to ’ o)x ’
I v a n i s h ,  mus t  be p e r f o r m e d .  Then,  t h e  p r i n c i p a l  c r o s scoy
s e c t i o n a l  p r o p e r t i e s  I , I , and I h a v e  to  be
XX YY
d e t e r m i n e d  .
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3 . 2  Pr i n c  i p a l  Coord i n a t e  Sys t e m s
In Appendi x  IV,  a s y s t e m o f  t r a n s f o r m a t i o n  e q u a t i o n s  
b e t w e e n  two s y s t e m s  o f  c o o r d i n a t e s  and f o r  d i f f e r e n t  c r o s s  
s e c t i o n a l  p r o p e r t i e s  i s  o b t a i n e d .  A l t h o u g h  t h e  c r o s s  
s e c t i o n a l  p r o p e r t i e s  e x p r e s s i o n s  d e r i v e d  in Appendi x  I I I  
d i f f e r  from t h o s e  o u t l i n e d  by G j e l s v i k  [ 9 ]  due t o  t he  
e n c o u n t e r i n g  o f  t h e  s h e l l  c u r v a t u r e  in t h e  p r e s e n t  work,  one  
f i n d s  t h a t  t h e  t r a n s f o r m a t i o n  e q u a t i o n s  p r e s e n t e d  in
Appendi x  IV a r e  i d e n t i c a l  to  t h o s e  p r e s e n t e d  by G j e l s v i k .
The t r a n s f o r m a t i o n  e q u a t i o n s ,  d e r i v e d  in Appendi x  IV,  
c a n  be use d  h e r e  in t h e  s e a r c h  f o r  t h e  p r i n c i p a l  c o o r d i n a t e  
s y s t e m s .  A l t h o u g h  t h e  p r o c e d u r e s  f o r  d e t e r m i n i n g  t he  
p r i n c i p a l  f i x e d  c o o r d i n a t e  s y s t e m  a r e  g i v e n  in e l e m e n t a r y  
m e c h a n i c s ,  t h e y  w i l l  be  p r e s e n t e d  h e r e  f o r  t he  s ake  o f  
c o m p l e t e n e s s  and t h e y  h e l p  i n b e t t e r  u n d e r s t a n d i n g  t h e  o t h e r  
p r o c e d u r e s  f o r  c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s .
The t r a n s f o r m a t i o n  o f  t h e  f i x e d  c o o r d i n a t e  i s  
p e r f o r m e d ,  a s  d i s c u s s e d  in Appendi x  IV,  by c h o o s i n g  an
o r i g i n  'C 1 f o r  t h e  new a x e s  x and y and an a n g l e  ' c l  '
1 1 1  1
whi c h  d e t e r m i n e s  t h e  d i r e c t i o n  o f  t h o s e  new a x e s .  The
p r i n c i p a l  f i x e d  a x e s  X and Y c a n  be  o b t a i n e d  by means  o f  
f i n d i n g  a p r i n c i p a l  o r i g i n  ' C'  and a p r i n c i p a l  d i r e c t i o n  
r e p r e s e n t e d  by t h e  a n g l e  ' a ' .
38
The p r i n c i p a l  o r i g i n  ' C ' ,  wh i c h  i s  t h e  c e n t r o i d  o f  t h e  
s e c t i o n ,  c a n  be  d e f i n e d  a s  t h e  o r i g i n  o f  a new f i x e d  a x e s  
whi c h  makes  t h e  f i r s t  a r e a  moments  a b o u t  t h e s e  new a x e s
v a n i s h .  S u b s t i t u t i n g  S _ = S _ = 0 i n t o  t h e  t r a n s f o r m a t i o nx l  y l
E q s . ( I V - 6 )  and ( I V - 9 )  and u s i n g  x and y i n s t e a d  o f  x , andc c c l
y .  , r e s p e c t i v e l y ,  one  h a sc l
[S -  y A ] c o s  a -  [S -  x A ] s i n  a., = 0
x c 1 y  c i
[Sx -  yc A ] s i n  ^  + [S -  x c A ] c o s  = o
S o l v i n g  t h e  a b o v e  two e q u a t i o n s  f o r  xc and yc g i v e s
The above  two e q u a t i o n s  g i v e  t h e  c o o r d i n a t e s  o f  t h e  c e n t r o i d  
w i t h  r e s p e c t  to  any a r b i t r a r y  f i x e d  c o o r d i n a t e  s y s t e m .  I t  
i s  wo r t h  m e n t i o n i n g  h e r e  t h a t  any p a i r  o f  a x e s  whi c h  have  
t h e  c e n t r o i d  as  an o r i g i n ,  and have  any a r b i t r a r y  d i r e c t i o n  
a r e  c a l l e d  c e n t r o i d a l  a x e s .
Once t h e  c e n t r o i d  o f  t h e  s e c t i o n  i s  l o c a t e d ,  a r b i t r a r y  
c e n t r o i d a l  a x e s  xc and yc have  t o  be  c h o s e n ,  and t h e  c r o s s
s e c t i o n a l  p r o p e r t i e s  I , I , I can bev v xxc ’ yyc ’ xyc
xc S /Ay ( 3 - 5 )
( 3 - 6  )
39
d e t e r m i n e d .  N o t i n g  t h a t  y = x = S  = S  = 0  f o r  t h e s e
c e xc yc
new c h o s e n  a x e s ,  t h e  t r a n s f o r m a t i o n  E q s . ( I V - I O ) ,  ( I V —1 1 ) ,  
and ( I V - 1 2 )  now be c o me
I , = - ( I  -  I ) s i n 2 a + I cos2™ ( 3 - 7 )x y l  2 xxc yyc 1 xyc 1
2 ?I = I c o s  a_ + I s i n  a_ -  I s i n 2 a .  ( 3 - 8 )x x l  xxc 1 yyc 1 xyc 1
2 2 = I s i n  a.  + I c o s a ,  + 1  s i n2a„  ( 3 - 9 )y y l  xxc 1 yyc 1 xyc 1
The p r i n c i p a l  d i r e c t i o n  c a n  be  d e f i n e d  a s  t h e  d i r e c t i o n  o f  a 
p a i r  o f  c e n t r o i d a l  a x e s  a b o u t  wh i c h  t h e  p r o d u c t  o f  i n e r t i a  
v a n i s h e s .  He n c e ,  s u b s t i t u t i n g  = 0 i n t o  E q . ( 3 - 7 )  and
u s i n g  ' a *  i n s t e a d  o f  1a ^ ' ,  o n e  has
2 I
t a n  (2a )  = - ------—  ( 3 - 1 0 )
yyc "  xxc
The a b o v e  e q u a t i o n  d e t e r m i n e s  t h e  p r i n c i p a l  d i r e c t i o n  o f  t h e  
f i x e d  c o o r d i n a t e s  in t e r m s  o f  t h e  c r o s s  s e c t i o n a l  p r o p e r t i e s  
w i t h  r e f e r e n c e  to  a r b i t r a r y  c e n t r o i d a l  a x e s .
R e p l a c i n g  ax , Ix x l , and 1 ^  by e . ,  1 ^  , and 1 ^  ,
r e s p e c t i v e l y ,  E q s . ( 3 - 8 )  and ( 3 - 9 )  become
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^XX = ^ x c  c o s 2 a  + Zy y c  S i " 2 a  “  I x y C s i n 2 a  ( 3 - 1 1 )
ZYY = ^ c 3 1 " 2 " + W  c o s 2 a  *  V c  S i n 2 a  ( 3 - 1 2 )
Once t h e  c e n t r o i d  and t h e  p r i n c i p a l  d i r e c t i o n  a r e  
d e t e r m i n e d ,  t h e  above  two e q u a t i o n s  c a n  be use d  t o  o b t a i n  
t h e  p r i n c i p a l  s e c o n d  moment s  o f  i n e r t i a .
The t r a n s f o r m a t i o n  o f  t h e  c u r v i l i n e a r  and a u x i l i a r y  
c o o r d i n a t e  s y s t e m s  can  be  p e r f o r m e d ,  a s  e x p l a i n e d  in  
Appe ndi x  I V ,  by c h o o s i n g  a new o r i g i n  '0^ ’ f o r  t h e  
c u r v i l i n e a r  c o o r d i n a t e s  and a new p o l e  ' P^  ’ f o r  t h e
rf
a u x i l i a r y  o n e s .  S i m i l a r l y ,  o n e  can f i n d  p r i n c i p a l  
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e  s y s t e m s  by me ans  o f  
d e t e r m i n i n g  a p r i n c i p a l  o r i g i n  'O' and a p r i n c i p a l  p o l e  f P * .
I t  was f o u n d ,  a s  i t  w i l l  be shown l a t e r ,  f o r  c e r t a i n  
c r o s s  s e c t i o n a l  a p p l i c a t i o n s ,  i t  i s  more  c o n v e n i e n t  to  u s e  
c e r t a i n  c e n t r o i d a l  f i x e d  a x e s  f o r  d e t e r m i n i n g  t he  l o c a t i o n  
o f  t h e  p r i n c i p a l  p o l e .  T h e r e f o r e ,  t wo e x p r e s s i o n s  f o r  t h e  
l o c a t i o n  o f  t h e  p r i n c i p a l  p o l e  w i l l  be  g i v e n  h e r e .  One 
e x p r e s s i o n  w i l l  be  in t e r m s  o f  t h e  c r o s s  s e c t i o n a l  
p r o p e r t i e s  a s s o c i a t e d  w i t h  an a r b i t r a r y  c e n t r o i d a l  a x e s ,  and 
t h e  o t h e r  e x p r e s s i o n  w i l l  be  r e l a t e d  t o  c r o s s  s e c t i o n a l  
p r o p e r t i e s  a s s o c i a t e d  w i t h  t h e  p r i n c i p a l  f i x e d  a x e s .
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S u b s t i t u t i n g  Sx = Sy = 0 and u s i n g  t h e  s u b s c r i p t  ' c '  to  
i d e n t i f y  t h e  t erras  r e l a t e d  t o  t h e  c e n t r o i d a l  a x e s ,  
E q s . ( I V - 1 7 ) »  ( I V - 1 8 ) ,  and ( I V — 19)  now b e c o m e s
S«.l * Sto -  “ *A + * o c l A( xpc l  '  V ’
- x  - A( y -  y ) ( 3 - 1 3 )o c l  p c i  Jpc
I ,  = I -  ( x  -  x )I  + (y  -  y )Itolx ojxc p c i pc xxc p c i  pc xyc
( 3 - 1 4 )
I - ,  = I — ( x — x ) i  + (y -i -  y ) icoly oiyc p c i  pc xyc ■'pel ■'pc yyc
( 3 - 1 5 )
E q s . ( 3 - 1 4 )  and ( 3 - 1 5 )  s ho ws  t h a t  an^ ar e
i n d e p e n d e n t  o f  t h e  o r i g i n o f
cjly
t h e  c u r v i l i n e a r
c o o r d i n a t e s .  I t  i s  a l s o  wo r t h  m e n t i o n i n g  h e r e  t h a t  i s
i n d e p e n d e n t  o f  t h e  f i x e d  c o o r d i n a t e  s y s t e m  [ s e e  
Eq . ( I l l -4 ) ] .  He nce ,  E q s . ( 3 - 1 4 )  and ( 3 - 1 5 )  c a n  be used in  
d e t e r m i n i n g  t h e  l o c a t i o n  o f  t h e  p r i n c i p a l  p o l e .  T h i s  
p r i n c i p a l  p o l e  c a n  b e  d e f i n e d  a s  t h e  p o l e  about  whi c h  t h e  
s e c t o r i a l  p r o d u c t s  o f  i n e r t i a  v a n i s h .  S u b s t i t u t i n g
oilx = I n = 0  and u s i n g  x and y i n s t e a d  o f  x , andtoly ** pep pep  p c i
yp c l  t o  i nd a t e  fche c o o r d i n a t e s  o f  t h e  p r i n c i p a l  p o l e  w i t h  
r e s p e c t  to  a r b i t r a r y  c e n t r o i d a l  a x e s ,  E q s . ( 3 - 1 4 )  and ( 3 - 1 5 )  
become
I -  (x -  x ) I  + (y  -  y ) I  = 0ojxc pep pc xxc pep pc xyc
I -  ( x -  X )I + ( y  — y ) I = 0toyc pep pc xyc pep pc yyc
S o l v i n g  t h e  a b o v e  two e q u a t i o n s  f o r  x and y y i e l d spep pep
= x ♦ W - x c ~  ' ( 3 - 1 6 )
pep PC I  I -  I
xxc yyc xyc
I I  -  I  I
V -  V M S-------- ( 7 - 1 7 )
pep ypc T x _ t 2
xxc yyc xyc
The above  two e q u a t i o n s  c a n  be use d  t o  d e t e r m i n e  t h e
c o o r d i n a t e s  o f  t h e  p r i n c i p a l  p o l e  ( x  , y  ) w i t h  r e f e r e n c epep pep
to  a r b i t r a r y  c e n t r o i d a l  a x e s .  I f  t h e  p r i n c i p a l  f i x e d  a x e s  
a r e  use d  i n s t e a d  o f  c e n t r o i d a l  a x e s ,  t h e  a b o v e  two e q u a t i o n s  
t a k e  t h e  form
XPP ■ xp * ^  . <3- 1 8 >
I coY
YPP = YP " ^  ( 3 " 1 9 )
Once t h e - l o c a t i o n  o f  t h e  p r i n c i p a l  p o l e  i s  d e t e r m i n e d ,  
i t  c a n  be u s e d ,  i n  c o n j u n c t i o n  w i t h  an a r b i t r a r y  o r i g i n  o f  
t h e  c u r v i l i n e a r  c o o r d i n a t e s ,  i n  d e t e r m i n i n g  t h e  f i r s t  
s e c t o r i a l  moment S by u s i n g  E q . ( I I I - M ) .  The p r i n c i p a lUJJr
o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s  c an  be  d e f i n e d  as  t h e  
o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s  whi ch  makes  t h e  f i r s t
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s e c t o r i a l  moment  v a n i s h e s .  S u b s t i t u t i n g  S = 0 and u s i n g  
t h e  p r i n c i p a l  p o l e  a s  an o l d  and new p o l e  in E q . ( 3 - 1 3 ) »  
i - e "  *pcl -  xpc = yp c l -  v  = °* Eq. < 3 - 1 3 )  g i v e s
“ p  = S ^ / A  ( 3 - 2 0 )
— *
N o t i c i n g  t h e  d e f i n i t i o n  o f  to i n  F i g . ( I V - 2 )  o f
Appe ndi x  I V ,  to* w i l l  be  in t h i s  c a s e  t w i c e  t h e  a r e a  bounded
P
by t h e  v e c t o r  from t h e  p r i n c i p a l  p o l e  to  t h e  a r b i t r a r y  
o r i g i n  c h o s e n ,  t h e  v e c t o r  from t h e  p r i n c i p a l  p o l e  t o  t h e  
p r i n c i p a l  o r i g i n ,  and t h e  c o n t o u r  c u r v e  b e t w e e n  t h e s e  two
o r i g i n s .  Hence ,  E q . ( 3 - 2 0 )  c a n  be used i n  d e t e r m i n i n g  t h e  
l o c a t i o n  o f  t h e  p r i n c i p a l  o r i g i n  o f  t h e  c u r v i l i n e a r  
c o o r d  i n a t e s .
The s e a r c h  f o r  t h e  p r i n c i p a l  c o o r d i n a t e  s y s t e m s  u s u a l l y  
a c c o m p a n i e s  t h e  d e t e r m i n a t i o n  o f  t h e  p r i n c i p a l  c r o s s  
s e c t i o n a l  p r o p e r t i e s .  These  p r o c e d u r e s  can be  p e r f o r m e d ,  on 
a s t e p  by s t e p  b a s i s  a s  f o l l o w s :
1. S i n c e  t h e  c r o s s  s e c t i o n a l  a r e a  i s  i n d e p e n d e n t  o f
t h e  c o o r d i n a t e  s y s t e m s ,  a s  a f i r s t  s t e p ,  E q . ( I I I - l )  c a n  be  
used  in d e t e r m i n i n g  t h i s  a r e a .
2.  An a r b i t r a r y  f i x e d  c o o r d i n a t e  s y s t e m  i s  c h o s e n ,  and 
t h e  f i r s t  a r e a  moment s  c a n  be  c a l c u l a t e d  u s i n g  E q s . ( I I I - 2 )  
and ( 1 1 1 -3 ) .
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3.  Us i ng  E q s . ( 3 - 5 )  and ( 3 - 6 )  t h e  c e n t r o i d  o f  t h e  
s e c t i o n  c a n  be  l o c a t e d  w i t h  r e f e r e n c e  to  t h e  a r b i t r a r y  f i x e d  
c o o r d i n a t e s  c h o s e n .
4.  An a r b i t r a r y  c e n t r o i d a l  a x e s  i s  c h o s e n ,  and
E q s . ( I I I - 5 ) ,  ( I I I - 6 ) ,  and ( I I I - 7 )  c a n  be used i n  d e t e r m i n i n g
t h e  c r o s s  s e c t i o n a l  p r o p e r t i e s  I , I , and Ixxc yyc xyc
5.  The p r i n c i p a l  d i r e c t i o n  o f  t h e  f i x e d  c o o r d i n a t e s
can be  d e t e r m i n e d  u s i n g  E q . ( 3 - 1 0 ) . T h e n , t h e  p r i n c i p a l  s e c o n d  
moment s  o f  i n e r t i a  and 1^  ^ c a n  be  o b t a i n e d  u s i n g
E q s . ( 3 - 1 1 )  and ( 3 - 1 2 ) .
6.  I f  t h e  a r b i t r a r y  c e n t r o i d a l '  a x e s  i s  p r e f e r r e d ,  an
a r b i t r a r y  p o l e  ( xpc , y^c ) i s  c h o s e n  a l o n g  w i t h  an a r b i t r a r y
o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s .  Then,  t h e  c r o s s
s e c t i o n a l  p r o p e r t i e s  I and I a r e  c a l c u l a t e d  Fromcoxc coyc
E q s . ( I I I - 8 )  and ( I I I - 9 ) .  From E q s . ( 3 - 1 6 )  a n d '  ( 3 - 1 7 ) ,  t h e
p r i n c i p a l  p o l e  c a n  be  l o c a t e d .  On t h e  o t h e r  ha n d ,  i f  t h e
p r i n c i p a l  f i x e d  c o o r d i n a t e s  a r e  u s e d ,  t h e  c h o s e n  a r b i t r a r y
p o l e  w i l l  be  (X ,Y ) ,  t h e  c r o s s  s e c t i o n a l  p r o p e r t i e s
P P
c a l c u l a t e d  a r e  I „ and I „ ,  and E q s . ( 3 - 1 8 )  and ( 3 - 1 9 )  can be
CO A  CO I
used  .
7.  Us i ng  t h e  p r i n c i p a l  p o l e  and an a r b i t r a r y  o r i g i n  o f
t h e  c u r v i l i n e a r  c o o r d i n a t e s ,  t h e  f i r s t  s e c t o r i a l  moment S’ cop
can be d e t e r m i n e d  u s i n g  E q . ( I I I - 4 ) .  Then,  Eq. ( 3 - 2 0 )  can be  
used  i n  l o c a t i n g  t h e  p r i n c i p a l  o r i g i n  o f  t h e  c u r v i l i n e a r
c o o r d  in a t e  s .
8.  Once t h e  p r i n c i p a l  p o l e  and t h e  p r i n c i p a l  o r i g i n  
a r e  l o c a t e d ,  t h e  p r i n c i p a l  wa r p i n g  f u n c t i o n  'ft' c a n  be  
d e f i n e d  and t h e  p r i n c i p a l  s e c o n d  s e c t o r i a l  moment  1 ^  c an  be  
c a l c u l a t e d  u s i n g  Eq . ( I I I - 1 0 ) .  The t erm ’ wa r p i ng  c o n s t a n t ’ 
i s  us e d  in mo s t  s t r u c t u r a l  d e s i g n  m a n u a l s  i n s t e a d  o f  t h e  
t e rm ' p r i n c i p a l  s e c o n d  s e c t o r i a l  moment* and t h e  n o t a t i o n  
' Cw ’ i s  a s s i g n e d  i n s t e a d  o f  ' 1 ^  ' •
3 . 3  Pr i n c i  pa l  Sec t  i o n  Pro per t i e s  o f  Some Sec t  i on  s
3 . 3 . a G e n e r a l
In d e t e r m i n i n g  t h e  c r o s s  s e c t i o n a l  p r o p e r t i e s ,  o ne  
m i g h t  f i n d  h i m s e l f  o b l i g a t e d  t o  c a l c u l a t e  some i n t e g r a l s  a s  
h o i y . d s .  The way s u c h  i n t e g r a l s  a r e  to  be c a l c u l a t e d ,
c
d e p e n d s  on t h e  s h a p e  o f  t h e  c o n t o u r  b r a n c h e s  and t h e  
v a r i a t i o n  o f  t h e  t h i c k n e s s  a l o n g  t h e s e  b r a n c h e s .  D i r e c t  or  
n u m e r i c a l  i n t e g r a t i o n s  have  t o  be used when some b r a n c h e s  
t a k e  t h e  form o f  c u r v e s  a n d / o r  t h e  t h i c k n e s s  v a r i e s  
g r a d u a l l y  a l o n g  t h e  b r a n c h  l e n g t h .
As f o r  t h e  c a s e  when t h e  c o n t o u r  b r a n c h e s  a r e  s t r a i g h t  
l i n e s  and t h e  t h i c k n e s s  o f  e a c h  b r a n c h  i s  c o n s t a n t  b u t  e a c h  
b r a n c h  m i g h t  h a v e  d i f f e r e n t  t h i c k n e s s ,  an e a s i e r  method can  
be u t i l i z e d .  V l a s o v  [ 2 6 ]  s u g g e s t e d  p l o t t i n g  t h e  
c h a r a c t e r i s t i c  d i a g r a m s  o f  t h e  c r o s s  s e c t i o n  ( i . e .  x ,  y ,  q ,
and to d i a g r a m s )  and u s i n g  t h e s e  d i a g r a m s  i n  t h e  
i n t e g r a t i o n .  T h i s  met hod  o f  i n t e g r a t i o n  i s  i d e n t i c a l  to  
what  i s  u s u a l l y  u s e d  in t h e  method o f  v i r t u a l  work i n  
s t r u c t u r a l  a n a l y s i s .  F i g . ( 3 - 1 ) ,  wh i c h  i s  s e l f  e x p l a n a t o r y ,  
shows  how two o f  t h e s e  c h a r a c t e r i s t i c  d i a g r a m s  ( to and y) a r e  
p l o  t t e d .
The i n t e g r a t i o n  coy.ds  c an  now be  c a l c u l a t e d  u s i n g  
t h e s e  d i a g r a m s .  For e a c h  c o n t o u r  b r a n c h  t h i s  i n t e g r a t i o n  
e q u a l s  t o  t h e  a r e a  o f  o n e  d i a g r a m  m u l t i p l i e d  by t h e  o r d i n a t e  
o f  t h e  o t h e r  d i a g r a m  s i t u a t e d  under  t h e  c e n t r o i d  o f  t h e  
f i r s t  d i a g r a m .  The i n t e g r a t i o n ,  t a b l e s  shown in F i g . ( 3 - 2 )  
m i g h t  be  e a s i e r  to u s e  i n  c a l c u l a t i n g  t h i s  
i n t e g r a t i o n s .  The s h a p e s  shown in F i g . ( 3 - 2 )  and o t h e r
d i f f e r e n t  s h a p e s  c a n  be f ound in s i m i l a r  t a b l e s  i n  many
s t r u c t u r a l  a n a l y s i s  t e x t s .
F i g . ( 3 - 3 )  shows  a c r o s s  s e c t i o n  wh i c h  h a s  a l i n e  o f  
s y mme t r y .  A c c o r d i n g  t o  e l e m e n t a r y  m e c h a n i c s ,  t h i s  l i n e  o f  
s y mme t r y  i s  o n e  o f  t h e  p r i n c i p a l  a x e s  o f  i n e r t i a  and i s  
t a k e n  a s  t h e  X - a x i s  in Fi g  . ( 3 - 3 - a") . An a r b i t r a r y  y - a x i s  i s
a s s i g n e d ,  an a r b i t r a r y  p o l e  ' P '  i s  c h o s e n  as  any p o i n t  on
t h e  X - a x i s ,  and a t r i a l  o r i g i n  'O' i s  t a k e n  a s  t h e  
i n t e r s e c t i o n  o f  t h i s  X - a x i s  w i t h  t h e  c o n t o u r .  The t o ,  q ,  and 
X d i a g r a m s  are  p l o t t e d  a s  shown in F i g . ( 3 - 3 ) .  I t  c an  a l s o  
be n o t i c e d  t h a t  t h e  X- d i a g r a m i s  s y m m e t r i c a l ,  w h i l e  t h e  to 
and q - d i a g r a m s  a r e  a n t i s y m m e t r i c .  Henc e ,  t h e  i n t e g r a l s
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u . d s , oi X. d s , q . d s , q X. d s ,
•'c -1c •'c 'c •
to".c o s  0 . d s  e q u a l  z e r o .  R e c a l l i n g  t h e  e x p r e s s i o n s  f o r  t h e
■^c
f i r s t  s e c t o r i a l  moment  S and t h e  s e c t o r i a l  p r o d u c t  o fco
i n e r t i a  . I from Appendi x  I I I  [ Eqs ; ( I I I - 4  ) and ( I I I - 9 ) ] ,  i tcoy
can be  c o n c l u d e d  t h a t  S = I v = 0 f o r  t h i s  s e c t i o n  and anyco coY
o t h e r  s e c t i o n  f o r  whi c h  t h e  X - a x i s  i s  an a x i s  o f
s y mme t r y .  T h i s  me ans  t h a t  t h e  i n t e r s e c t i o n  o f  t h i s  a x i s  o f
symmet ry  w i t h  t h e  c o n t o u r  i s  t h e  p r i n c i p a l  o r i g i n  o f  t h e  
c u r v i l i n e a r  c o o r d i n a t e s .  A l s o ,  n o t i c i n g  E q s . ( 3 - 1 7 )  and 
( 3 - 1 9 )  o ne  c a n  c o n c l u d e  t h a t  t h e  p r i n c i p a l  p o l e  h a s  t o  be
l o c a t e d  on t h i s  a x i s  o f  s y mme t r y .  As f o r  t h e  c a s e  when
t h e r e  are  two a x e s  o f  s y mm e t r y ,  t h e  c e n t r o i d ,  t h e  p r i n c i p a l  
o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s ,  and t h e  p r i n c i p a l  
p o l e  co i n c  i d e  .
3 . 3 . b  A Ci r  c u l  ar Ar c
The f i r s t  e x a m p l e  to be exami ne d  i s  t h e  c i r c u l a r  arc  
shown in F i g . ( 3 - 4 - a ) . T h i s  arc  h a s  an a n g l e  '2tp! , a mean
r a d i u s  ' a ' ,  and a t h i c k n e s s  ' h * .  B e c a u s e  o f  symmetry- ,  t h e
X - a x i s  shown in F i g . ^ - ^ - a )  i s  a p r i n c i p a l  a x i s .  A t r i a l
y - a x i s  p a s s i n g  by t h e  c e n t e r  o f  t h e  c i r c l e  i s  c h o s e n .  Us i ng
t h e  r e l a t i o n
51
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d s = a .d  0 ( 3 - 2 1 )
t h e  a r e a  o f  t h i s  s e c t i o n  c a n  be  c a l c u l a t e d  a s
A
c
h . d s  = h a .d0 = 2haij; ( 3 - 2 2 )
From F i g . ( 3 - 4 - a )  t h e  f o l l o w i n g  r e l a t i o n  c a n  be  o b t a i n e d
S u b s t i t u t i n g  E q s . ( 3 - 2 1 )  and ( 3 - 2 3 )  i n t o  E q . ( I I I - 3 )  o f  
Ap pe ndi x  I I I  o n e  o b t a i n s
- i p
I n t e g r a t i n g  t h i s  e x p r e s s i o n  g i v e s
2 h2
S = 2ha ( l  +  p ) s in i^
7  12a
When t h e  a b o v e  e q u a t i o n  and E q . ( 3 - 2 2 )  a r e  s u b s t i t u t e d  i n t o  
Eq . (3 -5  ) , we hav e
x = a . c o s  0 ( 3 - 2 3 )
S
y




8 = 1  + -S -p  ( 3 - 2 5 )
12a
The p r i n c i p a l  f i x e d  c o o r d i n a t e s  (X, Y)  a r e  d e t e r m i n e d  
and a r e  shown in F i g . ( 3 - 4 - b ) . The c o o r d i n a t e s  o f  any  
g e n e r i c  p o i n t  *A’ on t h e  c o n t o u r  w i t h  r e f e r e n c e  t o  t h i s  
p r i n c i p a l  c o o r d i n a t e  s y s t e m  a r e
X :  a . c o s  6 -  x ( 3 - 2  6)c
Y = a . s i n  6 ( 3 - 2 7 )
S u b s t i t u t i n g  E q s . ( 3 - 2 7 )  and ( 3 - 2 1 )  i n t o  E q . ( I I I - 5 )  g i v e s
I xx
^  p  p  p  y,3  p
(ha  s i n  8 + —  s i n  0 + -7-  s i n  0 ) a . d 0 ±d b
-<l*
I n t e g r a t i n g  t h i s  e x p r e s s i o n ,  o n e  h a s
I xx = a3h y  U  ~ \  s in  2 \jj) ( 3 - 2 8 )
where
2
Y = 1 + — p ( 3 - 2  9)
Ua
S i m i l a r l y ,  t h e  e x p r e s s i o n  f o r  t h e  s e c o n d  moment  o f  i n e r t i a  
a b o u t  t h e  Y - a x i s  w i l l  be
5 4
2
I Y Y  = a 3h [ YU  + §  s i n  2*) -  2g2 ] ( 3 - 3 0 )
The p r i n c i p a l  o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s  i s  
t h e  i n t e r s e c t i o n  o f  t h e  X - a x i s  w i t h  t h e  c o n t o u r .  A l s o  t h e
s e c t o r i a l  p r o d u c t  o f  i n e r t i a  I ,, = 0 ,  a s  e x p l a i n e d  in t h eo)Y
p r e v i o u s  s e c t i o n .  C h o o s i n g  t h e  c e n t e r  o f  t h e  c i r c l e  a s  a 
t r i a l  p o l e ,  t h e  a u x i l i a r y  c o o r d i n a t e s  o f  t h e  p o i n t  'A' in  
t h i s  c a s e  a r e ;  r = a and q = 0 .  A l s o  t h e  c o n t o u r  w a r p i n g  
f u n c t i o n  i s
0) =
3 , fl
2,r .•ds  = ( a ) a . d e  = a  0
S u b s t i t u t i n g  t h e  a b o v e  r e l a t i o n  i n t o  E q . ( I I I - 8 )  y i e l d s
f t  2 h 3 2
I toX= [ h ( a  0 ) ( a . s i n  0) + (a  9) s i n  8 ] a .d 9
-4>
I n t e g r a t i n g  t h i s  e q u a t i o n  g i v e s
U - ->I „ = 2 h a  6 |_sin ip -  iJj. cos  ip J
When t h e  a b o v e  e x p r e s s i o n  i s  s u b s t i t u t e d  i n t o  E q . ( 3 - 1 8 ) ,  and
n o t i n g  t h a t  X = - x  , one  o b t a i n sp c
X = - x  + 2a -  s i n ^ — 'I* * co s ip 
pp c y \p -  s i n i ^ . c o s  ip
In o t h e r  w o r d s ,  t h e  d i s t a n c e  1 e'  shown in F i g . ( 3 - 4 - c )  e q u a l s
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t o
e = 2 a B ^ £ j L - j - c o s j ;
Y t p - s x n ^ . c o s ^  ' J J '
The p r i n c i p a l  a u x i l i a r y  c o o r d i n a t e  s y s t e m  i s  shown i n  
Fi  g . ( 3 - 1* -c )  . The f o l l o w i n g  r e l a t i o n s  w i t h  r e s p e c t  to  t h i s  
s y s t e m  c a n  be  o b t a i n e d
R = a -  e . c o S ' 0
Q = e . s i n  0
and
_  r
ft = R . d s  = a ( a  0 -  e . s i n  0 )
c
F i n a l l y ,  s u b s t i t u t i n g  t h e  p r e v i o u s  r e l a t i o n s  i n t o  
E q . ( I I I - 1 0 ) ,  we h a v e
^ 2 / . . „ N2 . h3 2 . 2 ,[ h a  ( a 0 -  e . s i n  0 ) + —  e s i-11
h3-  -g- (.a 0 -  e . s i n  0 ) e . s i n 0] a . d 0
I n t e g r a t i n g  t h i s  e x p r e s s i o n  g i v e s
Ti mo s h e n k o  [ 2 1 ]  c o n s i d e r e d  t h e  same c r o s s  s e c t i o n  
n e g l e c t i n g  t h e  e f f e c t  o f  c u r v a t u r e  and s e c o n d a r y  w a r p i n g ,  
and g a v e  t h e  f o l l o w i n g  r e l a t i o n s
( 3 - 3 3 )
2( s i n  ij> -  i|).cos j i )
-  s i n  \Jj . c o s J ( 3 - 3 4 )
The e f f e c t  o f  c u r v a t u r e  and s e c o n d a r y  w a r p i n g  on t h e
l o c a t i o n  o f  t h e  p r i n c i p a l  p o l e  i s  n e g l i g i b l e  f o r  t h i s  c r o s s  
s e c t i o n .  Ho we v e r ,  t h e  e f f e c t  on t h e  s e c o n d  s e c t o r i a l  moment  
or t h e  wa r p i n g  c o n s t a n t  c a n n o t  be  n e g l e c t e d ,  s p e c i a l l y  f o r  
s m a l l  v a l u e s  o f  t h e  r a t i o  ( a / h )  and s m a l l  v a l u e s  o f  t h e
a n g l e  1 $ ’ . T h i s  c a n  be  o b s e r v e d  in F i g s . ( 3 - 5 )  and ( 3 - 6 ) ,  
where  t h e  r a t i o  b e t w e e n  t h e  f o r m u l a  o b t a i n e d  h e r e  and 
T i m o s h e n k o ’ s f o r m u l a  i s  p l o t t e d  a g a i n s t  t h e  r a t i o  ( a / h )  i n
F i g . ( 3 - 5 )  and a g a i n s t  t h e  a n g l e  ’ ip’ in F i g . ( 3 - 6 ) .
3 . 3 . c  Th in R e c t a n g u l a r  S e c t  i on
The t h i n  r e c t a n g u l a r  s e c t i o n  shown in F i g . ( 3 - 7 )  h a s  t wo  
a x e s  o f  s y mme t r y .  The c e n t r o i d ,  t h e  p r i n c i p a l  p o l e ,  and t h e  
p r i n c i p a l  o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s  
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a l l  p o i n t s  on t h e  c o n t o u r  and t h e  Q- d i a g r a m i s  shown in 
F i g . ( 3 - 7 - b ) .  In o t h e r  w o r d s ,  s e c o n d a r y  wa r p i n g  i s  t h e  o . i l y  
c o n t r i b u t o r  t o  t h e  w a r p i n g  c o n s t a n t .  S i n c e  t h e  r a d i u s  o f  
c u r v a t u r e  f a* e q u a l s  i n f i n i t y  in t h i s  c a s e ,  t h e  e x p r e s s i o n  
f o r  t h e  p r i n c i p a l  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a  now 
r e d u c e s  t o
i 00  12
2
Q .d s
Us i n g  t h e  i n t e g r a l  t a b l e s  shown in F i g . ( 3 - 2 ) ,  t h i s  
e x p r e s s i o n  b e c o m e s
( 3 ’ 3 5 )
The Q - d i a g r a m shown in F i g . ( 3 - 7 - b )  w i l l  n o t  be  a f f e c t e d  
i f  t h e  o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s  i s  moved t o  any  
p o i n t  on t h e  c o n t o u r  [ s e e  F i g s . ( 2 - 2 )  and ( 2 - 3 ) 1 .  T h e r e f o r e ,  
any p o i n t  on t h e  c o n t o u r  can s e r v e  a s  a p r i n c i p a l  o r i g i n  o f  
t h e  c u r v i l i n e a r  c o o r d i n a t e s .  In o t h e r  w o r d s ,  t h e r e  are  
i n f i n i t e  number p r i n c i p a l  c u r v i l i n e a r  o r i g i n s  f o r  t h i s  
s e c t i o n .  G e n e r a l l y ,  some t h i n - w a l l e d  s e c t i o n s  h a v e  more  
t h a n  one  p r i n c i p a l  o r i g i n  f o r  t h e  c u r v i l i n e a r  c o o r d i n a t e s .
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3 . 3 . d  An_ I - B e  am
T h i s  s e c t i o n ,  w h i c h  i s  shown in F i g . ( 3 - 8 ) ,  i s  a l s o  a 
d o u b l e  s y m m e t r i c  s e c t i o n .  The ft and Q d i a g r a m s  are  shown in  
t h e  same f i g u r e .  Any p o i n t  on t h e  c e n t e r l i n e  o f  t h e  web can  
s e r v e  a s  a p r i n c i p a l  o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s ,  
and t h i s  s e c t i o n  h a s  a l s o  i n f i n i t e  number o f  p r i n c i p a l  
o r i g i n s .  The w a r p i n g  c o n s t a n t  e x p r e s s i o n  in t h i s  c a s e  
b e c o me s
I
ftft
_  3 2
(hft2 + ^ - |~ )d s  ( 3 - 3 6 )
Us i ng  t h e  i n t e g r a l  t a b l e s  in F i g . ( 3 - 2 )  we ha v e
3
T -  V, n. i  B /BH 2l  . hw r~ 1 H ,H^2 
ftft f  * 3 ‘ 2 * ^  12 L 3 ' 2 2 3
h 3 2
f  r, I B  , Bv 2 7
+ 12 * 3 ‘ 2 * y  ]
S i m p l i f y i n g  t h e  a b o v e  e x p r e s s i o n ,  o n e  has
3 2 h3H3 h3B3
= h f  — + T E T  + —  ( 3 - 37)
The f i r s t  t erm in t h e  a b o v e  e q u a t i o n  i s  due to  t h e  c o n t o u r  
w a r p i n g ,  w h i l e  t h e  l a s t  two t e r m s  a r e  due to t h e  t h i c k n e s s  
w a r p i n g .  In t h i s  c a s e  i t  i s  a p p a r e n t  t h a t  t h e  c o n t r i b u t i o n  
o f  t h e  t h i c k n e s s  wa r p i n g  i s  n e g l i g i b l e .  For t h e  h e a v i e s t
62
c o m m e r c i a l l y  a v a i l a b l e  h o t  r o l l e d  I - s e c t i o n  t h e  c o n t r i b u t i o n  
o f  t h e  t h i c k n e s s  w a r p i n g ,  a c c o r d i n g  to  G j e l s v i k  [ 9 ] ,  i s  
a bout  35S.
3 . 3 . e  A Channe l
The X - a x i s  o f  t h e  c h a n n e l  s e c t i o n  shown in F i g . ( 3 - 9 - a )  
i s  an a x i s  o f  s y mme t r y .  The Y - d i a g r a m  i s  p l o t t e d  i n  
F i g . ( 3 - 9 - b ) .  S i n c e  a = “ f o r  t h i s  s e c t i o n ,  t h e  e x p r e s s i o n  
f o r  t h e  s e c o n d  moment  o f  i n e r t i a  I^x now b e c o me s
I x x  =  f  (hY2 + ^  s in 29)ds ( 3 - 3 8 )
N o t i c i n g  t h a t  0 = 0 °  f o r  t h e  web,  2 7 0 °  f o r  t h e  t o p  f l a n g e ,
o
and 90 f o r  t h e  b o t t o m  o n e ,  t h e  e x p r e s s i o n  f o r  t h i s  moment  
o f i n e r t i a i s
RH2 ' Q T3
1 XX 12 + hf  2 + hf  6 ( 3 - 3 9 )
The i n t e r s e c t i o n  o f  t h e  X - a x i s  w i t h  t h e  c o n t o u r  i s  t h e  
p r i n c i p a l  o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e s .  T h i s  p o i n t  
i s  a l s o  t a k e n  a s  a t r i a l  p o l e ,  and t h e  oj and q d i a g r a m s  are  
p l o t t e d  in F i g s . ( 3 - 9 - c )  and ( 3 —9 — d ) .
The e x p r e s s i o n  f o r  t h e  s e c t o r i a l  p r o d u c t  o f  i n e r t i a  
I x f rom Eq. ( I I I - 8 )  now b e c o me s
r
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(hw Y -  —  q s i n  6 )ds ( 3 - 4 0  )
Us i ng  t h e  Y, oj , and q d i a g r a m s  shown in F i g .  ( 3 - 9 )  i n
a d d i t i o n  t o  t h e  i n t e g r a l  t a b l e s  o f  F i g . ( 3 - 2 ) ,  o n e  has
2 2 h V
IioX = “hf  “ F -  + ~12~  ■
S u b s t i t u t i n g  E q s . ( 3 - 3 9 )  and ( 3 - 4 1 )  i n t o  E q . ( 3 - 1 8 )  y i e l d s
2 2 3 23hf  B H -  h p
= -  x _  -
PP C h H3 + 6h _BH2 + 2 h iw r  r
w h e r e  x e q u a l s  t o  t h e  d i s t a n c e  b e t w e e n  t h e  c e n t r o i d  o f  t h ec
s e c t i o n  and t h e  c e n t e r l i n e  o f  t h e  web.  In o t h e r  w o r d s ,  t h e  
d i s t a n c e  ' e '  b e t w e e n  t h e  p r i n c i p a l  p o l e  and t he  c e n t e r l i n e  
o f  t h e  web,  a s  shown in F i g . ( 3 - 9 - e ) ,  i s
2 2 3 23h B H -  h p
e =  f ^  r -  ( 3 - 4 2 )
h + 6h_BH + 2hlB w f  f
Once t h e  p r i n c i p a l  p o l e  i s  l o c a t e d ,  t h e  ft and Q d i a g r a m s  c an  
be p l o t t e d  as  shown in F i g s . ( 3 - 9 - e )  and ( 3 - 9 - f ) .  Us i ng  
E q . ( 3 - 3 6 )  t h e  wa r p i n g  c o n s t a n t  b e c o m e s
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■n3u2 2h H3 + 3h_BH2 + 10h3B -  h^B/H2 _ B H____ w_______f _________ r ____ r ____
W  f  12 h  H3 + 6h BH2 + 2h3Bw f  f
3 3 3 3h r ir  li B°
' W + -T o -  ( 3 - 4 3 )ihk 18
3
When t h e  t e r m s  c o n t a i n i n g  h and h i g h e r  o r d e r  a r e  n e g l e c t e d  
i n  E q s . ( 3 - 4 2 )  and ( 3 —4 3 ) ,  t h e y  r e d u c e  to
3 h  B2
6 = h H + 6h B ( 3 - 4 4  )
w f
3 2 2h H + 3h B
T _  , a n. \r I  .
nn f  12 h H + 6h _B ( 3 - 4 5 )w f
The above  t wo e q u a t i o n s  a r e  t h e  e x p r e s s i o n s  f o r  t h e  
l o c a t i o n  o f  t h e  p r i n c i p a l  p o l e  and t h e  wa r p i n g  c o n s t a n t  when 
t h e  s e c o n d a r y  w a r p i n g  e f f e c t  i s  n e g l e c t e d .
3 . 3 . f  Z - S e c t i o n
As f o r  t h e  Z - s e c t i o n  shown in F i g . ( 3 - 1 0 - a ) , i n  o r d e r  to
a v o i d  t h e  c o m p l e x i t i e s  a s s o c i a t e d  w i t h  t h e  i n c l i n e d
p r i n c i p a l  a x e s  ( X , Y ) ,  t h e  v e r t i c a l  and h o r i z o n t a l  c e n t r o i d a l  
a x e s  (x , y  ) are  u s e d .  The c e n t r o i d  i s  c h o s e n  a s  a t r i a l
p o l e  and a l s o  a s  a t r i a l  o r i g i n .  The xc , yc , w , and q
d i a g r a m s  are  p l o t t e d  a s  shown.  O b s e r v i n g  t h e s e  d i a g r a m s  and 
E q s . ( I I I - 8 )  and ( I I I - 9 )  o f  Appe ndi x  I I I ,  i t  can be  c o n c l u d e d  
t h a t
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I - s i  r 0
oixc oiyc
The c e n t r o i d  o f  t h e  s e c t i o n  i s  a l s o  t h e  p r i n c i p a l  p o l e  and 
t h e  f i r s t  s e c t o r i a l  moment  f o r  t h i s  c a s e  i s
2
S = ( ho i .ds  = h ( 3 - 4 6 )oj f  2
A l s o ,  t h e  a r e a  o f  t h i s  s e c t i o n  i s
A = 2h~B + h H ( 3 - 4 7 )
I  W
S u b s t i t u t i n g  E q s . ( 3 - 4 6 )  and ( 3 - 4 7 )  i n t o  E q . ( 3 - 2 0 ) ,  one h a s
_* V 2h
0)p ~  2 ( 2h ~B + h H)
I  w
R e c a l l i n g  t h e  d e f i n i t i o n  o f  oi* from s e c t i o n  3 . 2 ,  and u s i n g  
t h e  p r e v i o u s  e q u a t i o n  a l o n g  w i t h  F i g . ( 3 - 1 0 - f )  g i v e
h B2
j = -----£--------- ( 3 - 4 8 )
2 h _ B + h  H f  w
He n c e ,  t h e  p r i n c i p a l  c o n t o u r  o r i g i n  i s  l o c a t e d  and t h e  
j f - d i agram i s  p l o t t e d  as  shown in Fi g  . ( 3-1 0 - g )  . In p l o t t i n g  
t h i s  f t - d i a g r a m,  i n s t e a d  o f  s t a r t i n g  from s c r a t c h ,  one f i n d s  
o u t  t h a t
6 8
f2 = cu -  co*
P P
( 3 - 4 9 )
and t h e  2 - d i a g r a m  c a n  be  o b t a i n e d  by s u b t r a c t i n g  t h e  v a l u e
_
o f  a) from t h e  ui - d i a g r a m .  The o t h e r  p o i n t  wh i c h  c an  be
P P
drawn i s  t h a t ,  t h i s  s e c t i o n  has  t wo p r i n c i p a l  o r i g i n s ;  
n a me l y  0 and 0^ a s  shown in F i g . ( 3 - 1 0 - g ) .
S i n c e  t h e  v a l u e  o f  t h e  a u x i l i a r y  c o o r d i n a t e  ' q '  i s  
i n d e p e n d e n t  o f  t h e  c o n t o u r  o r i g i n  ' O ' ,  t h e  Q- d i a g r a m w i l l  be  
i d e n t i c a l  to t h e  q - d i a g r a m  shown in F i g . ( 3 - 1 0 - e ) . Us i ng  
E q s . ( 3 - 3 6 )  and ( 3 - 4 8 )  in a d d i t i o n  t o  u t i l i z i n g  t h e  i n t e g r a l  
t a b l e s  o f  F i g . ( 3 - 2 ) ,  t h e  w a r p i n g  c o n s t a n t  c a n  be  o b t a i n e d  a s
-r3„2. h i  + 2h H h 3B3 h 3H3T _ , B H f  w_ f  w , _
22 f  12 2h„B + h  H 18 lUU U - b u ;f  w
where  t h e  l a s t  two t e r m s  r e p r e s e n t  t h e  e f f e c t  o f  s e c o n d a r y  
war p i n g  .
3 * 3 . g  Ail An t i  symmetr i c  Channel
The a n t i s y m m e t r i c  c h a n n e l  shown in F i g . ( 3 - 1 1 - a )  has  a 
c o n s t a n t  t h i c k n e s s  o f  0 . 5  i n c h e s .  The web h i g h t  i s  10 
i n c h e s ,  t h e  t o p  f l a n g e  l e n g t h  i s  2 i n c h e s ,  and t h e  b o t t o m  
f l a n g e  l e n g t h  i s  4 i n c h e s .  V e r t i c a l  and h o r i z o n t a l  
c e n t r o i d a l  a x e s  a r e  u s e d  in t h i s  c a s e  f o r  t h e  same r e a s o n
s t a t e d  in t h e  c a s e  o f  t h e  Z - s e c t i o n .  The x - d i a g r a m  i sc
p l o t t e d  in F i g . ( 3 - 1 1 - b ) , w h i l e  t h e  y c - d i a g r a m  i s  shown in
69
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Fi g  . ( 3 - 1  1 - c )  . The a r e a  o f  t h i s  c r o s s  s e c t i o n  i s  8 in . The
s e c o n d  moment  o f  i n e r t i a  (I  ) a b o u t  t h e  x - a x i s  i sxxc c
1 1 3 . 6 0 4  in**,  and a bout  t h e  y - a x i s  ( I  ) i s  9 . 4 7 9  in**. Thec yyc
4
p r o d u c t  o f  i n e r t i a  (I ) i s  -1 1. 875 in .xyc
A t r i a l  p o l e  and a t r i a l  c o n t o u r  o r i g i n  a r e  c h o s e n  as  
shown in Fi g  . ( 3 - 1  1- d )  . The to and q d i a g r a m s  are  p l o t t e d  in 
F i g s . ( 3 - 1 1 - d )  and ( 3 - 1 1 - e ) ,  r e s p e c t i v e l y .  Us i ng  t h e s e  
d i a g r a m s ,  t h e  s e c t o r i a l  p r o d u c t  o f  i n e r t i a  a b o u t  t h e  xc - a x i s  
( I^xc  ^ wa s Found to  be  - 5 6 .  1 458 i n 6 , and about  t h e  yc - a x i s
(I Uy C ) was Found - 1 0 . 1 0 4 2  i n ^ .
S u b s t i t u t i n g  t h e  p r e v i o u s  v a l u e s  i n t o  E q s . ( 3 - 1 6 )  and
( 3 - 1 7 ) ,  one  f i n d s  t h a t  x = - 1 . 0 7 2  i n . ,  and
p e p -
7pcp = - 2 .  436 i n .  Th e s e  two v a l u e s  d e t e r m i n e  t h e  l o c a t i o n  
o f  t h e  p r i n c i p a l  p o l e ,  whi c h  i s  shown in F i g . ( 3 - 1 1  - f ) .  The 
w - d i a g r a m  i s  shown in t h e  same f i g u r e ,  and t he  s e c t o r i a l
f i r s t  moment  o f  i n e r t i a  (S ) was found e q u a l  t o
k- 3 7 .  958 in .
— *  2Us i ng  Eq. ( 3 - 2 0 ) ,  o n e  h a s  = - 4 . 7 4 5  in . He n c e ,  t h e
j f - di agram c an be . p l o t t e d  u s i n g  E q . ( 3 - 4 9 ) ,  and i s  shown in
F i g . ( 3 - 1 1 - g ) . Us i ng  t h i s  d i a g r a m ,  t h e  Q- d i agr am shown in
F i g . ( 3 - 1 1 - h ) , and E q . ( 3 - 3 6 )  t h e  wa r p i n g  c o n s t a n t  c a n  be
c a l c u l a t e d .  T h i s  w a r p i n g  c o n s t a n t  was found e q u a l  to
7 2 .  5 3 3  i n 6 .
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When t he  s e c o n d a r y  w a r p i n g  e f f e c t  i s  n e g l e c t e d ,  o n e  has  
xpcp = _ 1 « 069 i n *» y pcp = - 2 . 4 7 3  i n . ,  and
g
1 ^  = 7 0 . 2 6 3  i n  . In o t h e r  w o r d s ,  t h e  e r r o r  in l o c a t i n g  t h e
p r i n c i p a l  p o l e  i s  a bo ut  1.5% and in t h e  v a l u e  o f  t h e  wa r p i n g  
c o n s t a n t  i s  3%.
3 . 3 . h  Cr ane G i r d e r  Sec t i o n
The l a s t  e x a m p l e  to  be d i s c u s s e d  h e r e  i s  t h e  c r a n e
g i r d e r  s e c t i o n  shown in F i g . ( 3 - 1 2 - a ) . T h i s  s e c t i o n  c o n s i s t s  
o f  two h o t  r o l l e d  s e c t i o n s .  The w i d e  f l a n g e  I - beam  
(W33X118)  i s  p r o v i d e d  to  s u p p o r t  t h e  v e r t i c a l  l o a d s .  A 
c h a n n e l  ( MC18X42 . 7 )  t o p s  t h i s  I - be am to  r e s i s t  any l a t e r a l  
l o a d s .  The s e c o n d a r y  wa r p i n g  e f f e c t  w i l l  n o t  be  c o n s i d e r e d  
f o r  t h i s  s e c t i o n ,  a s  i t  a p p e a r s  from t h e  p r e v i o u s  e x a m p l e s  
i t  w i l l  ha v e  a s l i g h t  e f f e c t  on t h e  r e s u l t s .
The a p p r o x i m a t e  d i m e n s i o n s  and t h e  p r i n c i p a l  f i x e d  a x e s
a re  shown in F i g . ( 3 - 1 2 - b ) . The a r e a  o f  t h i s  s e c t i o n  i s
24 7 . 3  i n  and t h e  p r i n c i p a l  s e c o n d  moment  o f  i n e r t i a  a bout
t h e  Y - a x i s  d y y   ^ i s  741 in**. S i n c e  t h e  Y - a x i s  i s  an a x i s  o f  
s y mme t r y ,  t h e  p r i n c i p a l  p o l e  w i l l  be  l o c a t e d  on t h i s  a x i s  
and any p o i n t  on t h i s  a x i s  can s e r v e  a s  a p r i n c i p a l  c o n t o u r
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A t r i a l  p o l e  i s  c h o s e n  as  t h e  i n t e r s e c t i o n  o f  t h e  
b o t t o m f l a n g e  and t h e  web o f  t h e  I - b e a m .  The co- di agram i s  
p l o t t e d  in F i g . ( 3 - 1 2 - d ) . Us i ng  t h i s  d i a g r a m ,  t h e  X- d i a g r a m  
shown in F i g . ( 3 - 1 2 - c ) , and E q . ( I I I - 9 )  t h e  s e c t o r i a l  p r o d u c t  
o f  i n e r t i a  ( I  ^ ) can be  c a l c u l a t e d  and i t  was f ound e q u a l  to  
- 2 1 , 9 9 8  i n ^ .  S u b s t i t u t i n g  t h i s  v a l u e  in E q . ( 3 - 1 9 ) ,  one  has  
Y = 9 . 3 7  i n .  H e n c e ,  t h e  p r i n c i p a l  p o l e  i s  l o c a t e d  and t h e  
f t - d i a g r a m i s  p l o t t e d  in F i g . ( 3 - 1 2 - e ) .  Us i ng  t h i s  d i a g r a m ,  
t h e  war p i ng  c o n s t a n t  c an  be  c a l c u l a t e d  and i t  was found
g
e q u a l  t o  9 1 , 6 5 0  in .
3 . 4  The Shear  Ce n t e r
The l i n e  p a r a l l e l  to t h e  beam a x i s  h a s  t h e  p r o p e r t y  
t h a t  i f  t h e  e x t e r n a l  t r a n s v e r s e  l o a d s  or t h e i r  r e s u l t a n t  
p a s s  t h r o u g h  i t ,  t h e  beam w i l l  be in a pure  b e n d i n g  c a s e ,  i s  
c a l l e d  t h e  l i n e  o f  t h e  s h e a r  c e n t e r s .  Pure  b e n d i n g  means  
t h a t  nc t o r s i o n a l  d e f o r m a t i o n s  w i l l  be d e v e l o p e d .  In o r d e r  
to  f i n d  t h i s  l i n e ,  o n e  m i g h t  e a s i l y  c o n s i d e r  t h e  c a s e  when 
t h e  e x t e r n a l  l o a d s  a r e  s t a t i c  l o a d s  and c e n t r o i d a l  f i x e d  
a x e s  are  u t i l i z e d .  In o t h e r  w o r d s ,  by d r o p p i n g  t h e  t e r ms
wh i c h  c o n t a i n  p , S , and S , t h e  e q u i l i b r i u m  e q u a t i o n sx y
( 2 - 1 7 )  t h r o u g h  ( 2 - 2 0 )  become
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_  I I  v~ " + I  U*"*' + I  <r~ 1 + V + NT = 0  ( o _ c p  \2 u xyc yyc ojyc J xe ye  '•3 '
- f l  AT"" + I  IT~ + I  < r ~ ] - v  -  NT = 0
2  L xxc xyc (joxc J ye  xe  v j  3 -> 1
i’- s  W " + I  AT-* + I  U—  + I  «r~  ]
L (D (VXC (VVC (DO) J
1-v  
E
. 2 ^u)" "(vxc ’ "ajyc'-" "(voi"1- v  17
-GJ<r -  T + M" = 0 ( 3 - 5  4 )e eve
The p o l e  a x i s  i s  t h e  l i n e  o f  a p p l i c a t i o n  o f  t h e  t r a n s v e r s e
l o a d s  V and V a s  e x p l a i n e d  in t h e  p r e v i o u s  c h a p t e r .xe ye
When t h e  p r i n c i p a l  p o l e  i s  u s e d ,  t h e  t e r m s  c o n t a i n i n g
I and I d r o p ,  and t h e  a b o v e  f o u r  e q u a t i o n s  r e d u c e  too)Xc oiyc
[aw-* -  S <r~] +N = 0  ( 3 - 5 5 )
1 -V wp 6
E [ I  V~~ + I  \T "  ]  -  V + M" = 0 ( 3 - 5 6 )1_v2 xyc yyc J xe ye
E 7 | I  V~" + I  U ~ ~ l - V  -  M" = 0  ( 3 - 5 7 )2 l xxc xyc J ye  xe1-v  
E
^ ^2 L wo)p" "(vo)p" J  ^ "e “ we[ - S  w~ + i  <r~ 1- g j < t  -  t  + m" = o ( 3 - 5  8 )L_ /.vn /.wa*n -J o  m o
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E q s . ( 3 - 5 6 )  and ( 3 - 5 7 )  a r e  t h e  f l e x u r a l  d e f o r m a t i o n
e q u a t i o n s  whi c h  a r e  n o t  c o u p l e d  w i t h  e i t h e r  t o r s i o n  or
l o n g i t u d i n a l  d e f o r m a t i o n .  In o t h e r  w o r d s ,  when t h e
t r a n s v e r s e  l o a d s  p a s s  t h r o u g h  t h e  p r i n c i p a l  p o l e  a x i s ,  pure  
b e n d i n g  d e f o r m a t i o n s  w i l l  r e s u l t .  T h i s  i s  t h e  same
d e f i n i t i o n  f o r  t h e  l i n e  o f  the- s h e a r  c e n t e r s ,  i . e . ,  t h e
p r i n c i p a l  p o l e  and t h e  s h e a r  c e n t e r  c o i c i d e .  I t  i s  a l s o  
wo r t h  m e n t i o n i n g  h e r e  t h a t  t h e  u s e  o f  t h e  p r i n c i p a l  c o n t o u r
o r i g i n  w i l l  d e c o u p l e  t h e  l o n g i t u d i n a l  and t o r s i o n a l
d e f o r m a t i o n s ,  i . e . ,  E q s . ( 3 - 5 5 )  and ( 3 - 5 8 )  w i l l  become
unc o u p l e d .
3.  5 Dyn am i c  E q u i l  i b r  ium Equa t i o n s  i n  Pr i n c  i p a l  Coord in a t e  
S ys t e m s
The p r o c e d u r e s  f o r  d e t e r m i n i n g  t h e  p r i n c i p a l  f i x e d ,
c u r v i l i n e a r ,  and a u x i l i a r y  c o o r d i n a t e  s y s t e m s  wer e  d i s c u s s e d  
in s e c t i o n  3 . 1 .  Th e s e  p r o c e d u r e s  can be  s ummer i zed  as  
f i n d i n g  t h e  c e n t r o i d ,  t h e  p r i n c i p a l  d i r e c t i o n  o f  t h e  f i x e d  
a x e s ,  t h e  p r i n c i p a l  p o l e  or  t h e  s h e a r  c e n t e r ,  and t he  
p r i n c i p a l  c o n t o u r  o r i g i n .  The dynami c  e q u i l i b r i u m  e q u a t i o n s  
d e r i v e d  in t h e  p r e v i o u s  c h a p t e r  [ E q s . ( 2 - 1 7 )  t h r o u g h  ( 2 - 2 0 ) ]  
t a k e  t h e  f o l l o w i n g  s i m p l e r  form when e x p r e s s e d  in t e r m s  o f  
t h e  p r i n c i p a l  c r o s s  s e c t i o n a l  p r o p e r t i e s :
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E AW -  pAW" + N = 0 ( 3 - 5 9 )2 K E1-v
E 1. XT" • -  p i  I T “ + p [AU" + AY 4 -  ]2 YY M YY p1- v  *
“ vxe + m^ e  = 0 ( 3 “ 6 0 )
E I YYV"~' -  p l ^ r -  + p [AY' -  AX 4" J. 2 XX M XX HL p1- v  *
~ VYE ~ ^XE ° ( 3 - 6 1 )
E -  GJ<T -  P i nrA ~ ”- 2 fifi1-v
p [-AXppV+ AYppU-i y  ] -  Te + M'e = 0 ( 3 .6 2  )
where  Xp and Yp are  t h e  c o o r d i n a t e s  o f  t h e  p r i n c i p a l  p o l e  or  
t h e  s h e a r  c e n t e r  w i t h  r e f e r e n c e  t o  t h e  p r i n c i p a l  f i x e d  
c o o r d i n a t e s .  A l s o  t h e  e x p r e s s i o n  f o r  t h e  p o l a r  moment  o f  
i n e r t i a  [ s e e  E q . ( I I I - 2 6 ) ]  about  t h e  p r i n c i p a l  p o l e  b e c o me s
^  = *XX + *YY * AXp p + A Y pp ( 3 - 63)
C H A P T E R  4
COM PLEX FREQUENCY RESPONSE ANALYSIS
4.  1 I n t r o d u c t i o n
The s t a t i c  l o a d  r e q u i r e m e n t s  o f  a s t r u c t u r e  can be
s a t i s f i e d  by t h e  u s e  o f  c o n v e n t i o n a l  d e s i g n  p r o c e d u r e s  
c o n s i d e r i n g  w e i g h t  and s p a c e  l i m i t a t i o n s  i n c o n j u n c t i o n  w i t h  
t h e  s t a t i c  s t i f f n e s s  r e q u i r e m e n t s .  However t h e  c a p a b i l i t y  
o f  a s t r u c t u r e  to  w i t h s t a n d  s t a t i c  l o a d s  i s  n o t  a l w a y s  
e n o u g h .  S t r u c t u r e s  o p e r a t i n g  i n  a dy na mi c  e n v i r o n m e n t  must  
a l s o  be c a p a b l e  o f  r e s i s t i n g  t h e  d e s t r u c t i v e  e f f e c t s  o f  h i g h  
peaked d y n a mi c  l o a d i n g  and f a t i g u e  t h a t  r e s u l t  from
t r a n s i e n t  s h o c k  o r  s u s t a i n e d  v i b r a t i o n  c o n d i t i o n s .  Thus ,
when d e s i g n i n g  f o r  modern dynami c  e n v i r o n m e n t s ,  t h e
s t i f f n e s s ,  w e i g h t ,  s p a c e ,  and dampi ng p r o p e r t i e s  o f  t h e  
s t r u c t u r e  mus t  be  c o n s i d e r e d  a s  j o i n t  d e s i g n  c r i t e r i a .
R e s o n a n t  v i b r a t i o n  c o n t r o l  i s  an i m p o r t a n t  
c o n s i d e r a t i o n  when d e s i g n i n g  s t r u c t u r e s  to f u n c t i o n  i n a 
dynami c  e n v i r o n m e n t .  U n c o n t r o l l e d  r e s o n a n t  v i b r a t i o n s  w i l l  
r e s u l t  i n  e x c e s s i v e  n o i s e ,  s t r u c t u r e  f a t i g u e ,  and c o mponent  
f a i l u r e .  In a d d i t i o n  t h e  a m p l i f i c a t i o n  o f  v i b r a t i o n  
a m p l i t u d e s  c r e a t e s  l a r g e  dynami c  s t r e s s e s  in t h e
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s t r u c t u r e .  On t h e  o t h e r  h a n d ,  a s t r u c t u r a l  d e s i g n  t h a t  i s  
h i g h l y  damped w i l l  g e n e r a l l y  w e i g h  more t h a n  a c o n v e n t i o n a l
d e s i g n  when compare d  on t h e  b a s i s  o f  e q u a l  s t a t i c
s t i f f n e s s .  A l s o ,  r e s o n a n t  v i b r a t i o n  c o n t r o l  by i n c r e a s i n g  
t h e  s t r u c t u r a l  r i g i d i t y  r e s u l t s  i n  an o v e r  d e s i g n  f o r  s t a t i c  
l o a d s  .
By a p p l y i n g  s t r u c t u r a l  dampi ng t e c h n i q u e s  i n  t h e  
a n a l y s i s ,  t h e  s t i f f n e s s  p r o p e r t i e s  o f  t h e  s t r u c t u r e  may need  
o n l y  t o  s a t i s f y  t h e  s t a t i c  l o a d  r e q u i r e m e n t s .  In o t h e r
w o r d s ,  l e s s  w e i g h t ,  wh i c h  i s  t h e  i m p o r t a n t  a s p e c t  b e h i n d
t h i n - w a l l e d  b e a ms ,  may b e  o b t a i n e d  by t h e  i n c o r p o r a t i o n  o f  
t h e  dampi ng  t e c h n i q u e s  in t h e  d y na mi c  a n a l y s i s .
4 . 2  Damping in Eng in e e r  i n g  M a t e r i a l s
When a s t r u c t u r a l  member i s  v i b r a t e d  a t  i t s  r e s o n a n t  
f r e q u e n c y ,  t h e  a m p l i f i c a t i o n  o f  t h e  e x c i t a t i o n  v i b r a t i o n  i s  
l i m i t e d  to  some f i n i t e  v a l u e  by  i n t e r n a l  dampi ng p r o p e r t y  o f  
t h e  s t r u c t u r a l  m a t e r i a l .  I n t e r n a l  f r i c t i o n  or  dampi ng  in  
m a t e r i a l s  c an  be  c a u s e d  by a v a r i e t y  o f  c o m b i n a t i o n s  o f  
f u n d a m e n t a l  p h y s i c a l  m e c h a n i s m s ,  d e p e n d i n g  upon t h e  s p e c i f i c  
m a t e r i a l .  For m e t a l s ,  t h e s e  m e c h a n i s m s  i n c l u d e
t h e r m o e l  a s t i c i t y , g r a i n  b o u n d a r y  v i s c o s i t y ,  e d d y - c u r r e n t  
e f f e c t s ,  and e l e c t r o n i c  e f f e c t s  [ 1 4 ] ,
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D i f f e r e n t  m a t h e m a t i c a l  m o d e l s  h a v e  b e e n  p r o p o s e d  f o r
r e p r e s e n t i n g  m a t e r i a l  d a mp i n g .  The p u r p o s e  o f  d e v e l o p i n g  a 
m a t h e m a t i c a l  mode l  f o r  t h e  r h e o l o g i c a l  b e h a v i o r  o f  a s o l i d  
i s  t o  p e r m i t  r e a l i s t i c  r e s u l t s  t o  be  o b t a i n e d  from 
m a t h e m a t i c a l  a n a l y s e s  o f  c o m p l i c a t e d  s t r u c t u r e s  under  
v a r i o u s  c o n d i t i o n s ,  s u c h  a s  s i n u s o i d a l ,  ra ndo m,  and
t r a n s i e n t  l o a d i n g s .  A c c o r d i n g  to Lazan [ 1 4 ] ,  a s  e a r l y  a s  
1784  Coulomb r e c o g n i z e d  t h a t  t h e  m e c h a n i s m s  o f  dampi ng  
o p e r a t i v e  a t  l o w s t r e s s e s  may be  d i f f e r e n t  t h a n  t h o s e  a t  
h i g h  s t r e s s e s .  Even t o d a y ,  a f t e r “h u n d r e d s  o f  p u b l i c a t i o n s  
on dampi ng  had a p p e a r e d ,  ma j o r  e m p h a s i s  i s  p l a c e d  on l i n e a r  
m o d e l s  o f  dampi ng  f o r  s e v e r a l  r e a s o n s .  L i n e a r  dampi ng
m o d e l s  h a v e  s u f f i c i e n t  a c c u r a c y  f o r  t h e  l o w - s t r e s s  r e g i m e  
and l i n e a r  a n a l y s e s  a r e  c o m p u t a t i o n a l l y  more  e c o n o m i c a l  t han  
t h e  n o n l i n e a r  o n e s .
The s i m p l e s t  m a t h e m a t i c a l  m o d e l s  o f  r h e o l o g i c a l  s y s t e m s  
are  s i n g l e - p a r a m e t e r  m o d e l s  [ 4 ] ,  The f i r s t  mode l  wh i c h  i s  
shown in F i g . ( 4 - 1 - a )  i s  an i d e a l i z e d  s p r i n g .  T h i s  mode l  
e x h i b i t s  a r e s t o r i n g  f o r c e  l i n e a r l y  p r o p o r t i o n a l  t o  t h e
d i s p l a c e m e n t  and t h u s  d i s p l a y s  no dampi ng  w h a t s o e v e r .  The
s e c o n d  mo de l  [ F i g . ( 4 - 1 - b )  ] i s  an i d e a l i z e d  d a s h p o t ,  whi c h  
p r o d u c e s  a f o r c e  l i n e a r l y  p r o p o r t i o n a l  t o  v e l o c i t y .  The 
s p r i n g  r e p r e s e n t s  an i d e a l  l i n e a r  e l a s t i c  m a t e r i a l ,  w h i l e
t h e  d a s h p o t  f i t s  an i d e a l  v i s c o u s  f l u i d .  O b v i o u s l y ,  n e i t h e r  
o f  t h e s e  m o d e l s  a r e  v e r y  a p p r o p r i a t e  t o  r e p r e s e n t  t h e
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b e h a v i o r  o f  mo s t  r e a l  m a t e r i a l s .
The n e x t  m o d e l s  o f  r h e o l o g i c a l  s y s t e m s  a r e  t h e
t w o - p a r a m e t e r  m o d e l s .  The Maxwe l l  mo de l  c o n s i s t s  o f  a 
s p r i n g  and d a s h p o t  i n  m e c h a n i c a l  s e r i e s  a s  shown in 
F i g . ( 4 - 2 - a ) .  S i n c e  t h i s  mode l  h a s  t h e  c a p a b i l i t y  o f  
u n l i m i t e d  d e f o r m a t i o n  under  f i n i t e  s t r e s s ,  i t  i s  c o n s i d e r e d  
a s  a f a i r  a p p r o x i m a t i o n  o f  a v i s c o e l a s t i c  l i q u i d .  The
K e l v i n  m a t e r i a l  i n c l u d e s  a s p r i n g  in p a r a l l e l  w i t h  a d a s h p o t
a s  shown in F i g . ( 4 - 2 - b ) .  T h i s  mode l  whi ch  i s  a l s o  c a l l e d  
t h e  K e l v i n - V o i g t  mo de l  i s  use d  in e l e m e n t a r y  s t r u c t u r a l
d y n a m i c s  f o r  s t u d y i n g  t h e  b e h a v i o r  o f  s i n g l e  d e g r e e  o f  
f r e e d o m s y s t e m s .
More c o m p l i c a t e d  m o d e l s  were  i n t r o d u c e d  by c o m b i n i n g  
t h e  p r e v i o u s  m o d e l s  i n  v a r i o u s  ways  t o  o b t a i n  t h e  
t h r e e - p a r a m e t e r  m o d e l s  shown in F i g s . ( 4 - 2 - c )  and 
( 4 - 2 - d ) .  O b v i o u s l y  o n e  c a n  go on from t h r e e - p a r a m e t e r  mode l  
t o  a f o u r - p a r a m e t e r  o n e ,  e t c .  C o n t i n u i n g  t h i s  p r o c e s s ,  o ne  
o b t a i n s  i n f i n i t e  c h a i n s ,  s u c h  a s  t h e  K e l v i n  c h a i n  [ 4 ]  shown 
in F i g . ( 4 - 2 - e ) .  H e n c e ,  when a l i n e a r  v i s c o e l a s t i c  m a t e r i a l  
i s  s u b j e c t e d  to  t i m e - d e p e n d e n t  v a r i a t i o n s  o f  s t r e s s  and 
s t r a i n ,  t h e  r e l a t i o n  b e t w e e n  t h e  s t r e s s  and s t r a i n  i s  mos t  
g e n e r a l l y  r e p r e s e n t e d  by a l i n e a r  p a r t i a l  d i f f e r e n t i a l
e q u a t i o n  o f  a r b i t r a r y  o r d e r  as  [ 2 0 ]
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, ,2 nd d d \( a  + a n — + — r-+ • • • + a   ) ao 1 a* 2 d t2 n d tn
= (b + b -^r+ b ' ^ 5'+ • • • + b ~ r )  E (4 -1  )°  1 db 2 d t2 n d t n
where  a and b a r e  c o n s t a n t s .n n
Any o f  t h e  p r e v i o u s  m o d e l s  can be  o b t a i n e d  as  a s p e c i a l  
c a s e  o f  t h i s  e q u a t i o n .  As an e x a m p l e ,  i n t r o d u c i n g
q = b /  a , q . = b n / a  , and a. - a = . . . = a = b_ =.  . . =b =0' i n t o  t heMo o o M1 1 o 1 ^  n 2 n
above  e q u a t i o n ,  one  o b t a i n s
x de
a  -  V  + qi  at
w h i c h  i s  t h e  e q u a t i o n  f o r  t h e  K e l v i n - V o i g t  s o l i d .
When t h e  s t r e s s  and s t r a i n  v a r y  s i n u s o i d a l l y ,  i . e . ,
-  i A t  
a  -  a  e
and
e = e e i A t
E q . ( 4 - 1 )  be c ome s
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Ca + ( i X ) a  + (,iX)2 a _ +  • ‘ * + ( iA ) na  a o -L 2 n
= [b + ( iA )b.  + ' ( iA ) b + • • • + (iA )nb l e  (4 - 2  )o 1 2 n
where  X i s  t h e  f r e q u e n c y  o f  v i b r a t i o n  and i  = 1. The
p r e v i o u s  e q u a t i o n  can  a l s o  be w r i t t e n  in t h e  form
a = (Er + iE T ) e ( 4 - 3 )
wh e r e  ER i s  c a l l e d  t h e  s t o r a g e  mo d u l u s  and i s  t h e  l o s s
m o d u l u s  [ 1 4 ] .  The l o s s  t a n g e n t  or t h e  s t r u c t u r a l  dampi ng  
f a c t o r  i s  d e f i n e d  as
s t a n _"<5 = Et /E ( 4 - 4 )1 K
where  6 i s  t h e  p h a s e  a n g l e  by whi c h  t h e  s t r e s s  l e a d s  t h e  
s t r a i n .
Hence  Eq. ( 4 - 3  ) now b e c o m e s
a = E* e (4 - 5  )
where  E* i s  c a l l e d  t h e  c o mp l e x  Y o u n g ' s  m o d u l u s ,  and i s  e q u a l  
t o
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E* = Er ( 1 + n i )  ( 4 - 6 )
S i m i l a r l y  t h e  c o mp l e x  s h e a r  m o d u l u s  i s  d e f i n e d  a s
G* = Gr ( 1 + n i )  ( 4 - 7 )
A l t h o u g h  E q s . ( 4 - 2 ) ,  ( 4 - 3 ) ,  and ( 4 - 4 )  i n d i c a t e  t h a t  E ,
R
Ej. , and n a r e  f u n c t i o n s  o f  t h e  f r e q u e n c y  A , e x p e r i m e n t a l  
i n v e s t i g a t i o n s  [ 1 4 ]  i n d i c a t e d  t h a t  n i s  a weak f u n c t i o n  o f  
A s p e c i a l l y  f o r  s t r e s s e s  b e l o w  t h e  f a t i g u e  l i m i t  o f  t h e  
m a t e r i a l .  T h e r e f o r e ,  in p r a c t i c e ,  n i s  t a k e n  a s  a c o n s t a n t  
wh i c h  v a r i e s  b e t w e e n  0 . 0 1  t o  0 . 0 5  f o r  mos t  m e t a l s .
The i n t e r n a l  dampi ng  i s  a d i s p l a y  o f  t h e  i n e l a s t i c i t y  
o f  t h e  s t r u c t u r a l  m a t e r i a l  unde r  c y c l i c  s t r e s s e s ;  t h a t  i s ,  
r a t h e r  t h a n  b e i n g  a s i n g l e - v a l u e d  c u r v e ,  t h e  dynami c  
s t r e s s - s t r a i n  c u r v e  f o r  t h e  m a t e r i a l  w i l l  form a h y s t e r e s i s  
l o o p  [ 1 4 ] .  T y p i c a l  d y na mi c  h y s t e r e s i s  l o o p s  are  shown in 
F i g . ( 4 - 3 ) .  The s hade d  a r e a  w i t h i n  h y s t e r e t i c  l o o p  i n e a c h  
c a s e  i s  p r o p o r t i o n a l  t o  t h e  dam p i n g  e n e r g y  
d i s s i p a t e d .  A l t h o u g h  t h e  p o i n t e d  l o o p  shown in F i g . ( 4 - 3 - b )  
i s  a t y p i c a l  r e a l  r e p r e s e n t a t i o n  o f  t h e  b e h a v i o r  o f  
s t r u c t u r a l  m a t e r i a l s ,  t h e  e l l i p t i c a l  l o o p  shown in 
F i g . ( 4 - 3 - a )  i s  c o n s i d e r e d  a f a i r  a p p r o x i m a t i o n .  T h i s  
e l l i p t i c a l  l o o p  r e p r e s e n t s  an i d e a l  v i s c o e l a s t i c  m a t e r i a l .
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Under s i n u s o i d a l  s t r e s s  a - a* s i n  A t ,  s i n u s o i d a l  
s t r a i n  e = e s i n (  A t - 6  ) and t wo  c o m p o n e n t s  o f  s t r e s s e s
3
w i l l  be d e v e l o p e d  a c c o r d i n g  to  E q . ( 4 - 3 )  and as  shown in 
F i g s . ( 4 - 4 - a) and ( 4 - 4 - b ) .  One c o mp o n e n t  o f  s t r e s s  o '  i s
a s s o c i a t e d  w i t h  t h e  s t o r a g e  mo dul us  E and in p h a s e  w i t h  t h eR
s t r a i n .  The o t h e r  one  a" i s  r e l e v a n t  to  t h e  l o s s  mo d u l u s
E and i s  90°  out  o f  p h a s e  w i t h  s t r a i n .
The c h a r a c t e r i s t i c  v a l u e s  o f  t h e  e l l i p t i c a l  l o o p  shown 
i n  F i g . ( 4 - 4 - c )  can be  c o n s i d e r e d  now.  P o i n t  ' a '  r e p r e s e n t s
t h e  maximum s t r a i n  p o i n t  where  a~ =0 and he nc e
o' =E„ e . P o i n t  ' f ' i s  t h e  z e r o  s t r a i n  p o i n t  and h e n c e  o ' = 0
r\ 3
and h a s  a maximum v a l u e  o f  E i £a • P o i n t  'b* i s  t h e
p o i n t  o f  z e r o  s t r e s s  f o r  wh i c h  At= 1 8 0 ° [ F i g  . ( 4 - 4 - a )  ] and t he  
v a l u e  o f  t h e  s t r a i n  i s  £ s i n  <5 . S i m i l a r l y ,  p o i n t  ' g '  i s
3
t h e  p o i n t  o f  maximum s t r e s s  f o r  whi c h  At =90° and
e = e c o s  6 . A n o r m a l i z e d  l o o p  c a n  be  o b t a i n e d  by  d i v i d i n g
3
t h e  o r d i n a t e  a by E_e and t h e  a b s c i s s a '  £ by £ a s  shown
n  a a.
i n F i g . ( 4 - 4 - d ) .  T h i s  n o r m a l i z e d  l o o p  c a n  be used in
e v a l u a t i n g  t h e  c o mp l e x  mo dul us  o f  a s t r u c t u r a l  
ma t e r  i  a l  [14 3.
The d i s c u s s i o n  p r e s e n t e d  in t h i s  s e c t i o n  shows  t h a t  t h e  
dampi ng  p r o p e r t i e s  o f  t h e  m a t e r i a l  c a n  be s i m p l y  i n t r o d u c e d  
t o  t h e  dynami c  e q u i l i b r i u m  E q s . ( 3 - 5 9 )  t h r o u g h  ( 3 - 6 2 )  by 
r e p l a c i n g  t h e  Y o u n g ' s  and s h e a r  m o d u l i  (E and G) w i t h  t h e  
c o mpl e x  m o d u l i  E* and G* r e s p e c t i v e l y .
i
8 8
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£.
a -  VECTOR DIAGRAM FOR
STRESS 8  STRAIN
c -  ELLIPTIC AL HYSTERETIC
LOOP CHARACTERISTIC
b -  STRESS 8  STRAIN
TIM E CURVES
V a
FIG. 4 - 4
ELLIPTICAL HYSTERETIC LOOP FOR
VISCOELASTIC MATERIAL d -  NORMALIZED LOOP
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4 . 3  Dyn am i c  E q u i l i b r i u m  E q u a t i o n s  Fo r Harmonic Ex c i t a t i o n
• In t h e  e l e m e n t a r y  s t r u c t u r a l  d y n a m i c s ,  when t h e
r e s p o n s e  o f  a s i n g l e  d e g r e e  o f  f r e e d o m s y s t e m  to ha r mo n i c
e x c i t a t i o n  was s t u d i e d ,  c o mp l e x  form o f  e x c i t a t i o n  f o r c e  was  
f o und  v e r y  a p p r o p r i a t e .  I t  was a l s o  found t h a t  two t y p e s  o f  
r e s p o n s e  w i l l  be d e v e l o p e d .  The t r a n s i e n t  r e s p o n s e  i s  t h e  
c o m p l e m e n t a r y  s o l u t i o n  and r e p r e s e n t s  t h e  f r e e  v i b r a t i o n  
p a r t  o f  t h e  m o t i o n  wh i c h  d e c a y s  w i t h  t i m e  due t o  t h e  dampi ng  
e f f e c t .  The p a r t i c u l a r  s o l u t i o n  r e p r e s e n t s  a p a r t  o f  t h e
m o t i o n  t h a t  w i l l  o c c u r  c o n t i n u o u s l y  w h i l e  t h e  f o r c i n g
c o n d i t i o n  i s  p r e s e n t ,  and h e n c e  i s  c a l l e d  t h e  s t e a d y  
s t a t e .  Thes e  c o n c e p t s  a r e  a l s o  t r u e  f o r  m u l t i - d e g r e e  o f  
f r e e do m s y s t e m s .
The e x t e r n a l  l o a d s  i n  E q s . ( 3 - 5 9 )  t h r o u g h  ( 3 - 6 2 )  can be.  
assumed ha r mo ni c  and t a k e  t h e  c o mpl e x  f orms
NE(z»t )  = NE( z ) e lXt
VXE( Zl t )  “ V z)e l Xt
VYE( z ’t )  = '?YE(z)e l Xt
T EU , t )  = TE( z ) e lXt
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MYE^Z , t * =
MXE(z>t)  =
" o E ^ ’* ' =M2E(z)e l Xt
wh e r e  A i s  t h e  f o r c i n g  f r e q u e n c y  and N , V , . . , e t chj Ailj
t h e  f o r c e s '  a m p l i t u d e s .
N e g l e c t i n g  t h e  t r a n s i e n t  e f f e c t ,  t h e  s t e a d y  
r e s p o n s e  o f  a t h i n - w a l l e d  beam w i l l  be
W(z, t )  = W(z)e^^t  
U(.z, t)  = U( z )e i?lt 
V ( z , t )  = V(z)e^^^ 
$ ( z , t )  = $(.z)e^"fc
where  W, U, V, and $ a r e  t h e  d i s p l a c e m e n t s '  a m p l i t u d e s
I n t r o d u c i n g  t h e  s t r u c t u r a l  dampi ng  e f f e c t  
s u b s t i t u t i n g  t h e  p r e v i o u s  two s e t s  o f  e q u a t i o n s
E q s . ( 3 - 5 9 )  t h r o u g h  ( 3 - 6 2 )  g i v e s
a r e
s t a t e
and 
i n  to
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EAW~ + pAA2W = -N ( 4 - 8 )hj
£ i y y v " "  + p i y y a2{ t  -  pa a 2u
- p AYp X2 i  = VB  - HJj ,  < H- 9 )
E I ^ V ^  + P I ^ A 2^  -  pAA2V
+ PAXp A2$ = VYE + ^  ( 4 - 1 0 )
PAY A2U + pAX A2V + E I nJ r
p p
wher e
E*E = -*-$■ ( 4 - 1 2 )
1-v
E q s . ( 4 - 8 )  t h r o u g h  ( 4 - 1 1 )  a r e  a s y s t e m  o f  s i m u l t a n e o u s  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  w i t h  c o n s t a n t  c o e f f i c i e n t s .  The 
p a r t i c u l a r  s o l u t i o n  o f  t h i s  s y s t e m  o f  e q u a t i o n s  d e p e n d s  on
t h e  e x t e r n a l  l o a d  f u n c t i o n s  NE( z ) ,  VXE ( z)  , . . . , e t c  . In
p r a c t i c a l  a p p l i c a t i o n s  t h e s e  f u n c t i o n s  a r e  m o s t l y  c o n s t a n t s  
and v e r y  s e l d o m  do t h e y  b e c o me  l i n e a r .  T h e r e f o r e  t h e y  a r e
t a k e n  h e r e  a s  c o n s t a n t s  and h e n c e  MYE = = 0 .
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dI n t r o d u c i n g  t h e  d i f f e r e n t i a l  o p e r a t o r  D = ^  i n t o  
E q s . ( 4 - 8 )  t h r o u g h  ( 4 - 1 1 ) ,  t h e  f o l l o w i n g  more c o n v e n i e n t  
f o r ms  can be  o b t a i n e d :
C D2 + r ]W = -N* ( 4 - 1 3 )
[ D ^ + R D 2 -  B ] U -  B Y $ = V* ' ( 4 - 1 4 )y  y  p x
[ D ^  + RD2 - B  ] V + B X $  = V* _  ( 4 - 1 5 )x x p Y
U 2-  B„Y U + B X V + [ D + C D -  C_]$ = T* ( 4 - 1 6 )n p ft p s n
wher e
_ n
R = ~ X ( 4 - 1 7 )
E
B = X2 ( 4 - 1 8 )Y
X
E IYY
Bv = X2 ( 4 - 1 9 )
EIxx
Bn = X2 ( 4 - 2 0  )
EIM
c q = -=-—  + R ( 4 - 2 1 )
^ E l nn
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pl  o
C_ = -r-2-  X ( 4 - 2 2 )
“ EIm
,  “eN = ( 4 - 2 3  )
EA
V* = ( 4 - 2 4  )
x  e i yy
v f  = d ® -  ( l | - 2 5 )
El XX
T
T* = ( 4 - 2 6 )
4 . 4  S o l u t  i o n  o f  t h e  E q u i l i b r  i  um E q u a t i o n s
The s o l u t i o n  o f  t h e  l o n g i t u d i n a l  v i b r a t i o n  E q . ( 4 - 1 3 )  i s  
i n d e p e n d e n t  o f  t h e  o t h e r  t h r e e  e q u a t i o n s .  The c o m p l e m e n t a r y  
s o l u t i o n  o f  Eq. ( 4 —13) i s
a z a„z
W = C e + One c l  o
wh e r e  a_ and aQ a r e  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c1 o
2e q u a t i o n  a + R = 0,  and C. and CD a r e  c o n s t a n t s  de pe nd  on1 o
t h e  b o u n d a r y  c o n d i t i o n s .  The us e  o f  t h e  s u b s c r i p t  ' 8 '  w i l l
b e  j u s t i f i e d  when t h e  s o l u t i o n  i s  i n c o r p o r a t e d  i n t o  t h e
dynami c  s t i f f n e s s  m a t r i x .
The p a r t i c u l a r  s o l u t i o n  o f  E q . ( 4 - 1 3 )  i s  g i v e n  by
and t h e  t o t a l  s o l u t i o n  b e c o m e s
W = C^e + c8e ( 4 - 2 7 )
pAA
2
The s o l u t i o n  s t e p s  f o r  s y s t e m s  o f  s i m u l t a n e o u s  
d i f f e r e n t i a l  e q u a t i o n s  s i m i l a r  t o  t h o s e  o f  E q s . ( 4 - 1 4 ) ,  
( 4 - 1 5 ) ,  and ( 4 - 1 6 )  a r e  o u t l i n e d  in Re f .  [ 2 9 ] .  S i m i l a r  s t e p s  
w i l l  be f o l l o w e d  h e r e .  T h e r e f o r e  t h e  r e d u c e d  d i f f e r e n t i a l  
e q u a t i o n s  f o r  t h e  t h r e e  o t h e r  d i s p l a c e m e n t  c o mp o n e n t s  U, V,  
$ t a k e  t h e  form [ 2 9 ]
DU = H
U
( 4 - 2 8 )
DV = H.
V ( 4 - 2 9 )
( 4 - 3 0 )
where  D, , H^, and a r e  d e t e r m i n a n t s  whi ch  a r e  g i v e n  by
t h e  f o l l o w i n g  e x p r e s s i o n s  a c c o r d i n g  to  C r a me r ' s  r u l e :
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(DU+ RD2 - B y )
D =
■BoY A P ’
U 2 (D +RD - B x )
‘ V P
B X x  p
(D',+ cs I)2- cfl)




V*Y (,D1++ RD2 - B x )
" byyp
BYX_|X p
V p  ( d ‘, +  c s d 2 - c [ ! )
( 4 - 3 2 )
HV =





B X x p ( 4 - 3 3  )
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H* =
k 2 \(D +R D  - B  )
( D^ + RD2 - B x ) V*
•BnY n p BnX ft p
rp*
( 4 - 3 4  )
Ex p a n d i n g  t h e  d e t e r m i n  a n t a l  o p e r a t o r  in E q . ( 4 - 3 1 )  one  
ob t a  in s
D = D12 + F1 QD'L0 + FgD8 + FgD6
4 2+ F, D + F0D + F h 2 o ( 4 - 3 5 )
wher e
F1 0  =  2 E  *  c s ( U - 3 6 )
F8 = R(R + 2Cg) -  (Bx +By ) -  Ca (1-37)
*6 =  B  c s  -  ( R + 0 s ) ( W  -  2 R c f l ( 4 - 3 8 )
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f i,  = b xb y - e c s ( b X + b y ) + c2 ( b x + b y - r 2 )
- W p - V p )  <1,- 3 9 >
V c s B A  +  R C n  ( W
-  RBn (Bx Xp + B YYp )
F = B B B (X2 + Y2 ) -  B B cn ( 4 - 4 1 )o X I  fl p p X Y Q
S i m i l a r l y ,  e x p a n d i n g  t h e  d e t e r m i n a n t s  i n  E q s . ( 4 - 3 2 ) ,  ( 4 - 3 3 ) ,
and ( 4 - 3 4 )  g i v e s
Hu ■ v5( Bxcn - BxBnXp > - ^ W p YP - T* W P '" 2 ’
Hv =-v? x BaxpYP + vy(byV  W p >  + T* V r xP ('•-"3 )
H * =-vx W p  + v? W P + T*BA  ( >
The c o mp e me n t a r y  s o l u t i o n  o f  E q s . ( 4 - 2 8 ) ,  ( 4 - 2 9 ) ,  and
( 4 - 3 0 )  can be  o b t a i n e d  as
7 a . z 14 a . z 
D = A . e J + y A.e J 
C j = 2  ^ j= 9  J
w h e r e  a . ’ s a r e  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n
J
12 10 _ 8 _ 6 „ Ua + F ^ a  + Fga + F^a + F^ ct
o 0 ( 4 - 4 5 )
and A.' s , B.' s  ,
J J
and C.'s a r e  c o n s t a n t s  d e p e n d i n g  on t h e
b o u n d a r y  c o n d i t i o n s .  S i n c e  E q . ( 4 - 4 5 )  i s  a t w e l f t h  o r d e r  
e q u a t i o n ,  t w e l v e  c o n s t a n t s  s h o u l d  o n l y  be  i n d e p e n d e n t .  In 
o t h e r  w o r d s ,  t w e n t y  f o u r  o f  t h e s e  c o n s t a n t s  a r e  d e p e n d e n t  
and t h e  r e l a t i o n s  c o n n e c t i n g  them w i t h  t h e  i n d e p e n d e n t  
c o n s t a n t s  w i l l  be o b t a i n e d  l a t e r .
The p a r t i c u l a r  s o l u t i o n s  o f  E q s . ( 4 - 2 8 ) ,  ( 4 - 2 9 ) ,  and
( 4 - 3 0 )  d e p e n d s  on E q s . ( 4 - 4 2 ) ,  ( 4 - 4 3 ) ,  and ( 4 - 4 4 ) ,
r e s p e c t i v e l y .  Hence  t h e s e  p a r t i c u l a r  s o l u t i o n s  can  be  
o b t a i n e d  a s
° p  =  -  v ? W p r p  -  T * W p 1 / c i
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4p = C-7? x Bf l V p  + v? (V n - BYBn^ ) + T* W ^ / ? i
}p = f-v?xB2Yp+Y? W p +T*Bx V /ci
where
? 1  ■  B x W x p + Y p >  -  w a
T h e s e  p a r t i c u l a r  s o l u t i o n s  can be  s i m p l i f i e d  by s u b s t i t u t i n g  
E q s . ( 4 - 2 4 ) ,  ( 4 - 2 5 ) ,  and ( 4 - 2 6 )  i n t o  t he m,  and t h e  r e s u l t  i s
U = [V ( r 2 - X 2 ) -  VVT?X Y -  T Y ] fz, p X E p  p Y E p p  E p
v = [-V—.X Y + V ( r 2 -  Y2 ) + T X ] / ?  p X E p p  Y E p  p E p J
wher e
C = pAA2 (X2 + Y2 - r 2 ) ( 4 - 4 6 )
P P P
and
r2 = I  /A ( 4 - 4 7 )
P P
T h e r e f o r e ,  t h e  t o t a l  s o l u t i o n  o f  E q s . ( 4 - 2 8 ) ,  ( 4 - 2 9 ) ,  and
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( 4 - 3 0 )  become
7 a . z  14 a . z
U = I  A e J + I  A e J + U ( 4 - 4 8 )
j - 2  3 j = 9  p
7 a . z  J.4 a . z
V = ? B e  J + £ B e J + V ( 4 _ 4 9 )
j= 2  J j = 9  P
7 a . z  1^ ct.z
i  = j  C . e  J + C . e  J + $ • ( 4 - 5  0 )
j=2  J j = 9  J P
S u b s t i t u t i n g  E q s . ( 4 - 4 8 )  and ( 4 - 4 9 )  i n t o  E q s . ( 4 - 1 4 )  and 
( 4 - 1 5 )  y i e l d s
7 « ? a . z  a . z
I  [ ( a .  + Ra. -  Bv )A.e  3 -  BVY C.e  J ] j i 2 u J J Y j  Y p j  J
1^ - ^ 2 a . z  a . z
+ 7 [ ( a .  + Ra. -  Bv )A.e 3 -  BVY C.e  3 ] = 0 j = 9 J J  Y j Y p j  J
and
7 k p  a -z a -z
V [ ( a . + R a . -  B )B . e J + BVX C.e  J i 
j - 2  3 3 X J x  P J J
l!+ U ? a -z
+ I  [(a + R a  - B  ) + B X C.e  J ] = 0 
j  — J J ^  P  J
From t h e  a b o v e  two e q u a t i o n s  o n e  can  o b t a i n
A. = Kj Cj ( 1 . 5 , )
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K. = i,— Y- | ------  ( H - 5 3 )
3 a  . + Ra . + Bv  
J J Y
and
- v , ,
L = T a —  ' " ‘ S'0
J a . + R a . -  B„0 0 X
The above  e q u a t i o n s  g i v e  t h e  r e l a t i o n s  b e t w e e n  t h e  
i n d e p e n d e n t  and d e p e n d e n t  c o n s t a n t s .  F i n a l l y ,  t h e  t o t a l  
s o l u t i o n s  become
7 a . z  I k  a. . z
U = t  K . C . e  J + J K . C . e  J 
j= 2  J J j= 9  J J
, 2 _ x2.
'XE'*p p' 'YEfVP "EJ+ [VTO( r _  -  X _) -  Vv „X_Y_ -  T^Y^ / ?  ( 4 - 5 5 )
7 a . z  lU  a . z
V = T L . C . e  J + J L . C . e  3}i 2 0 0 JLg 0 0
+ ^ X E Xp Yp + ' 'YE ( l - p - Yp ) + V p ; I / ?
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7 ct. z 14 a.z
( 4 - 5 7 )
4. 5 Dynamic S t i  f f n e s s  Matr i x
For a t h i n - w a l l e d  beam wh i c h  h a s  two e n d s  'a* and ' b '
r e l a t i o n  b e t w e e n  t h e  beam d i s p l a c e m e n t s '  a m p l i t u d e s  a t  b o t h
e n d s  and t h e  c o n s t a n t s  C. c a n  be  o b t a i n e d  in t h e  form shown
J
in F i g . ( 4 - 5 ) .  In a s h o r t  form t h i s  r e l a t i o n  b e c o m e s
where  t h e  n o t a t i o n  [ ] i s  u s e d  f o r  r e c t a n g u l a r  m a t r i c e s  and
{ ) f o r  c o l umn v e c t o r s .
The r e l a t i o n  b e t w e e n  t h e  beam s t r e s s  r e s u l t a n t s  and t he  
d i s p l a c e m e n t s  in p r i n c i p a l  c o o r d i n a t e s ,  c o n s i d e r i n g  t h e  
s t r u c t u r a l  dampi ng e f f e c t ,  can be  o b t a i n e d  from E q s . ( I I I - 1 1 )  
t h r o u g h  ( I I I —14)  and E q s . ( I I I - 2 8 )  t h r o u g h  ( 1 1 1 - 3 0 )  a s
w i t h  c o o r d i n a t e s  ' z  ' and ' z., ' ,  r e s p e c t i v e l y ,  a m a t r i x
EL D
{U} =  [ A ]  {C} +  { P f } ( 4 - 5 8 )
N = E A W ( 4 - 5 9 )
( 4 - 6 0 )
wa 4l a 0 0 - . 0 4 8a 0 0 0 C1 N^/pAX2
Ua 0 K2 42a K343a ' K7 47a 0 K9 49a * KUi4ll4a C2 V _ ( r 2-X2 ) -  V X Y -  XE p p YE p p E p
Va 0 L2 42a ' L7 47a 0 L9 49a * Lll+4li ta C3
-VYTrX Y + V ( r 2-Y2 ) + T X XE p p YE p p E p
i a 0 42a * 47a 0 49a 4lUa cu -V Y + V X + T XE p YE p E
ITa 0 K2a2 42a ' K7a7 47a 0 K9a9 49a ' KlUal i | 4ll+a C5 0
V'a 0 L2a242a ‘ L„a E r y7 7 7a 0 L9a9^9a  • Lli+a il+4ll+a C6 0
a 0 a 242a '  • 7 7a 0 V 9a - a ii+4lUa
X
C7 1 > _
0
*b h b 0 0 0 4 8b 0 0 0 C8
T -----
X, NEC/pAX2
Ub 0 K242b * K7 E7b 0 K9 59b • Kl l i4lUb C9 V ( r 2-X2 ) -  V„_X Y -  XE p p YE p p T Y E p
Vb 0 L242b L7?7b 0 L9^9b ‘ LlU4ll+b • ci o -V X Y + V f r 2 -Y2 ) + T X XE p p YE p p E p
*b 0 E2b 4 7b 0 4 9b 4lUb C11 -V Y + V X + TXE p YE p E
0 K2a 2 42b V yS 0 V 9 S b  ‘ KlUa lU4liib C12 0





i L 0 a 242b a 747b
0 a9 49b all+4lUb C1U 0
Where E
a . zJ £t -j _e and E .,
a  .z, 
= e J b
.la "jb
F ig .  U-5
Displacement  Amplitudes in  a  M atr ix  Form
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VY = - ' V  + PV ' "  + MXE C - 6 D
T = - g W "  + G*J t ' + pW ' "  -  MBE ( 4 - 6 2 )
MX = _ E I XXi r  ( 4 - 6 4 )
Ma =  E V "  ' 4 - 6 5 )
For t h e  c a s e  o f  h a r mo n i c  e x c i t a t i o n  t h e  s t r e s s  r e s u l t a n t s  
w i l l  a l s o  v a r y  h a r m o n i c a l l y  and can be  r e p r e s e n t e d  by t h e  
f o l l o w i n g  e q u a t i o n s :
N ( z , t ) = W( z ) e i U
Vx ( z , t )  = Vx ( z ) e iAt
VY( z , t )  = VY( z ) e lXt
T ( z , t )  = T( z ) e lAt
H y ( z , t )  = MY( z ) e iAt
Ma U ’t )  = V z,elXt
wh e r e  t h e  s t r e s s  r e s u l t a n t s '  a m p l i t u d e s  a r e  g i v e n  by
N = EAW" ( 4 - 6 6 )
Vx = - E I yy[U~+RU]  -Myj, ( 4 - 6 7 )
Vy = - E I ^ V ^ + R V J  + *4^ ( 4 - 6 8 )
f  = ( 4 - 6 9 )
My = E l ^ i r  ( 4 - 7 0 )
Mx = - E I ^ V "  ( 4 - 7 1 )
S u b s t i t u t i n g  E q s . ( 4 - 7 2 ) ,  ( 4 - 5 5 ) ,  ( 4 - 5 6 ) ,  and ( 4 - 5 7 )
i n t o  t h e  p r e v i o u s  s e v e n  e q u a t i o n s  g i v e s
a_z a„z
= E A C C a e 1 + CgC^e 0 ] ( 4 - 7 3 )
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** = _ i  Tn [ j 2MJ ° i e V  + | 9Mj cJ '^ 1' ] -  “ ye ( “ ' 7 11 >
*f ^  V i ” ) V V  + . l Kj Cj eC, j > ”xE ( , , - 7 5 )
<3 j  y
f  C 4 - 7 6 >d J ^
T ct z 1 I4.  ^ 2
M = E I ™ [  j  cc?K.C.e 3 + J  ct2K . C . e  J 1 ( 1 - 7 7 )
Y YY j i 2 J J J s i 9 J J J J
T ct z lU 0  ^ 2
H = - E L [  a2L.C.e j + I a 2L,C.e j ] ( 4 - 7 8 )
x  xx j  j  j  j £ 9 j  j  j  j
7 0  a . z  14 a . z ,
+ ^ 9V j e ° ]  <4' 7 9 )
where
M. = (a?+ Ra. )K. ( 4 - 8 0  )3 J J J
N. = ( a?+ Ra. )L. ( 4 - 8 1  )
J J J J
Q. = a? + CLa. ( 4 - 8 2 )J J S j
S i m i l a r l y ,  f o r  a beam w i t h  two e n d s  'a* and 1b * a 
m a t r i x  r e l a t i o n  can be  o b t a i n e d  as  shown in F i g . ( 4 - 6 ) ,  o r  in 
a s h o r t  form a s
“ “■ — —- — - —
Na - M l 5l a 0 0 0 Aa8^8a 0 0 C1 0
\ a 0 I M S  I  M £YY 2 2a YY 3 3a ' I YYMT?7a 0 I YYM9 ?9a ' - V l ^ H t a C2 A e
^Ya 0 I N £XX 2 2a I XXN7?7a 0 I XXN9^9a ‘ * I XXNlU ?lUa C3 +t*XE





J l YYa 9K9 ?9 a ' _ IYYa l i iKl l | ?llla C5
0
^Xa 0 I XXa2L2^2a I XXC£2L2 ?7a
0
I XXa9L9^9a ' I XXa l i tLlU?ll4a C6 0
M2a 0 - I^ a 2?2a _ I M a 7?7a 0 ~I ^ a 9?9a • I  a 2 £22 lit lUa C7 0
= E X +
Nb Aal ?lb 0 0 0 Aa8 C8b 0 0 C8 0
VXb 0 -I M £ YY 2 b - I  M £YY 7 7b 0 _ IYYM9^9b _ IYYMl l t ?lllb C9
-MYE
VYb 0 -I N £XX 2 2b - I  N £XX 7^7b 0 - I  N £XX 9 9b * _ IXXNl i t ?litb C10 +MXE
*b 0 -I Q £ flSr*2*2b - I  Q £ nQ ^P7b 0 _ IM Q9?9b - I ^ Ql i t ?lltb C11 2E
^Yb 0
2
I YYa 2K2?2b ‘
2
I YYa7K7?7h 0 I YY0t9K9^9b '
2





XXa 7 7 7b 0
T 2T f
xxa9 9 9 b ' _ IXXa li tLl i t ? litb C13 0
M Q^b 0 I M a 2C2b T22a 7?7b 0 I fiQa9 ?9b * '  Tn2a lU 5lUb C1U 0
_ .a z 
= e  J a
a • zn 
and £ = e  ^
- -  —
Where
? j a
F i g .  H--6
S t r e s s  R e s u l t a n t s  A m p l i t u d e s  i n  a  M a t r ix  Form
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{ F }  =  [ B 3 { C }  +  {P M> ( 4 - 8 3 )
The z - a x i s  r u n s  f rom 'a* t o  1 b * and h e n c e  'a* i s  c o n s i d e r e d  
a n e g a t i v e  f a c e .  T h e r e f o r e  t h e  f i r s t  s e v e n  rows  o f  t h e  
m a t r i x  [B] h a v e  r e v e r s e d  s i g n s  [ s e e  F i g . ( 4 - 6 ) ]  b e c a u s e  o f  
t h e  s i g n  c o n v e n t i o n  shown in F i g . ( 2 - 8 ) .
M u l t i p l y i n g  E q . ( 4 - 5 8 )  by t h e  i n v e r s e  o f  t h e  m a t r i x  [A]  
o ne  o b t a i n s
S u b s t i t u t i n g  t h e  a b o v e  e q u a t i o n  i n t o  E q . ( 4 - 8 3 )  y i e l d s
{ F }  =  [D]  ( U )  +  {W} ( 4 - 8 4 )
wher e
[D]  = [B]  [A] -1 ( 4 - 8 5 )
and
{W} = ( P M> -  [ D ] { P f } ( 4 - 8 6 )
The m a t r i x  [D] i s  t h e  dynami c  s t i f f n e s s  m a t r i x  whi c h  r e l a t e s  
t h e  s t r e s s  r e s u l t a n t s '  a m p l i t u d e s  t o  t h e  d i s p l a c e m e n t s '
109
a m p l i t u d e s  f o r  a c e r t a i n  f o r c i n g  f r e q u e n c y  A , and t he  
v e c t o r  (W) i s  t h e  f i x e d  end e f f e c t  l o a d  v e c t o r  a m p l i t u d e s .
4 . 6  S p e c  i a l  Ca se  s o f  Symmetr y
4 . 6 . a The X - A x i s  i  s an Ax i  s o f  Symmetr y
For  t h i s  c a s e  t h e  p r i n c i p a l  p o l e  l i e s  on t h e  X - a x i s  and
Y i s  z e r o .  However t h i s  c a s e  c a n n o t  be s i m p l y  o b t a i n e d  by
P
s u b s t i t u t i n g  = 0 i n  t h e  s o l u t i o n  r e p r e s e n t e d  by
E q s . ( 4 - 5 5 ) ,  ( 4 - 5 6 ) ,  and ( 4 - 5 7 ) .  S i n c e  by d o i n g  s o ,  t h e  K.1 sJ
w i l l  e q u a l  z e r o s  [ s e e  E q . ( 4 - 5 3 ) 3  and t h e  c o m p l e m e n t a r y  
s o l u t i o n  f o r  t h e  t r a n s v e r s e  d i s p l a c e m e n t ' s  a m p l i t u d e  U w i l l  
a l s o  e q u a l  z e r o .  T h i s  c a n n o t  be  p r a c t i c a l l y  j u s t i f i e d  f o r  
t h e  c a s e  o f  f r e e  v i b r a t i o n .  That  i s  why t h e  o r i g i n a l  
d i f f e r e n t i a l  e q u a t i o n s  [ E q s . ( 4 - 1 3 )  t h r o u g h  ( 4 - 1 6 ) 3  h a v e  to  
be  c o n s i d e r e d .  S u b s t i t u t i n g  Y^  = 0 i n t o  t h e s e  e q u a t i o n s  one
ha s
[D2 + R]W = -N* ( 4 - 1 3 )
[D^+RD2 - B y]U = VJ ( 4 - 8 7 )
( 4 - 8 8 )
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B rtX_V + [D + Ca u  -  Cfl] i  = T*p ( 4 - 8 9 )
I t  c a n  be  n o t i c e d  t h a t  t h e  l o n g i t u d i n a l  d i s p l a c e m e n t  
e q u a t i o n  i s  t h e  s a me .  The s o l u t i o n  f o r  t h e  t r a n s v e r s e  
d i s p l a c e m e n t  in t h e  X - d i r e c t i o n  [ Eq . ( 4  —8 7) 3  i s  now 
i n d e p e n d e n t  and b e c o me s
U =
a z V
I Cj e J
j =2 , 5 , 9 , 1 2  J pAA
( 4 - 9 0 )
where  a .  a r e  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n
U 2
a  + R a -  By = B •
The r e d u c e d  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  two o t h e r  
d i s p l a c e m e n t  c o m p o n e n t s  V and $ t a k e  t h e  form [ 2 9 ]
( 1 - 9 1 )
D $ = H
X X3>





( D + RD -  B ) b  x  x  p




Y B X X p
T* (D^CgD2 - ^ )
( 4 - 9 4  )
HX<f
I, p
( D + R D -  B ) V*X x
B yft p
iji*
( 4 - 9 5 )
Ex pa ndi ng  t h e  d e t e r m i n  a n t a l  o p e r a t o r  in E q . ( 4 - 9 3 )  one  
o b t a i n s
6 x  = 1)8 + f x 6 d 6  +  F x /  +  f X 2 d 2  + FXo ( 4 - 9 6 )
whe r e
Fx 6 = r  + c s ( 4 - 9 7 )
FxU = R C S - Bx - Cn ( 4 - 9 8 )
FX2 = 'CSBX + RC. ( 4 - 9 9 )
Fv = B C -  B B X Xo x ft x  s! p ( 4 - 1 0 0 )
S i m i l a r l y  e x p a n d i n g  t h e  d e t e r m i n a n t s  i n  E q s . ( 4 - 9 4 )  and 
( 4 - 9 5 )  g i v e s
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" x v  -  - v ? c n  -  T* BXXP
“»  = - W P ■ r t i
The s o l u t i o n  o f  E q s . ( 4 - 9 1 )  and ( 4 - 9 2 )  can be  o b t a i n e d  in a 
way s i m i l a r  t o  t h a t  d i s c u s s e d  f or  t h e  g e n e r a l  c a s e  in
s e c t i o n  4 . 4 .  T h e r e f o r e ,  a f t e r  f i n d i n g  t h e  r o o t s  ( a . )  o f  t h e
J
c h a r a c t e i s t i c  e q u a t i o n ,  t h e  s o l u t i o n  o f  t h e s e  two e q u a t i o n s  
t a k e s  t h e  form
X .  + (W p + V P ) / ? x ( 4 - 1 0 3 )J “"O I 5
10, 11 , 13 , 1^
a . z
*  *  I  c  e 3 + (VYJC +T ) /? <U-t04 )
J=3, U,6, T,  0 YEp E X
1 0 , 1 1 , 1 3 , lU
wher e
l"Xj = L- ( 4 " 1 0 5 )
£ = pAA2 (X2 - r 2 ) ( 4 - 1 0 6 )
X P P
and Lj i s  e x p r e s s e d  in E q . ( 4 - 5 4 ) .  I t  i s  n o t i c e d  t h a t  t he  
p a r t i c u l a r  s o l u t i o n s  in E q s . ( 4 - 9 0 ) ,  ( 4 - 1 0 3 ) ,  and ( 4 - 1 0 4 )  can
be o b t a i n e d  from t h e  g e n e r a l  c a s e  by s u b s t i t u t i n g  Y = 0
P
i n t o  t h e  p a r t i c u l a r  s o l u t i o n s  whi c h  a r e  r e p r e s e n t e d  by
E q s . ( 4 - 5 5 )  t h r o u g h  ( 4 - 5 7 ) .  In o t h e r  words  t h e  v e c t o r  (P }F
f o r  t h i s  s p e c i a l  c a s e ,  can be  o b t a i n e d  by l e t t i n g  Y = 0 in
P
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t h e  g e n e r a l  c a s e  [ s e e  F i g . ( 4 - 5 ) ] .
The s t r e s s  r e s u l t a n t s '  r e l a t i o n s  g i v e n  by E q s . ( 4 - 7 4 )  




9 , 1 2
' » v v - ”=
1 0 , 1 1 , 1 3 , lU





1 0 , 1 1 , 1 3 , lU
o a - z
9 , 1 2
P a.z
~E I XX t  « L c  e  J
3=3, k , 6 , 7 ,  J Xj J
1 0 , 1 1 , 1 3 , lU
P a . z  
E I  I  aTC .e J
“  3=3,1. ,6,7 , "
QE
( 4 - 1 0 7 )
( 4 - 1 0 8 )
( 4 - 1 0 9 )
( 4 - 1 1 0 )
( 4 - 1 1 1 )
( 4 - 1 1 2 )
1 0 , 1 1 , 1 3 , lU
where
NY. = N.Xj J ( 4 - 1 1 3 )
QXj Qj ( 4 - 1 1 4 )
MXj = “ d + Rao ( ' 4 - 1 1 5 )
and N. and Q. a r e  g i v e n  by E q s . ( 4 - 8 1 )  and ( 4 - 8 2 ) .J J
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The s t e p s  d i s c u s s e d  in t h e  p r e v i o u s  s e c t i o n  f o r
d e t e r m i n i n g  t h e  dy na mi c  s t i f f n e s s  m a t r i x  c an  now be f o l l o w e d  
f o r  t h i s  s p e c i a l  c a s e  o f  s y mme t r y .
4 . 6 . b  The Y-Ax i  s  i  s an Ax i  s o f  Symme t r  y
For t h i s  c a s e  Xp = 0 and t h e  l o n g i t u d i n a l  d i s p l a c e m e n t  
e q u a t i o n  d o e s  n o t  c h a n g e .  Ho we v e r ,  t h e  t r a n s v e r s e  and 
t o r s i o n a l  d i s p l a c e m e n t  e q u a t i o n s  now become
The s o l u t i o n  f o r  t h e  t r a n s v e r s e  a m p l i t u d e  in t h e  Y - d i r e c t i o n  
i s  now i n d e p e n d e n t  and be c o me s
X
* ( 4 - 1 1 6 )
( 4 - 1 1 7 )
- V p °  +  C D l ,  +  c s D 2 - c n ] i  '  T * ( 4 - 1 1 8 )
( 4 - 1 1 9 )
where  a are  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  o f
Eq. ( 4 - 1 1 7 ) .
The c o u p l e d  E q s . ( 4 - 1 1 6 )  and ( 4 - 1 1 8 )  now r e d u c e  to
wh e r e
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dyu = hyv ( 4 - 1 2 0 )
^Y$ ~ HY$ ( 4 - 1 2 1 )
Di,
H 2 (D +RD - B  )
"BnY ft p
-vP






(D‘‘ + c s D2- c a )
( 4 - 1 2 3 )
(D  ^+ rd2 -  B )
- B n Y Q p
V*X
ip#
( 4 - 1 2 4 )
Ex p a n d i n g  t h e  d e t e r m i n a n t a l  o p e r a t o r  in E q . ( 4 - 1 2 2 )  y i e l d s
6y = D2 + Fy6D6 + FYkDk + FY2D2 + FYo ( 4 - 1 2 5 )
where
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FY6 = R + CS ( 4 - 1 2 6 )
FY4 RCS -  By “ CS2 ( 4 - 1 2 7  )
FY2 CSBY + RCQ ( 4 - 1 2 8 )
FYo BYCn ~ W p  ( 4 - 1 2 9 )
S i m i l a r l y ,  e x p a n d i n g  t h e  d e t e r m i n a n t s  i n  E q s . ( 4 - 1 2 3 )  and 
( 4 - 1 2 4 )  g i v e s
HYV = VSCE + T* V p
»Y.  = Wp -  r t I  ( 4 - 1 3 1 )
The s o l u t i o n s  o f  E q s . ( 4 - 1 2 0 )  and ( 4 - 1 2 1 )  can be
o b t a i n e d  by  f i n d i n g  t h e  r o o t s  ( a . ) f o r  t h e  c h a r a c t e r i s t i c
J
e q u a t i o n ,  and h e n c e  t h e  s o l u t i o n s  become
0 = + ( ^ P - V p ) / C Y ( '4 - 1 3 2 )
11. 12. 14
a . z
1 = I C e J + (-V Y +T ) /? ( 4 - 1 3 3 )
j = 2 , 4 , 5 , 7 , 9 ,







%  = pAx 2 ( Yp - r p> ( 1 - 1 3 5 )
. i s  g i v e n  by  E q . ( 4 - 5 3 ) .J
F i n a l l y ,  t h e  s t r e s s  r e s u l t a n t s '  r e l a t i o n s  g i v e n  by  
4 - 7 4 )  t h r o u g h  ( 4 - 7 9 )  now become
a . z
V Y =  * E I YY I  MY i C 1 e  J - “ t o  ( 1 - 1 3 6 )
x  0 = 2 , 1 , 5 , 7 , 9 , T j  J TE
1 1 . 1 2 . 1 4
* Y =  - E l “ J= 3 , 6 , L , 13 ^ CJ e° j Z + ^  
f  = - i l “ 0 = 2 , l k 7 , 9 ^ C" “j Z - ^
1 1 . 1 2 . 1 4
ct z
M = E l  I ci?L.C e  ^ ( 4 - 1 3 9 )
j = 2 , 4 , 5 , 7 , 9 , J J J
1 1 . 1 2 . 1 4
o a, z
M = - E l  I a f c  e ( 4 - 1 4 0 )
j = 3 , 6 , 1 0 , 1 3  J J
“ n  =  E I  I  a 2 C e " J ( 1 - 1 1 1 )
a  “  0 = 2 , 1 , 5 , 7 , 9 , J J
1 1 . 2 2 . 1 4
M y j  =  M j  ( 4 - 1 4 2 )
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qYj = Qj ( 4 - 1 4 3 )
Nv . • = a3 + Ra. ( 4 - 1 4 4 )
Yj J J
and M. and Q. a r e  g i v e n  by  E q s . ( 4 - 8 0 )  and ( 4 - 8 2 ) ,
J J
r e s p e c t i v e l y .
4 . 6 . c  Th e Ca s e  o f  Do ub 1 e Symm e t r  y
As f o r  t h i s  c a s e ,  b o t h  X and Y a r e  e q u a l  to  z e r o  and
P P
t h e  s h e a r  c e n t e r  and c e n t r o i d  c o i n c i d e .  T h e r e f o r e ,  t h e  
t o r s i o n a l  and f l e x u r a l  v i b r a t i o n  e q u a t i o n s  be c ome
u n c o u p l e d .  Hence ,  E q s . ( 4 - 1 4 ) ,  ( 4 - 1 5 ) ,  and ( 4 - 1 6 )  now r e d u c e
t o
CD1+ + RD2 - B ] U  = V* ( 4 - 8 7 )
X A
[Di++RD2 - B ] V  = V* ( 4 - 1 1 7 )X Y
0 ^ +  C D2 -  C ] £  = T* ( 4 - 1 4 5 )Q JI
The s o l u t i o n  o f  t h e  p r e v i o u s  e q u a t i o n s  t a k e  t h e  form
a . z V
U = I C.e J -  ( 4 - 9 0  )
j = 2 , 5 , 9 , 1 2  J pAA2





a i Z VYF
V = I  C . e  J ( 4 - 1  1 9 )
3 = 3 ,6 ,10 ,13  J pAX
a . z T
i  = I  C e  J ^  ( 4 - 1 4 6  )
j = U , 7 , l l , l U  J p i  A
cij a r e  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n s  o f  
4 - 8 7 ) ,  ( 4 - 1 1 7 ) ,  and ( 4 - 1 4 5 ) .
S i m i l a r l y  t h e  s t r e s s  r e s u l t a n t s ’ e q u a t i o n s  r e d u c e  to
ct z
^ m ^ W - s ^ w 3 + ^
ct z
M = E I W y a*7C. e 1 ( “1-1 1 0)
Y Y I A , 5 , 9 , 1 2  J J
Ct z
= - EI  y a2c . e  J ( 4 - 1  40 )
X ^ 0 = 2 , 5 , 9 , 1 2  J J
Ct z
M_ = EI  y a2c . e  1 ( 4 - 1  4 8)
“ “  A ,  7 , 1 1 , 11. J J
V j  - aj + CS“: ( 4 - 1 4 9 )
and N a r e  g i v e n  by E q s . ( 4 - 1 1 5 )  and ( 4 - 1 4 4 )
Xj Yj
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r e s p e c t i v e l y .
4 . 7  The Com put  er  P r o g r a m TNW LBM
A c o mp u t e r  program 'TNWLBM' has  b e e n  w r i t t e n  to  pe r f o r m  
t h e  c o mpl e x  f r e q u e n c y  r e s p o n s e  a n a l y s i s  o f  c o n t i n u o u s  
t h i n - w a l l e d  be a ms .  A l i s t i n g  o f  t h e  program i s  g i v e n  in 
A p p e n d i x V ,  w h i l e  a f l o w  c h a r t  i s  shown in  
F i g . ( V - 1 ) .  A l t h o u g h  t h e  program u s e s  a h i g h  s p e e d  s t o r a g e  
a l l o c a t i o n  t e c h n i q u e  [ 2]  a s  shown in F i g . ( V - 2 ) ,  i t  k e e p s  a l l  
t he  a r r a y s  i n  memory.  T h i s  means  t h a t  t h e  program can be  
used f o r  u n l i m i t e d  number o f  beam e l e m e n t s ,  b u t  i t  i s  
a p p r o p r i a t e  t o  be u s e d  f o r  l i m i t e d  number o f  a b o u t  5 .  T h i s  
i s  u s u a l l y  a b o u t  t h e  maximum number found in p r a c t i c a l  
p r o b l e m s .  For l a r g e r  number o f  beam e l e m e n t s ,  t h e  a n a l y s i s  
w i l l  be t o o  c o s t l y .  T h e r e f o r e ,  m o d i f i c a t i o n  o f  t h e  program 
t o  s a v e  some o f  t h e  a r r a y s  on d i s k  f i l e s  o r  t a p e s  and 
i n c o r p o r a t i o n  o f  t h e  bande d  m a t r i x  t e c h n i q u e s  [ 2 ]  s h o u l d  be  
in t r  od uc ed .
The way t h a t  t h i s  program i s  o r g a n i z e d  i s  s i m i l a r  to  
t h e  p r o c e d u r e s  use d  in t h e  f i n i t e  e l e m e n t  program STAP 
( S T a t i c  A n a l y s i s  Program)  wh i c h  i s  l i s t e d  in R e f . [ 2 ] ,  The 
same o r g a n i z a t i o n  p r o c e d u r e s  are  used s u c c e s s f u l l y  in t h e  
g e n e r a l  p u r p o s e  f i n i t e  e l e m e n t  p r o g r a ms  SAP IV,  NONSAP, and 
ADINA [ 2 ] .
TNWLBM s t a r t s  by  r e a d i n g  t h e  o v e r a l l  p r o p e r t i e s  o f  t h e  
s t r u c t u r e  s u c h  a s  t h e  number o f  beam e l e m e n t s  and t h e  number  
o f  c o n c e n t r a t e d  l o a d s .  Then t h e  program moves  t o  r ead  t he  
c r o s s  s e c t i o n a l  as  w e l l  a s  t h e  m a t e r i a l  p r o p e r t i e s  o f  t h e  
beam.  The i n p u t  p h a s e  c o n t i n u e s  w i t h  t h e  r e a d i n g  o f  t h e  
no d a l  p o i n t  c o o r d i n a t e s  and t h e  i d e n t i t y  a r r a y  ’ ID'  whi c h  
r e p r e s e n t s  t h e  b o u n d a r y  c o n d i t i o n s  a t  e a c h  n o d e  or
j o i n t .  T h i s  a r r a y  i s  m o d i f i e d  t o  c o n t a i n  t h e  o v e r a l l  
e q u a t i o n  number o f  t h e  s t r u c t u r e  [ s e e  F i g . ( V - 3 ) 3 .  F i n a l l y ,  
t h e  i n p u t  p h a s e  e n d s  by r e a d i n g  t h e  c o n c e n t r a t e d  and
d i s t r i b u t e d  l o a d s  i n f o r m a t i o n  in a d d i t i o n  t o  t h e  f o r c i n g  
f r e q u e n c y  r a n g e .  An i n p u t  manual  f o r  t h e  program may be  
found in s e c t i o n  V . 1 o f  Appe ndi x  V.
The s o l u t i o n  p h a s e  s t a r t s  by c a l c u l a t i n g  t h e  
c o e f f i c i e n t s  o f  t h e  d i f f e r e n t  c h a r a c t e r i s t i c  e q u a t i o n s  s uc h  
as  E q . ( U - 4 5 ) .  S i n c e  t h e s e  c h a r a c t e r i s t i c  e q u a t i o n s  de pend  
on t h e  s ymmet ry  o f  t h e  beam,  t h e  program has  t o  i d e n t i f y  t h e  
c a s e s  o f  s y mme t r y  t h r o u g h  t h e  c o o r d i n a t e s  o f  t h e  s h e a r
c e n t e r  (X ,Y ) .  The c o e f f i c i e n t s  o f  t h e  c h a r a c t e r i s t i c
P P
e q u a t i o n s  a r e  a l w a y s  c o mp l e x  e x c e p t  f o r  t h e  c a s e  when t h e
s t r u c t u r a l  dampi ng c o e f f i c i e n t  n e q u a l s  z e r o ,  i . e . ,  f o r  t h e  
c a s e  when dampi ng  i s  n e g l e c t e d .  T h e r e f o r e  t h e  program has  
a l s o  to i d e n t i f y  t h i s  s p e c i a l  c a s e .
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TNWLBM u s e s  two s u b r o u t i n e s  d e v e l o p e d  by J e n k i n s  and 
Traub [ 1 2 , 1 3 ]  to f i n d  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c
e q u a t i o n s .  The f i r s t  s u b r o u t i n e  'ZCPOLY* f i n d s  t h e  r o o t s  o f
a p o l y n o m i a l  w i t h  c o mp l e x  c o e f f i c i e n t s  and i s  us e d  when t h e  
s t r u c t u r a l  dampi ng  c o e f f i c i e n t  i s  n o t  z e r o .  T h i s  s u b r o u t i n e  
u s e s  a t h r e e - s t a g e  c o mp l e x  a l g o r i t h m  d e s c r i b e d  in
R e f . [ 1 2 ] .  I t  a l s o  f i n d s  t h e  z e r o s  o n e  a t  a t i m e  in r o u g h l y  
i n c r e a s i n g  o r d e r  o f  m o d u l u s  and d e f l a t e s  t h e  p o l y n o m i a l  t o
o ne  o f  l o w e r  d e g r e e .  By f i n d i n g  t h e  z e r o s  i n  i n c r e a s i n g
o r d e r  o f  m o d u l u s ,  ZCPOLY a v o i d s  t h e  i n s t a b i l i t y  wh i c h  o c c u r s  
when t h e  p o l y n o m i a l  i s  d e f l a t e d  w i t h  a l a r g e  z e r o .
A l t h o u g h  ZCPOLY c a n  be us e d  in f i n d i n g  t h e  z e r o s  o f  a 
r e a l  p o l y n o m i a l ,  t h e  s u b r o u t i n e  'ZRPOLY' i s  f o u r  t i m e s
f a s t e r  in t h i s  a s p e c t  [ 1 3 ] .  ZRPOLY i s  use d  f o r  f i n d i n g  t h e
r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n s  when dampi ng  i s
n e g l e c t e d .  The z e r o s  a r e  comput ed  in ZRPOLY one  a t  a t i me
f o r  r e a l  r o o t s  o r  two a t  a t i m e  f o r  a c o mp l e x  c o n j u g a t e
p a i r .  As t h e  r o o t s  are  f o u n d ,  t h e  r e a l  z e r o  or q u a d r a t i c
f a c t o r  i s  removed by p o l y n o m i a l  d e f l a t i o n .
. The s u b r o u t i n e s  ZCPOLY and ZRPOLY were  c h o s e n  t o  be
p a r t  o f  t h e  s u b s t a n t i a l  c o l l e c t i o n  o f  s u b r o u t i n e s  f ound in 
t h e  I n t e r n a t i o n a l  M a t h e m a t i c a l  and S t a t i s t i c a l
L i b r a r i e s  [ 1 1 ] .  S i n c e  t h e  c o p i e s  o f  t h e s e  s u b r o u t i n e s  found  
on t h e  U n i v e r s i t y  o f  New Hamps hi re  DEC-10 s y s t e m  a r e  in  
s i n g l e  p r e c i s i o n  a r i t h m e t i c ,  t h e y  were  m o d i f i e d  to  d o u b l e
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p r e c i s i o n  a r i t h m e t i c .  A l t h o u g h  e x t e n s i v e  t e s t i n g  o f  t h e  
s u b r o u t i n e s  was r e p o r t e d  by J e n k i n s  and Tr a ub ,  t h e y  were  
t e s t e d  f o r  t h i s  s p e c i a l  us e  by  i n t r o d u c i n g  a v a r i e t y  o f  
d a t a .
The r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n s  a r e  g e n e r a l l y  
t r e a t e d  a s  com pi  ex nu mb e r s .  Real  r o o t s  a r e  c o n s i d e r e d  as  
c o mp l e x  r o o t s  w i t h  z e r o  i m a g i n a r y  p a r t .  S i n c e  t h e  Eu l e r
f o r m u l a s  [ 2 9 ]  a r e  not  used in t h e  s o l u t i o n  e x p r e s s i o n s  [ s e e
E q s . ( 4 - 5 5 ) ,  ( 4 - 5 6 ) ,  and ( 4 - 5 7 ) ] ,  t h e s e  e x p r e s s i o n s  a r e
g e n e r a l l y  c o mp l e x  f o r ms .  T h e r e f o r e ,  b o t h  t h e  m a t r i c e s  [A]  
and [’B ] o f  E q s . ( 4 - 5 8 )  and ( 4 - 8 3  ) , r  e s p e c  t i v  e l  y , a r e  c o mp l e x  
m a t r i c e s .  The program TNWLBM f o r ms  t h e s e  m a t r i c e s  and t h e n  
s o l v e s  f o r  t h e  d y na mi c  s t i f f n e s s  m a t r i x  [ D]  g i v e n  by
E q . ( 4 - 8 5 ) .  TNWLBM u s e s  a n o t h e r  IMSL [ 11 ]  s u b r o u t i n e
(LEQT1C) f o r  t h e  i n v e r s e  o f  t h e  c o mp l e x  m a t r i x  [ A] .  T h i s  
s u b r o u t i n e  e m p l o y s  L U - f a c t o r i z a t i o n  a l g o r i t h m .  Row
e q u i l i b r i u m  and p a r t i a l  p i v o t i n g  a r e  a l s o  u s e d .
The d y n a mi c  s t i f f n e s s  m a t r i x  i s  g e n e r a l l y  a c o mp l e x  
m a t r i x  e x c e p t  f o r  t h e  c a s e  o f  z e r o  dampi ng  c o e f f i c i e n t  [ s e e  
s e c t i o n  4 . 1 ] ,  T h i s  p r o p e r t y  was used i n c h e c k i n g  t h e
a l g o r i t h m  o f  TNWLBM f o r  d i f f e r e n t  c a s e s  o f  s y m m e t r i c a l  and
n o n - s y m m e t r i c a l  be a ms .  In o t h e r  w o r d s ,  by n u m e r i c a l l y
c a l c u l a t i n g  t he  c o mp l e x  dynami c  s t i f f n e s s  m a t r i x ,  i t  was  
a l w a y s  f ound t h a t  t h i s  m a t r i x  . has  z e r o  i m a g i n a r y
c o e f f i c i e n t s  when t h e  dampi ng  c o e f f i c i e n t  i s  z e r o .
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Ano t he r  i m p o r t a n t  p r o p e r t y  o f  t h i s  m a t r i x ,  w h i c h  was  
a l s o  used i n  c h e c k i n g  t h e  a l g o r i t h m ,  i s  s y mme t r y .  The 
dynami c  s t i f f n e s s  m a t r i x  i s  a l w a y s  s y m m e t r i c a l  a c c o r d i n g  to  
M a x w e l l ' s  l a w  o f  r e c i p r o c i t y .  He n c e ,  t h e  n u m e r i c a l l y  
comput ed  s t i f f n e s s  m a t r i c e s  were  p r i n t e d  f o r  a v a r i e t y  o f  
c a s e s  ( d i f f e r e n t  beam e l e m e n t  p r o p e r t i e s  and d i m e n s i o n s  as  
w e l l  as  w i d e  f r e q u e n c y  r a n g e )  and t h e y  we r e  a l w a y s  found to  
be s y m m e t r i c a l  w i t h i n  a c c e p t a b l e  e n g i n e e r i n g  t o l e r a n c e s .
When t h e  dy n a mi c  s t i f f n e s s  m a t r i c e s  o f  a l l  beam
e l e m e n t s  i n a s t r u c t u r e  h a v e  be e n  e v a l u a t e d ,  t h e  dy n a mi c  
s t i f f n e s s  o f  t h e  c o m p l e t e  s t r u c t u r e  can be  o b t a i n e d  by 
m e r e l y  a d d i n g  t h e  e l e m e n t  s t i f f n e s s  c o e f f i c i e n t s  
a p p r o p r i a t e l y .  T h i s  i s  c a l l e d  t he  d i r e c t  s t i f f n e s s
met hod [ 2 ] .  The a p p l i c a t i o n  o f  t h i s  met hod c o n s i s t s  o f  t h e  
c o m b i n a t i o n  o f  e l e m e n t s  s t i f f n e s s  m a t r i c e s  i n  a manner  
d i c t a t e d  by t h e  r e q u i r e m e n t s  o f  j u n c t i o n  e q u i l i b r i u m  and 
c o m p a t i b i l i t y .  Thes e  o p e r a t i o n s  p r o d u c e  a s e t  o f  
f o r c e - d i s p i a c e m e n t  a m p l i t u d e  e q u a t i o n s  f o r  t h e  j u n c t i o n s  o f  
t h e  a s s e m b l e d  s t r u c t u r a l  m o d e l .
To i l l u s t r a t e  t h i s  p r o c e d u r e ,  c o n s i d e r  two dynami c
s t i f f n e s s  m a t r i c e s  CD D and [D ] o f  two e l e m e n t s  'A' andA B
' B ’ , r e s p e c t i v e l y . The s e  two e l e m e n t s  h a v e  a common j u n c t i o n  
T q *. E l e me n t  ’ A' h a s  t wo e n d s  ' p '  and 'q* , w h i l e  t h e  e n d s
f o r  e l e m e n t  ' B '  a r e  ' q 1 and ' r ’ . C o n s i d e r ,  a s  an e x a m p l e ,
t h e  e q u a t i o n  f o r  t h e  s t r e s s  r e s u l t a n t  V a t  bot h
e l e m e n t s .  T h i s  e q u a t i o n  may be  o b t a i n e d  from t h e  s y s t e m  o f  
e q u a t i o n s  r e p r e s e n t e d  by E q . ( 4 - 8 4 ) .  For e l e m e n t  ’A* t h i s  
e q u a t i o n  i s
vA = da + da + • • • + da $ "A VXq 91 P 92 p 97 P
+DA ^  + f>A + •** + DA , i " A + WA (14 — 1 50 )
98 q • 99 9 9lU q 9
w h i l e  f o r  e l e m e n t  ' B 1 i t  b e c o m e s
+ 0 ® ^  + D® U® + ■ • • + D® , <TB + W® ( 4 - 1 5 1 )28 r  29 r  214 r  2
By t h e  c o n d i t i o n  o f  c o m p a t i b i l i t y ,  t h e  d i s p l a c e m e n t
a m p l i t u d e s  a r e  t h e  same f o r  ’ A ’ and ’ B ’ a t  t h e  j u n c t i o n  * q *
- A ~ B - A ~B f o r  e a c h  d e g r e e  o f  f r e e d o m ,  i . e . ,  W = W , U = U , . . .0 q q  q q
e t c .  The two s t r e s s  r e s u l t a n t s  and w i l l  be in
e q u i l i b r i u m  w i t h  any e x t e r n a l  c o n c e n t r a t e d  f o r c e  a p p l i e d
a t  ' q '  in t h e  X - d i r e c t i o n .  T h e r e f o r e ,  we ha v e
F = + T6Xq Xq Xq
S u b s t i t u t i n g  E q s . ( 4 - 1 5 0 )  and ( 4 - 1 5 1 )  i n t o  t h e  a b o v e  e q u a t i o n  
and i n t r o d u c i n g  t h e  c o m p a t i b i l i t y  c o n d i t i o n s  y i e l d
+ D W + D . J J  + ’ •* + D on<i>"+W n l 5  r  n i b  r  n21 r  n ( 4 - 1 5 2 )
wher e
A
D . = TC.nj  9j
Dn ( j+ 7 )  D9 ( j +7 )  + D2j k j  1 , 2 , . . . , 7
n -  r^ B
n ( j + l U ) ~ 2 ( j +7 )
and n i s  a number a s s i g n e d  t o  t h i s  e q u a t i o n  in t h e  o v e r a l l  
s t r u c t u r a l  s t i f f n e s s  s y s t e m .
T h i s  a s s e m b l a g e  p r o c e s s  h a s  t o  be d o n e  f o r  e a c h  d e g r e e  
o f  f r e e do m a t  t h e  j o i n t s .  A l t h o u g h  i t  m i g h t  seem 
c o m p l i c a t e d ,  i t  i s  v e r y  e a s y  t o  be programmed [ 2 ] .  The way 
t h i s  p r o c e s s  i s  programmed [ s e e  s u b r o u t i n e  ASSEM in 
Appendi x  V] a l s o  i n c l u d e s  t h e  i n t r o d u c t i o n  o f  t h e  b o u n d a r y  
c o n d i t i o n s  or  d e l e t i o n  o f  t h e  f i x e d  d e g r e e s  o f  f r e e d o m .
The s u b r o u t i n e  LEQT1C i s  used a g a i n  f o r  s o l v i n g  t he  
s y s t e m  o f  e q u i l i b r i u m  e q u a t i o n s  f o r  t h e  who l e  
s t r u c t u r e .  TNWLBM p r i n t s  o u t  t h e  d i s p l a c e m e n t  a m p l i t u d e s  a t  
t h e  n o d e s .  F i n a l l y ,  E q . ( M- 8 4 )  i s  used t o  c a l c u l a t e  t h e  
s t r e s s  r e s u l t a n t s '  a m p l i t u d e s  f o r  e a c h  beam e l e m e n t ,  w h i c h  
a r e  a l s o  p r i n t e d  o u t .  The wh o l e  a n a l y s i s  p r o c e s s  i s  
r e p e a t e d  f o r  e a c h  f o r c i n g  f r e q u e n c y  o f  i n t e r e s t .
The d e t e r m i n a n t  o f  t h e  a s s e m b l e d  s t i f f n e s s  m a t r i x  i s  
a l s o  e v a l u a t e d  u s i n g  t h e  s u b r o u t i n e  LEQT1C and t he n  p r i n t e d  
o u t .  S i n c e  t h i s  d e t e r m i n a n t  may v a r y  w i d e l y  in n u m e r i c a l  
v a l u e ,  i t  i s  p r i n t e d  in t h e  form DET = (DET1 ) *2DET2. By 
e v a l u a t i n g  t h i s  d e t e r m i n a n t ,  TNWLBM c a n  be use d  in f i n d i n g  
t h e  n a t u r a l  f r e q u e n c i e s  o f  c o n t i n u o u s  b e a m s .  T h e o r e t i c a l l y ,  
i f  an undamped s t r u c t u r a l  s y s t e m  i s  v i b r a t e d  a t  a f r e q u e n c y  
e q u a l  to o ne  o f  i t s  n a t u r a l  f r e q u e n c i e s ,  o n e  or  more o f  i t s  
d i s p l a c e m e n t  a m p l i t u d e s  w i l l  become  i n f i n i t y ,  and t h e  
d e t e r m i n a n t  o f  t h e  o v e r a l l  dynami c  s t i f f n e s s  m a t r i x  w i l l  
become z e r o .  T h e r e f o r e ,  by i n t r o d u c i n g  a w i d e  r a n g e  o f  
f o r c i n g  f r e q u e n c i e s ,  and o b t a i n i n g  a p l o t  o f  t h e  f r e q u e n c y  
v e r s u s  t h e  d e t e r m i n a n t ,  o n e  c a n  d e t e r m i n e  t h e  n a t u r a l  
f r e q u e n c i e s  o f  t h e  s y s t e m .
CHA P T E R  5
NUMER ICAL EXAMPLES
5 . 1  Gener a l
The n u m e r i c a l  s o l u t i o n  p r o p o s e d  in t h e  p r e v i o u s  c h a p t e r  
i s  t e s t e d  h e r e .  The o b j e c t i v e  h e r e i n  i s  t o  show how t h i s  
n u m e r i c a l  t e c h n i q u e  can be  used to s o l v e  t h e  pr o b l e m o f  t h e  
s t e a d y - s t a t e  v i b r a t i o n  o f  a damped t h i n - w a l l e d  beam.  By 
i n c l u d i n g  dampi ng w i t h  t h e  t h i n - w a l l e d  beam t h e o r y ,  a more  
r e a l i s t i c  mode l  o f  beam b e h a v i o r  i s  o b t a i n e d .
Most r e s e a r c h e r s  i n  t h i s  ar.ea were  c o n c e r n e d  w i t h  t h e  
f r e e  v i b r a t i o n  a n a l y s i s  and t e s t i n g .  T h e r e f o r e ,  t h e  
e x p e r i m e n t a l  d a t a  a v a i l a b l e  [ 1 6 , 2 5 ]  are  r e s t r i c t e d  to  
n a t u r a l  f r e q u e n c i e s .  In o t h e r  -words ,  no e x p e r i m e n t a l  d a t a  
i s  a v a i l a b l e  on r e s o n a n t  m a g n i f i c a t i o n  or  t h e  v a r i a t i o n  o f
r e s p o n s e  w i t h  d r i v i n g  f r e q u e n c y  around t h e  r e s o n a n t
c o n d i t i o n .  Such d a t a  would ha v e  g i v e n  an a p p r o x i m a t e  v a l u e  
f o r  t h e  dampi ng  a s s o c i a t e d  w i t h  t h a t  r e s o n a n t  f r e q u e n c y .
A l t h o u g h  t h e  program TNWLBM can be  u s e d ,  a s  e x p l a i n e d
p r e v i o u s l y ,  in f i n d i n g  t h e  n a t u r a l  f r e q u e n c i e s  o f  
t h i n - w a l l e d  be a ms ,  i t s  p r i m a r y  t a r g e t  i s  t h e  c o mp l e x
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f r e q u e n c y  r e s p o n s e  o f  s u c h  b e a m s .  T h e r e f o r e ,  t h e  n a t u r a l  
f r e q u e n c y  r e s u l t s  o b t a i n e d  from t h e  program a r e  c ompared  
w i t h  o t h e r  a n a l y t i c a l  s o l u t i o n s  a s  w e l l  as  t h e  e x p e r i m e n t a l  
d a t a  a v a i l a b l e .  Then t h e  program i s  u s e d  t o  o b t a i n  t h e  
v a r i a t i o n  o f  t h e  damped r e s p o n s e  w i t h  d r i v i n g  f r e q u e n c i e s  
c l o s e  i n  m a g n i t u d e  t o  t h e  n a t u r a l  f r e q u e n c y .
5 . 2  Th i n  R e c t a n g u l a r  Fi x  e d - F i x  ed Be am
The f i r s t  p r o b l e m to  be  p r e s e n t e d  h e r e  i s  a t h i n
r e c t a n g u l a r  beam.  The beam h a s  a w i d t h  o f  1 i n . ,  a d e p t h  o f
10 i n . ,  and a l e n g t h  o f  100 i n .  I t  i s  s u b j e c t e d  to  an
i n c l i n e d  c o n c e n t r a t e d  e d g e  l o a d  wh i c h  l i e s  i n  t h e  X-Y p l a n e
a s  shown i n  F i g . ( 5 - 1 ) .  T h i s  l o a d  can be  r e s o l v e d  i n t o  two
e d g e  c o m p o n e n t s  Nc and Vc whi c h  a r e  g i v e n  bys s
Nc = 100 e l X t  ( l b s )s
Vc = - 1 0 0  e l x t  ( l b s )s
whe r e  t h e  s u p e r s c r i p t  ' c '  i s  u s e d  h e r e  t o  i n d i c a t e  t h a t  
t h e s e  a r e  c o n c e n t r a t e d  l o a d s .  N o t i n g  t h a t  9 = 2 7 0 ° ,  R = 0,
and Q = 5 i n .  f o r  t h i s  e d g e ,  and u s i n g  E q s . ( 1 1 - 4 4 )  t h r o u g h
( 1 1 - 4 6 ) ,  t h e  beam e x t e r n a l  l o a d s  now become
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THIN RECTANGULAR FIXED -FIXED  BEAM
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XE
( Vc c o s  9 -  Nc s i n  © ) = Nc = 100 e lxt  ( l b s )
s s s
Vc
YE ( Vc s i n  9 + Nc c o s  0 ) = - V°  = 100 e 1 Xt ( l b s )s s 5
t E = < ~vs Q + N° R ) = - 5  V° = 500  e 1Xt ( i n . l b s )
The c r o s s  s e c t i o n a l  p r o p e r t i e s  a r e  c a l c u l a t e d  a s
e x p l a i n e d  in Ch a p t e r  3 and are  shown i n  F i g . ( 5 - 1 ) .  S i n c e  
t h e  beam c r o s s  s e c t i o n  h a s  two a x e s  o f  s y mme t r y ,  t o r s i o n a l  
and f l e x u r a l  v i b r a t i o n s  a r e  u n c o u p l e d .  A l s o ,  b e c a u s e  t h e  
beam i s  n o t  e x c i t e d  by any l o n g i t u d i n a l  f o r c e s ,  t h e  
l o n g i t u d i n a l  d i s p l a c e m e n t  i s  e q u a l  to  z e r o .
The d e t e r m i n a n t  o f  t h e  o v e r a l l  undamped s t i f f n e s s  
m a t r i x  i s  p l o t t e d  a g a i n s t  a wi de  r a n g e  o f  f r e q u e n c y  v a l u e s  
i n  F i g . ( 5 - 2 ) .  The c a s e  when t a n g e n t i a l  s h e l l  s t r e s s e s  a r e  
n e g l e c t e d ,  i . e .  E = E r , i s  a l s o  p l o t t e d  in t h i s  
f i g u r e .  The v a l u e s  o f  t h e  l o w e s t  s i x  n a t u r a l  . f r e q u e n c i e s  
f o r  t h e  two c a s e s  a r e  a l s o  s p o t t e d .
Ti mo s h e n k o  [ 2 4 ]  p r e s e n t e d  t h e  f o l l o w i n g  a p p r o x i m a t e  
f o r m u l a  f o r  t h e  f l e x u r a l  n a t u r a l  f r e q u e n c i e s  o f  s u c h  a beam:
Xn it ( m+0.  5 )
2
/  ( 4 P AL
4
(HZ) ( 5 - 1  )
whe r e  L i s  t h e  l e n g t h  o f  t h e  beam.  Th i s  f o r m u l a  can be used  
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FIXED -  FIXED BEAM
OJro
133
s u b s t i t u t i n g  m = 1 , 2 , 3  and • 4,  r e s p e c t i v e l y .  Thes e  f o ur
modes  a r e  f l e x u r a l  mo de s  o f  v i b r a t i o n  a l o n g  t h e  Y - a x i s .  The
s i x t h  mode i s  a l s o  a f l e x u r a l  mode but  t h e  v i b r a t i o n s  i n
t h i s  c a s e  o c c u r  a l o n g  t h e  X - a x i s .  T h e r e f o r e ,  t h e  p r e v i o u s  
f o r m u l a  can a l s o  be  use d  f o r  d e t e r m i n i n g  t h e  s i x t h  n a t u r a l  
f r e q u e n c y  by u s i n g  I i n s t e a d  o f  I and s u b s t i t u t i n gY i  XX.
m = 1.  The f o u r t h  mode c a n n o t  be  d e t e r m i n e d  by t h i s  
f o r m u l a ,  s i n c e  i t  i s  t o r s i o n a l .
The f i n i t e  e l e m e n t  method can a l s o  be  used  in o b t a i n i n g  
t h e  n a t u r a l  f r e q u e n c i e s  o f  s u c h  a beam.  Two d i f f e r e n t  
e l e m e n t s  o f  two d i f f e r e n t  f i n i t e  e l e m e n t  p r o g r a ms  a r e
u s e d .  The e i g h t  noded s h e l l  e l e m e n t  o f  t h e  g e n e r a l  p u r p o s e  
c o mp u t e r  program PAFEC 75 [ 193  i s  o n e  o f  t h e m .  Four
d i f f e r e n t  f i n i t e  e l e m e n t  m e s h e s  were u s e d .  The f i r s t  t h r e e  
m e s h e s  were  o b t a i n e d  by d i v i d i n g  t h e  beam a l o n g  i t s  Z - a x i s  
i n t o  f o u r ,  e i g h t  and t e n  e q u a l  e l e m e n t s ,  r e s p e c t i v e l y .  The 
l a s t  mesh was p r o d u c e d  by d i v i d i n g  t h e  beam i n t o  t w e n t y  
e q u a l  s q u a r e  e l e m e n t s ;  i . e .  e a c h  5X5 i n c h e s .
The o t h e r  t y p e  o f  e l e m e n t  wh i c h  was u s e d  i s  a
t h i n - w a l l e d  beam e l e m e n t  b a s e d  on t h e  f o r m u l a t i o n  p r e s e n t e d  
by Barsoum [ 1 ] .  In t h i s  f o r m u l a t i o n ,  t h e  a s s u m p t i o n  o f  z e r o  
t a n g e n t i a l  s h e l l  s t r e s s e s  was  made.  The same f i n i t e - e l e m e n t  
s t i f f n e s s  and mass  m a t r i c e s  were  a l s o  use d  by
Mei [ 1 6 ] .  Th i s  f i n i t e  e l e m e n t  f o r m u l a t i o n  was u s e d  in
b u i l d i n g  a c o mp u t e r  program 'TINWAL' f o r  t h e  g e n e r a l
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a n a l y s i s  o f  t h i n - w a l l e d  me mbe r s .  The t h i n  r e c t a n g u l a r  
f i x e d - f i x e d  beam shown i n F i g . ( 5 - 1 )  was d i v i d e d  i n t o  t e n  
t h i n - w a l l e d  beam e l e m e n t s  and TINWAL was u s e d  in o b t a i n i n g
t h e  v a l u e s  o f  t h e  n a t u r a l  f r e q u e n c i e s .
The v a l u e s  o f  t h e  n a t u r a l  f r e q u e n c i e s  o b t a i n e d  by  
d i f f e r e n t  t y p e s  - o f  a n a l y s i s  a r e  p r e s e n t e d  i n  
t a b l e  ( 5 - 1 ) .  Th i s  t a b l e  shows  t h a t  t h e  a s s u m p t i o n  o f  z e r o  
s h e l l  t a n g e n t i a l  s t r e s s e s  l e a d s  t o  l o w e r  v a l u e s  o f  n a t u r a l  
f r e q u e n c i e s .  Th i s  v a l u e s  f o r  t h e  f l e x u r a l  c a s e s  a r e  95 % 
l e s s .  T h i s  95% v a l u e  r e p r e s e n t s  t h e  f a c t o r  / l - v2 [ s e e
Eq. (5 — 1 ) 3.  As f o r  t h e  t o r s i o n a l  mode ,  t h e  v a l u e  i s  99.6%
i n s t e a d  o f  95%. The t a b l e  a l s o  s hows  t h a t  t h e  d i f f e r e n c e
b e t w e e n  t h e  f r e q u e n c y  v a l u e s  o b t a i n e d  by T i m o s h e n k o ’ s 
f o r m u l a ,  t h e  program TINWAL, and t h e  program TNWLBM ( p r e s e n t  
work when E = Ep)  a r e  n e g l i g i b l e .  Th i s  s hows  t h a t  t h e  
e f f e c t  o f  r o t a r y  i n e r t i a  i s  n e g l i g i b l e  f o r  t h i s  l o w e r  modes  
o f  v i b r a t i o n .  S i n c e  t h i s  e f f e c t  i s  n o t  i n c l u d e d  in e i t h e r  
T i m o s h e n k o ' s  f o r m u l a  or Barsoum [ 1 ]  f o r m u l a t i o n ,  and i t  h a s  
a r i s e n  n a t u r a l l y  i n  t h e  p r e s e n t  d e r i v a t i o n .  The r o t a r y  
i n e r t i a  e f f e c t  i s  r e p r e s e n t e d  by t h e  s e c o n d  t e r m s  i n  
E q s . ( 3 - 6 0 )  and ( 3 - 6 1 ) ,  and t h e  t h i r d  one  i n E q . ( 3 - 6 2 ) .
The u s e  o f  s h e l l  e l e m e n t s  l e a d s  t o  v a l u e s  c l o s e r  to  t h e  
v a l u e s  o b t a i n e d  when t h e  a s s u m p t i o n  o f  z e r o  t a n g e n t i a l  s h e l l  
s t r e s s e s  i s  a d o p t e d .  The u s e  o f  t e n  s h e l l  e l e m e n t s  g i v e s  
opt imum v a l u e s  f o r  t h e  f r e q u e n c i e s .  The f i n i t e  e l e m e n t  mesh
T AB L E  5 - 1
COMPARISON BETWEEN VALUES OF NATURAL FREQUENCIES OBTAINED BY
DIFFERENT ANALYSIS FOR A THIN RECTANGULAR FIXED-FIXED BEAM
Mode
P r e s e n t  Work 
(TNWLBM) Timo shen ko 
[ 2 4 ]
PAFEC 75 | 
( E i g h t - N o d e d  S h e l l  E l e m e n t s )
TINWAL 
(Ten 
Th i n  
V/all  ed 
Be am 
E l e m e n t s
E=ER/ ( 1 - v 2 ) E =Er Four  
El e me nt s
Ei g h t
E l e m e n t s
T en 
E l e me n t s
Twenty
E l e me n t s
1 21 .  78 20.  78 20 .  63 2 1 . 2 3 20 .  97 20 .  84 2 0 .  96 20 .  78
2 60.  04 57 .  27 57 .  30 58 .  38 57.  85 57 .  53 57.  76 57 .  30
3 117.  7 112.  3 112.  3 114.  2 113.  6 113.  0 113.  3 112.  4
4 1 3 1 . 5 1 3 1 . 0 - 132.  2 132.  1 132.  0 1 32.  0 1 3 1 . 7
5 194.  5 185.  5 185.  6 189.  5 188.  4 187.  5 187.  7 186 . 1
6 216 .  7 206 .  8 2 0 6 .  3 209 .  5 1 99.  8 1 98.  9 1 96.  4 2 0 7 .  8
* V a l u e s  o f  n a t u r a l  f r e q u e n c i e s  in Hz.
* E = E f o r  t h e  c a s e  when z e r o  t a n g e n t i a l  s h e l l  s t r e s s e s  a r e  n e g l i g i b l e .
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f o r  t e n  s h e l l  e l e m e n t s  a s  g e n e r a t e d  by PAFEC i s  g i v e n  i n  
F i g . ( 5 - 3 ) »  w h i l e  t h e  o u t p u t  f o r  t h e  f i r s t  s i x  n a t u r a l  mode s  
a r e  shown i n F i g s . ( 5 - 4 )  t h r o u g h  ( 5 - 9 ) .
The damped r e s p o n s e  o f  t h i s  beam w i l l  now be
p r e s e n t e d .  F i g . ( 5 - 1 0 )  shows  a p l o t  o f  t h e  r e a l  v e r s u s
i m a g i n a r y  p a r t s  o f  mi d s p a n  d i s p l a c e m e n t  [ i . e . ,  V v e r s u s  V
R X
a t  Z =0 ] in t h e  v i c i n i t y  o f  t h e  f i r s t  r e s o n a n t  
f r e q u e n c y .  A l t h o u g h  t h r e e  p o i n t s  a t  a 0 . 1  Hz i n c r e m e n t  
a b o u t  t h e  r e s o n a n c e  a r e  s u f f i c i e n t  t o  c o n s t r u c t  t h e  c i r c l e ,  
more p o i n t s  a r e  a l w a y s  c h o s e n  f o r  c h e c k i n g  p u r p o s e s .  I t  was 
f ound t h a t  t h e  e f f e c t  o f  t h e  a s s u m p t i o n  o f  z e r o  t a n g e n t i a l  
s h e l l  s t r e s s e s  h a s  i n s i g n i f i c a n t  e f f e c t  on t h e  d i a m e t e r s  o f  
t h e  c i r c l e s  f o r  t h i s  r e s o n a n t  f r e q u e n c y .  T h i s  f i g u r e  
c l e a r l y  i n d i c a t e s  t h e  g r e a t  e f f e c t  t h a t  dampi ng  h a s  on t h e  
m a g n i t u d e  o f  r e s p o n s e .  In f a c t ,  i t  can be  s e e n  by  d o u b l i n g  
t h e  dampi ng  we a l m o s t  ha v e  h a l f  o f  t h e  r e s p o n s e .
B e t t e r  p o l a r  p l o t s  can be  o b t a i n e d  by r e l a t i n g  t h e  
p r e v i o u s  r e s p o n s e  p l o t s  t o  t h e  s t a t i c  r e s p o n s e .  When t h e  
i n c l i n e d  c o n c e n t r a t e d  l o a d  i s  a p p l i e d  s t a t i c a l l y ,  t h e  
mi d s p a n  d i s p l a c e m e n t  i n t h e  Y - d i r e c t i o n  and t h e  f i x e d  end 
moment be come
V = 100L3 / ( 1 9 2 EI VV ) = 0 . 0 2 0 8 3  i n .
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POLAR PLOT: REAL VERSUS IMAGINARY PARTS OF 
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145
My s t  = 1 0 0 L / 8  = 1 » 250 i n . l b s .
F i g . ( 5 - 1 1 )  s hows  t h e  n o r m a l i z e d  p o l a r  p l o t s  f o r  t h e  mi ds pa n
d i s p l a c e m e n t  and f i x e d  end moment  i n  t h e  v i c i n i t y  o f  t h e
f i r s t  r e s o n a n t  f r e q u e n c y  and f o r  a s t r u c t u r a l  dampi ng  v a l u e
o f  0 . 0 2 .  In t h i s  f i g u r e  t h e  t erm e i s  t h e  f r e q u e n c y  r a t i o
n
wh i c h  r e p r e s e n t s  t h e  r a t i o  o f  t h e  a p p l i e d  f r e q u e n c y  x t o  
t h e  n - t h  n a t u r a l  f r e q u e n c y  '
As m e n t i o n e d  in s e c t i o n  ( 3 . 3 . c )  t h e  c o n t o u r  wa r p i n g  f o r
t h i n  r e c t a n g u l a r  s e c t i o n  i s  z e r o ,  and t h e  s e c o n d a r y  wa r p i n g
i s  t h e  o n l y  c o n t r i b u t o r  i n t h e  wa r p i n g  c o n s t a n t  v a l u e .  I t
i s  n o t i c e d  from t a b l e  ( 5 - 1 )  t h a t  t h e  f o u r t h  mode o f
v i b r a t i o n  i s  t h e  mode where  t h e  d i f f e r e n c e s  b e t w e e n  t h e
d i f f e r e n t  t y p e  o f  a n a l y s e s  a r e  v e r y  s m a l l .  T h i s  mode
a c c o r d i n g  to  F i g . ( 5 - 7 )  i s  a t o r s i o n a l  mode .  The s t a t i c
v a l u e s  f o r  t h e  mi d s p a n  t o r s i o n a l  a n g l e  $ and t h e  f i x e d  end
wa r p i n g  moment  were  o b t a i n e d  u s i n g  t h e  f i n i t e  e l e m e n t
program TINWAL; and t h e y  a r e  « s t =  0 0 0 2 9 2 3  r a d i a n s  and
2
Mn s t  = 6 2 8 .  369 in . l b s .  F i g . ( 5 - 1 2 )  shows  t h e  v a r i a t i o n  o f  
t h e  d y n a mi c  m a g n i f i c a t i o n  f a c t o r  i n t h e  n e i g h b o r h o o d  o f  t h i s  
t o r s i o n a l  mode o f  v i b r a t i o n  f o r  dampi ng  f a c t o r s  o f  0 . 0 1  and 
0 . 0 2 .  U n l i k e  t h e  f i r s t  mode ,  t h e  a s s u m p t i o n  o f  z e r o  
t a n g e n t i a l  s h e l l  s t r e s s e s  h a s  s i g n i f i c a n t  e f f e c t  on t h e  
d i a m e t e r s  o f  t h e  c i r c l e s .
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DYNAMIC MAGNIFICATION FACTOR OF MID-SPAN 
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5 . 3  A C a n t i l e v  e r e d  Channe l
The c a n t i l e v e r e d  c h a n n e l  shown i n F i g . ( 5 - 1 3 )  i s  now 
c o n s i d e r e d .  The t h i c k n e s s  o f  t h e  web and f l a n g e s  i s  t h e  
same and e q u a l s  t o  0 . 0 2 5  i n .  The d e p t h  o f  t h e  web i s  
0 . 5  i n .  and t h e  w i d t h  o f  t h e  f l a n g e s  i s  0 . 7 5  i n .  . S i n c e  t h e  
t h i c k n e s s  i s  v e r y  s m a l l ,  t h e  s e c o n d a r y  w a r p i n g  e f f e c t  can be  
n e g l e c t e d .  The c r o s s  s e c t i o n a l  p r o p e r t i e s  a r e  c a l c u l a t e d  a s  
e x p l a i n e d  in s e c t i o n  ( 3 . 3 . e )  and a r e  shown i n t h e  same  
f i g u r e .  The c h a n n e l  i s  a s sumed t o  be  made o f  an al umi num 
a l l o y .  The m a t e r i a l  p r o p e r t i e s  a r e  a l s o  s hown.
The f i r s t  t h r e e  n a t u r a l  f r e q u e n c i e s  can be  o b s e r v e d  i n
F i g . ( 5 - 1 4 ) ,  w h i c h  a l s o  shows  t h a t  t h e  a s s u m p t i o n  o f  z e r o  
t a n g e n t i a l  s h e l l  s t r e s s e s  l e a d s  t o  l o w e r  n a t u r a l  f r e q u e n c y  
v a l u e s .  Mei [ 1 6 ]  r e p o r t e d  e x p e r i m e n t a l  as  w e l l  as  f i n i t e  
e l e m e n t  a n a l y s i s  f o r  t h e  f i r s t  n a t u r a l  f r e q u e n c y .  D i f f e r e n t  
v a l u e s  o f  n a t u r a l  f r e q u e n c i e s  a r e  g i v e n  i n t a b l e  ( 5 - 2 ) .  The 
e i g h t  noded s h e l l  e l e m e n t  o f  PAFEC 75 and t h e  t h i n - w a l l e d  
beam e l e m e n t  o f  TINWAL we r e  a l s o  us e d  in o b t a i n i n g  t h e  
n a t u r a l  f r e q u e n c i e s  and t h e  r e s u l t s  a r e  shown i n t h e  same  
t a b l e .  The a s s u m p t i o n  o f  z e r o  t a n g e n t i a l  s h e l l  s t r e s s e s  
l e a d s  t o  a l m o s t  i d e n t i c a l  r e s u l t s  a s  t h o s e  o b t a i n e d  u s i n g  
t h e  s h e l l  e l e m e n t s  o f  PAFEC 75 .  T h i s  a s s u m p t i o n  a l s o  g i v e s  
a v a l u e  2.9% h i g h e r  t h a n  t h e  e x p e r i m e n t a l  v a l u e  o b t a i n e d  by  
Mei [ 1 6 ]  f o r  t h e  f i r s t  mode .  As f o r  t h e  c a s e  when t h e
a s s u m p t i o n  i s  n o t  made ,  t h e  r e s u l t  i s  6.5% h i g h e r .
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iTABLE 5-2
COMPARISON BETWEEN VALUES OF NATURAL FREQUENCIES 
OBTAINED BY DIFFERENT ANALYSIS FOR A CANTILEVERED CHANNEL
Mode
P r e s e n t  Work 
(TNWLBM)
PAFEC 75
( S i x t y  
S h e l l  
El e me n t s )
TINWAL 
( S i x  
Th i n  
Wal l ed  
Be am 
E l e m e n t s )
Mei [ 1 6 ]
E=Er / ( 1 - v 2) e\ er E x p e r i m e n t a l F i n i t e  
El ement
1 13.  23 12.  78 12.  80 12.  78 12.  42 12.  63
2 18.  55 17.  60 17.  64 1 7 . 6 0 - -
3 46 .  01 Mil. 55 44.  68 44.  56 - -
* V a l u e s  o f  n a t u r a l  f r e q u e n c i e s  i n  Hz.
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The i n p u t  f i n i t e  e l e m e n t  mesh f o r  PAFEC 75 i s  shown i n  
F i g . ( 5 - 1 5 ) ,  w h i l e  t h e  o u t p u t  modes  o f  v i b r a t i o n  a r e  shown i n  
F i g s . ( 5 - 1 6 ) ,  ( 5 - 1 7 ) ,  and ( 5 - 1 8 ) .  The s e  f i g u r e s  show t h a t  
t h e  f i r s t  and t h i r d  modes  [ F i g s . ( 5 - 1 6 )  and ( 5 - 1 8 )  ] a r e  
c o u p l e d  t o r s i o n a l  and f l e x u r a l  m o d e s ,  w h i l e  t h e  s e c o n d  mode  
[ F i g . ( 5 - 1 7 )  ] i s  a pur e  f l e x u r a l  o n e .
The damped r e s p o n s e  o f  t h i s  beam to t h e  e d g e  l o a d  shown
i n F i g . ( 5 - 1 3 )  i s  now c o n s i d e r e d .  A c c o r d i n g  t o  E q s . ( 1 1 - 4 4 )
and ( 1 1 - 4 6 ) ,  t h i s  l o a d  p r o d u c e s  two beam e x t e r n a l
i  X fcd i s t r i b u t e d  l o a d s ,  n a m e l y ;  V^g = 0 . 0 1 e  ( l b s / i n )  and
Tg = - 0 .  0025e^  ^ ( l b s . i n / i n ) .  A p o l a r  p l o t  o f  t h e  v e r t i c a l  
d i s p l a c e m e n t  f o r  t h e  f i r s t  and t h i r d  modes  i s  shown i n  
F i g . ( 5 - 1 9 ) .  Two s t r u c t u r a l  dampi ng  f a c t o r s  ( 0 . 0 1  and 0 . 0 2  ) 
ar e  u s e d .  I t  i s  w o r t h  m e n t i o n i n g  h e r e  t h a t  i f  t h i s  e d g e
l o a d  i s  a p p l i e d  s t a t i c a l l y  no v e r t i c a l  d i s p l a c e m e n t  w i l l  
o c c u r  s i n c e  c o u p l i n g  i s  o n l y  p r o duc e d  i n  dy n a mi c
l o a d i n g .  Th i s  i s  b e c a u s e  t h e  l i n e  o f ,  a p p l i c a t i o n  o f  t h e  
v e r t i c a l  i n e r t i a  f o r c e s  i s  t h e  c e n t r o i d a l  a x i s  and n o t  t h e  
p o l a r  o n e .
The v a r i a t i o n  o f  t h e  r e a l  p a r t  o f  t h e  f i x e d  end w a r p i n g  
moment w i t h  t h e  f o r c i n g  f r e q u e n c y  around t h e  f i r s t  mode
o f  v i b r a t i o n  i s  shown i n F i g . ( 5 - 2 0 ) .  The v a r i a t i o n  o f  t h e
p h a s e  a n g l e  f o r  t h i s  w a r p i n g  moment i s  a l s o  shown.  One can
n o t i c e  i n t h i s  f i g u r e  t h a t  t h e  c u r v e s  o f  t h e  moments  and 
p h a s e  a n g l e s  f o r  n = 0 . 0 1  and n = 0 . 0 2  i n t e r s e c t  a t  t h e
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v a l u e  o f  t h e  n a t u r a l  f r e q u e n c y .  At t h i s  i n t e r s e c t i o n ,  t h e  
r e a l  p a r t  o f  t h e  moment  l e a d s  t h e  i m a g i n a r y  o n e  by  a 90° 
a n g l e .
5 . 4  A F i x  ed- F i x  ed A n t i s y m m e t r i c  Chann e l  Beam
The a n t i s y m m e t r i c  c h a n n e l  s e c t i o n ,  who s e  c r o s s
s e c t i o n a l  p r o p e r t i e s  were p r e s e n t e d  i n  s e c t i o n  ( 3 . 3 . g ) »  i s
now c o n s i d e r e d .  A f i x e d - f i x e d  beam i s  a s sumed to  ha v e  t h e
same c r o s s  s e c t i o n  and a 100 i n .  l e n g t h  i s  shown i n
F i g . ( 5 - 2 1 ) .  The d i r e c t i o n s  o f  t h e  p r i n c i p a l  a x e s  ( X , Y )  are
c a l c u l a t e d  u s i n g  E q . ( 3 - 1 0 ) .  Then E q s . ( 3 - 1 1 )  and ( 3 - 1 2 )  a r e
used t o  o b t a i n  t h e  p r i n c i p a l  moments  o f  i n e r t i a .  The
c o o r d i n a t e s  o f  t h e  s h e a r  c e n t e r  w i t h  r e s p e c t  to  t h e
c e n t r o i d a l  a x e s  ( x  , y ) ,  w h i c h  were  o b t a i n e d  inp c p w pep
s e c t i o n  ( 3 . 3 . g ) »  a r e  u s e d  i n  o b t a i n i n g  t h e  c o o r d i n a t e s  o f
t h i s  c e n t e r  w i t h  r e s p e c t  t o  t h e  p r i n c i p a l
a x e s  (Xd d , Y Dn ) .  The beam i s  a s sumed t o  be  made o f  s t e e l
r r r r
wi t h  t h e  p r o p e r t i e s  shown i n t h e  same f i g u r e .
The beam i s  s u b j e c t e d  to  a h a r m o n i c a l l y  c o n c e n t r a t e d
cl o a d  (P ) at  mi d s p a n  whi c h  a c t s  v e r t i c a l l y  a l o n g  t h e
c e n t e r l i n e  o f  t h e  web as  shown.  T h i s  l o a d  can be r e s o l v e d
i n t o  two c o n c e n t r a t e d  j u n c t i o n  l o a d s  T° and T° . The s eX Y
j u n c t i o n  s h e l l  l o a d s  w i l l  produce ,  t h r e e  c o n c e n t r a t e d  beam 
l o a d s  a c c o r d i n g  to E q s . ( 1 1 - 4 4 ) ,  ( 1 1 - 4 5 ) ,  and ( 1 1 - 4 6 ) .  The 
beam l o a d s  c a l c u l a t e d  a r e ;  Vy„ = - 1 1 . 1 9 e l ^t  ( l b s ) ,
W ~
W- CONSTANT 
2  OJ5 in
Jt— ^  ■:—H
U -4 iz -
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V° = - 9 9 .  3 7 e l X t  ( l b s ) ,  and = - 6 9 . 7 e i x t  ( i n . l b s ) .  TheYE E
d e t e r m i n a n t  o f  t h e  s t i f f n e s s  m a t r i x  i s  p l o t t e d  i n F i g . ( 5 - 2 2 )  
a g a i n s t  t h e  f o r c i n g  f r e q u e n c y  f o r  t h e  c a s e s  o f  z e r o  and
n o n - z e r o  s h e l l  t a n g e n t i a l  s t r e s s e s .  The n a t u r a l  f r e q u e n c i e s  
f o r  b o t h  c a s e s  a r e  a l s o  s p o t t e d .  T h i s  a s s u m p t i o n  l e a d s  t o  
n a t u r a l  f r e q u e n c i e s  3.4%,  4 . 1%,  and 3.8% l o w e r  f o r  t h e  f i r s t
t h r e e  m o d e s ,  r e s p e c t i v e l y .
F i n i t e  e l e m e n t  a n a l y s i s  f o r  t h e  n a t u r a l  f r e q u e n c i e s  
u s i n g  PAFEC 75 and TINWAL was al-so  p e r f o r m e d .  Ten
t h i n - w a l l e d  beam e l e m e n t s  were  use d  f o r  t h e  c a s e  o f  TINWAL 
and t h e  r e s u l t s  a r e  a l m o s t  i d e n t i c a l  w i t h  t h o s e  o b t a i n e d  
u s i n g  TNWLBM when E = ER a s  shown i n  t a b l e  ( 5 - 3 ) .  The i n p u t
f i n i t e  e l e m e n t  mesh f o r  PAFEC 75 i s  shown i n
F i g . ( 5 - 2 3 ) .  The o u t p u t  o f  t h e  f i r s t  t h r e e  modes  a r e  shown 
i n  F i g s . ( 5 - 2 4 ) ,  ( 5 - 2 5 ) ,  and ( 5 - 2 6 ) .  The v a l u e s  o f  t h e
n a t u r a l  f r e q u e n c i e s  o b t a i n e d  by PAFEC a r e  4%, 2%, and 4.7% 
l o w e r  t h a n  t h e  v a l u e s  o b t a i n e d  by TNWLBM when E = ER f o r  t h e  
f i r s t ,  s e c o n d ,  and t h i r d  m o d e s ,  r e s p e c t i v e l y .  The s e  v a l u e s  
o b t a i n e d  by PAFEC a r e  7.5%,  6 . 2%,  and 8.6% l o w e r  t h a n  t h e
v a l u e s  o b t a i n e d  when E = E j / ( 1 - v ^  ) .  In o t h e r  w o r d s ,  t h e  
a s s u m p t i o n  o f  z e r o  t a n g e n t i a l  s h e l l  s t r e s s e s  l e a d s  to
n a t u r a l  f r e q u e n c y  v a l u e s  c l o s e r  t o  t h o s e  o b t a i n e d  u s i n g
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T A B L E  5 - 3
COMPARISON BETWEEN VALUES OF NATURAL FREQUENCIES
OBTAINED BY DIFFERENT ANALYSIS FOR A FIXED-FIXED
ANTISYMMETRIC CHANNEL BEAM
Mode
P r e s e n t  Work 
(TNWLBM)
PAFEC 75
( T h i r t y  
S h e l l  
El em en t  s )
TINWAL 
(Ten 
Thi n  
Wal l e d  
Be am 
El e m e n t s )
E=ER / ( 1 -  v2) e~=er
1 56 .  34 54 .  49 52 .  41 54 .  47
2 98 .  32 94 . 44 92.  55 94 .  44
3 1 42.  0 136.  8 130.  7 136.  8
* V a l u e s  o f  n a t u r a l  f r e q u e n c i e s  i n  Hz.
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The dynami c  r e s p o n s e  o f  t h i s  beam i s  c o n s i d e r e d  f o r  two 
dampi ng  f a c t o r s  o f  0 . 0 1  and 0 . 0 2 .  In o r d e r  t o  o b t a i n  t h e  
dy na mi c  m a g n i f i c a t i o n  f a c t o r ,  t h e  beam was a n a l y s e d  f o r  t h e  
s t a t i c  c a s e  u s i n g  t h e  program TINWAL. The mi ds pa n  
d i s p l a c e m e n t s  U and $ as  w e l l  as  t h e  f i x e d  end t o r q u e  were  
o b t a i n e d  and t h e y  were f ound e q u a l  t o  - 0 . 0 0 0 2 8 8 6  i n . ,  
- 0 .  0 0 0 0 8 8 9 5  rad. . ,  and 3 4 . 8 5  i n . l b s . ,  r e s p e c t i v e l y .  The 
v a l u e  o f  U i s  i d e n t i c a l  w i t h  t h e  v a l u e  o b t a i n e d  u s i n g  t h e  
f o l l o w i n g  f o r m u l a  from any s t r u c t u r a l  ha ndbo o k:
U = VXE 1,3 / ( 1 9 2 E  I y y )
A l s o ,  t h e  s t a t i c  f i x e d  end t o r q u e  e q u a l s  t o  Tc/ 2 .E
The p o l a r  p l o t s  f o r  t h e  d y n a mi c  m a g n i f i c a t i o n  f a c t o r  o f  
U a r e  shown in F i g .  ( 5 - 2 7 ) .  In t h i s  f i g u r e  t h e  d i f f e r e n c e  
b e t w e e n  p h a s e  r e s o n a n c e  and a m p l i t u d e  r e s o n a n c e  i s  e v i d e n t  
f o r  t h e  f i r s t  mode .  The c e n t e r s  o f  t h e  c i r c l e s  f o r  o t h e r  
p o l a r  p l o t s  o b t a i n e d  b e f o r e ,  a l m o s t  l i e  on t h e  i m a g i n a r y  
v e r t i c a l  a x i s .  A l s o ,  t h e  m a g n i f i c a t i o n  f a c t o r  i n t h e  
n e i g h b o r  o f  t h e  s e c o n d  mode i s  l a r g e r  t h a n  t h i s  f a c t o r  n e a r  
t h e  f i r s t  mode .  T h i s  i s  a l s o  t r u e  f o r  t h e  dy na mi c  
m a g n i f i c a t i o n  f a c t o r  o f  mi d s p a n  a n g l e  o f  t w i s t  whi c h  i s  
shown i n F i g . ( 5 - 2 8 ) .  A l t h o u g h  t h e  maximum m a g n i f i c a t i o n  
f a c t o r  o f  U i s  a l m o s t  t w i c e  t h e  m a g n i f i c a t i o n  f a c t o r  o f  $ 
i n  t h e  v i c i n i t y  o f  t h e  s e c o n d  mode ,  o n e  f i n d s  t h a t  n e a r  t h e
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FIG. ( 5 - 2 7 )
DYNAMIC MAGNIFICATION FACTOR OF MIDSPAN 
DISPLACEM ENT ALONG T H E  X -  AXIS FOR FIXED -  F IXED
A N TIS Y M M E TR IC  C H A N N E L BEAM
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FIG. ( 5 - 2 8 )
DYNAMIC MAGNIFICATION FACTOR OF MIDSPAN 
A N G LE OF T W IS T  FOR F I X E D - F I X E D  A N T IS Y M M E T R IC
CHANNEL BEAM
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f i r s t  mode t h e  v a l u e s  o f  t h e s e  m a g n i f i c a t i o n  f a c t o r s  a r e  
w i t h i n  t h e  same o r d e r  b u t  w i t h  d i f f e r e n t  s i g n s .
The p o l a r  p l o t s  o f  t h e  m a g n i f i c a t i o n  f a c t o r s  o f  t h e  
f i x e d  end t o r q u e  a r e  shown in F i g . ( 5 - 2 9 ) .  Th i s  p l o t  i s  
i d e n t i c a l  in s hape  t o  t h e  p l o t  o f  t h e  a n g l e  o f  t w i s t  i n  
F i g . ( 5 - 2 8 ) ,  but  t h e  v a l u e s  o f  t h e  m a g n i f i c a t i o n  f a c t o r  in  
t h i s  c a s e  i s  a b o u t  40% h i g h e r .  The e f f e c t  o f  t h e  dampi ng  
f a c t o r  oh t h e  m a g n i f i c a t i o n  f a c t o r  i s  a l s o  o b v i o u s  i n t h e s e  
f i g u r e s .
5 . 5  A Can t i l  ev er ed Ci r c  ul  ar Arc
The p r i n c i p a l  c r o s s  s e c t i o n a l  p r o p e r t i e s  o f  c i r c u l a r  
a r c s  were  p r e s e n t e d  i n s e c t i o n  ( 3 . 3 . b ) .  Tso [253 p r e s e n t e d  
e x p e r i m e n t a l  as  w e l l  as  a n a l y t i c a l  i n v e s t i g a t i o n s  f o r  t h e  
n a t u r a l  f r e q u e n c i e s  o f  s u c h  s e c t i o n s .  Hi s  e x p e r i m e n t a l  work 
i n c l u d e d  t e s t i n g  c a n t i l e v e r  beams  w i t h  d i f f e r e n t  l e n g t h s  f o r  
two d i f f e r e n t  s e c t i o n s .  One s e c t i o n  i s  h a l f  a c i r c l e  w h i l e  
t h e  o t h e r  has  a c e n t r a l  a n g l e  o f  270 ° .  Hi s  a n a l y t i c a l  
s o l u t i o n  i n c l u d e d  . t h e  e f f e c t  o f  s h e a r  s t r a i n s .  F i g . ( 5 - 3 0 )  
i s  an e n l a r g e m e n t  o f  o ne  o f  t h e  c u r v e s  p r o v i d e d  by Tso f o r  
t h e  h a l f  c i r c l e  shown.  The h o r i z o n t a l  d i s p l a c e m e n t  (U) and 
t h e  l o n g i t u d i n a l  o ne  (W) are  r e s t r a i n e d .  The c r o s s  
s e c t i o n a l  p r o p e r t i e s  a r e  c a l c u l a t e d  as  p r e s e n t e d  in  
s e c t i o n  ( 3 . 3 . b )  and a r e  a l s o  shown in
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FIG. ( 5 - 2 9 )
DYNAMIC MAGNIFICATION FACTOR OF FIXED-END  
TORQUE FOR FIXED-FIXED ANTISYMMETRIC 
CHANNEL BEAM
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COMPARISON BETWEEN 
PRESENT ANALYSIS AND 
THE EXPERIMENTAL AS -  
WELL AS THE ANALYTICAL 
WORK OF Tso [25] FOR 
COUPLED VIBRATION OF 
HALF CIRCULAR ARC
O-OZ. 0 . 0 3 0 - 0 4 0.0*6
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TABLE 5- 4
NATURAL FREQUENCIES FOR A CANTILEVERED
HALF CIRCULAR ARC
X X V 1
Mode X.
0 .  01 0.  02 0.  03
=TO•O
1 13.  49 35.  52 60 .  42 88.  24
2 2 7 .  60 9 1 . 9 7 1 9 8 . 5 3 3 7 . 2
3 52 .  80 128 .  6 2 2 9 . 4 368 .  3
4 9 3 . 7 9 2 5 3 .  6 4 9 2 .  4 8 1 8 .  9
5 143 .  9 4 3 3 .  9 8 9 0 .  6 1 524
6 1 5 1 . 2 5 5 7 .  1 1 227 2139
* E = Er /  ( 1 -  v2)
* V a l u e s  o f  n a t u r a l  f r e q u e n c i e s  i n  Hz.
I M M M M H M M M M H M a M M M M M M W M W W W M M W H B H ii— — — B — w m m m
T^ = lO e‘U  U b»} E-r = 5OH\OfeCP^'0 Gr = U 3  * lOfc(p-*»0 
P  = 0 -7 B 4  * \ 0  3 C \bs. sec’/in*) *1 - O-OiS
A = 10.472 in2 I * *  * 9 0 SI in* J  = 2>.49l in4
X p p =  - 0 .7 0 3 in  j X^n. = 9.SBI in4* j «} - 0 .2 4a \r». ( Pr e&emt Work,") 
Xpp~ - 0 .7 Z a in  , X s \ .4 0 4 in & s j  * 0 .2 6  in (T'^cs^m&nko)
X p p  -  0 .7 0 5  in
Xc = 9 .551 'm
FIG. 5-31  
A CANT I LEVERED CIRCULAR ARC
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when t h e  e f f e c t  o f  s h e l l  c u r v a t u r e  and s e c o n d a r y  w a r p i n g  i s  
i n c l u d e d ,  w h i l e  t h e  l a t t e r  i s  t h i s  c o n s t a n t  when t h i s  e f f e c t  
i s  n e g l e c t e d .
The beam i s  a s s ume d to be  s u b j e c t e d  t o  a c o n c e n t r a t e d  
<2
l o a d  (Ty)  a c t i n g  v e r t i c a l l y  a t  t h e  i n t e r s e c t i o n  o f  t h e  a x i s
o f  s y mme t r y  w i t h  t h e  c o n t o u r .  T h e r e f o r e ,  t h i s  p o i n t  w i l l  be
c o n s i d e r e d  a j u n c t i o n .  I f  t h e  d i s t a n c e  b e t w e e n  t h i s  p o i n t
and t h e  s h e a r  c e n t e r  i s  ’ j ’ , t h e n  t h i s  l o a d  p r o d u c e s  two
beam e x t e r n a l  c o n c e n t r a t e d  l o a d s ,  n a m e l y ;  Vc = T*5 and
YE Y
= j . T^ a c c o r d i n g  to  E q s . ( 1 1 - 4 5 )  and ( 1 1 - 4 6 ) .
The f i r s t  two n a t u r a l  f r e q u e n c i e s  were  o b t a i n e d .  For 
t h e  c a s e  where  s e c o n d a r y  w a r p i n g  and c u r v a t u r e  e f f e c t  was  
i n c l u d e d  t h e s e  n a t u r a l  f r e q u e n c i e s  were found e q u a l  to  
3 . 9 8  Hz.  and 6 2 . 8 2  Hz.  As f o r  t h e  c a s e  when t h i s  e f f e c t  
was n e g l e c t e d ,  t h e y  were  3 2 . 9  Hz.  and 6 2 . 3 5  Hz.  Th i s  s hows  
t h a t  t h e  e f f e c t  on t h e  v a l u e s  o f  n a t u r a l  f r e q u e n c i e s  i s
a l m o s t  n e g l i g i b l e .  However t h i s  i s  n o t  t h e  c a s e  f o r  t h e  
f o r c e d  r e s p o n s e .  As shown i n F i g s . ( 5 - 3 2 )  and ( 5 - 3 3 )  t he
e f f e c t  on t h e  s l o p e  o f  a n g l e  o f  t w i s t  $ •* a t  t h e  f r e e  end and 
t h e  f i x e d  end wa r p i n g  moment  i s  g r e a t .  The maximum
a m p l i t u d e s  o f  $" and a r e  more t h a n  d o u b l e d  when t h i s  
e f f e c t  i s  i n c l u d e d .
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EFFECT OF SECONDARY WARPING AND S H E L L  CURVATURE ON 
F IX E D -E N D  WARPING MOMENT FOR A CANTILEVERED CIRCULAR ARC
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The d i f f e r e n c e  b e t w e e n  p h a s e  r e s o n a n c e  and a m p l i t u d e  
r e s o n a n c e  i s  e v i d e n t  f o r  t h e  s l o p e  o f  t h e  a n g l e  o f  t w i s t  in  
F i g . ( 5 - 3 2 )  w h i l e  i t  i s  n e g l i g i b l e  f o r  t h e  f i x e d  end wa r p i n g  
moment  in F i g . ( 5 - 3 3 ) .
5 . 6  A C o n t i n u o u s  Cr an e Gird er
The f i n a l  e x a mp l e  t o  be  p r e s e n t e d  h e r e  i s  t h e  
c o n t i n u o u s  c r a n e  g i r d e r  shown in F i g . ( 5 - 3 4 ) .  Crane  g i r d e r s  
may be s i m p l e - s p a n  or  c o n t i n u o u s .  C o n t i n u i t y  i s  g e n e r a l l y  
d e s i r a b l e  t o  d e c r e a s e  d e f l e c t i o n ,  and f o r  economy in s t e e l  
w e i g h t  o r  t o  d e c r e a s e  g i r d e r  dept .h where  headroom under  t h e  
g i r d e r  may be  c r i t i c a l .  Crane  g i r d e r s  a r e  s u b j e c t e d  to  
t r a n s v e r s e  and l a t e r a l  dynami c  l o a d s  due t o  t h e  movement  o f  
t h e  c r a n e .  In t h i s  e x a m p l e ,  t h e  c o u p l e d  l a t e r a l  and 
t o r s i o n a l  v i b r a t i o n s  o f  a t h r e e  span g i r d e r  a r e  
c o n s i d e r e d .  T h e r e f o r e ,  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  
d i s p l a c e m e n t s  ( W and V ) are  as sumed r e s t r a i n e d .
The beam i s  60 f t .  l o n g  and i s  s u p p o r t e d  by f o u r  
s i m p l e  s u p p o r t s .  The s e  s u p p o r t s  o n l y  r e s t r a i n  t h e  l a t e r a l  
d i s p l a c e m e n t  U and t h e  a n g l e  o f  t w i s t  $ , and l e a v i n g  t h e
r e m a i n i n g  two d e g r e e s  o f  f r e e d o m ( U" and ) f r e e .  The 
c r o s s  s e c t i o n a l  p r o p e r t i e s  o f  t h e  beam were p r e s e n t e d  in 
s e c t i o n  ( 3 . 3 . h ) .  Th e s e  p r o p e r t i e s  a s  w e l l  as  t h e  m a t e r i a l  
p r o p e r t i e s  a r e  o u t l i n e d  in F i g . ( 5 - 3 4 ) .
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CONTINUOUS CRANE GIRDER
A l a t e r a l  j u n c t i o n  c o n c e n t r a t e d  l o a d  i s  a s sumed a c t i n g
a l o n g  t h e  web o f  t h e  t o p  c h a n n e l  and a t  t h e  m i d d l e  o f  t h e
f i r s t  span as  s h o w n .  T h i s  l o a d  p r o d u c e s  two c o n c e n t r a t e d
beam l o a d s ;  n a me l y  = ~ 1 0 0 0 e l ^t  ( l b s )  andX E
T° = 2 4 3 0 e i ^t  ( i n . l b s )  a c c o r d i n g  to  E q s . ( I I —4 4 )  and E
( 1 1 - 4 6 ) .  The program TNWLBM was us e d  i n  o b t a i n i n g  t h e  f i r s t  
f our  n a t u r a l  f r e q u e n c i e s  and t h e y  were  found to  be  1 4 . 5 7 ,  
1 8 . 1 7 ,  2 5 . 8 3 ,  and 2 9 . 4 6 .  The a s s u m p t i o n  o f  z e r o  t a n g e n t i a l
s h e l l  s t r e s s e s  was a d o p t e d  in t h i s  p r o b l e m .  A l s o ,  t h e  
program TINWAL was use d  in t h e  s t a t i c  a n a l y s i s  o f  t h i s  
g i r  d er .
The damped r e s p o n s e  o f  t h e  c r a n e  g i r d e r  i s  
c o n s i d e r e d .  A s t r u c t u r a l  dampi ng  f a c t o r  e q u a l s  t o  0 . 0 1 5  i s  
a s s i g n e d .  The r e a l  p a r t  o f  t h e  m a g n i f i c a t i o n  f a c t o r  f o r  t h e  
r e a c t i o n  t o r q u e  a t  t h e  f i r s t  s u p p o r t  i s  p l o t t e d  in 
F i g . ( 5 - 3 5 )  a g a i n s t  a f o r c i n g  f r e q u e n c y  r a n g e  w h i c h  c o v e r s  
t h e  f i r s t  f o u r  n a t u r a l  mo d e s .  Al s o  t h e  p h a s e  a n g l e  f o r  t h i s  
t o r q u e  i s  p l o t t e d  on t h e  same g r a p h .  I t  can be  n o t i c e d  t h a t  
a t  t h e  f i r s t ,  s e c o n d ,  and f o u r t h  modes  t h e  m a g n i f i c a t i o n  
f a c t o r  c h a n g e s  s i g n s ,  w h i l e  a maximum i s  o b s e r v e d  a t  t h e
O
t h i r d  mode.  Al s o  t h e  p h a s e  a n g l e  e q u a l s  270 a t  t h e  f i r s t
o
t h r e e  modes  and 90 a t  t h e  f o u r t h  o n e .  The a b s o l u t e  maximum 
v a l u e  o f  t h i s  m a g n i f i c a t i o n  f a c t o r  i s  about  50 and i t  o c c u r s  
near t h e  f o u r t h  mode .
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MAGNIFICATION FACTOR FOR REAL PART OF FIRST SUPPORT TORQUE AND ITS  PHASE ANGLE 
VERSUS FREQUENCY FOR A CONTINUOUS CRANE GIRDER
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The m a g n i f i c a t i o n  f a c t o r s  o f  t h e  d i s p l a c e m e n t s  U and $ 
a t  t h e  p o i n t  o f  l o a d  a p p l i c a t i o n  are  p r e s e n t e d  i n  
F i g s . ( 5 - 3 6 )  and ( 5 - 3 7 ) .  Thes e  f i g u r e s  show t h a t  t h i s  f a c t o r  
i s  much l a r g e r  f o r  t h e  c a s e  o f  a n g l e  o f  t w i s t .  They a l s o  
i n d i c a t e  t h a t  t h e  f o u r t h  mode g i v e s  h i g h e r  v a l u e s  o f  
m a g n i f i c a t i o n  f o r  b o t h  t h e  d i s p l a c e m e n t  and a n g l e  o f  
t w i s t .  The i m a g i n a r y  p a r t  o f  t h e  m a g n i f i c a t i o n  f a c t o r  has  
t h e  same s i g n  ne a r  t h e  f o u r t h  mode f o r  b o t h  t h e  d i s p l a c e m e n t  
and a n g l e  o f  t w i s t  and d i f f e r e n t  s i g n s  i n t h e  v i c i n i t y  o f  
t h e  f i r s t  and s e c o n d  mo d e s .
The dynami c  m a g n i f i c a t i o n  f a c t o r s  f o r  t h e  wa r p i n g  and 
l a t e r a l  b e n d i n g  moment s  ar e  shown i n F i g . ( 5 - 3 8 ) .  S i n c e  t h e  
m a g n i f i c a t i o n  o f  a n g l e  o f  t w i s t  i s  g e n e r a l l y  l a r g e r  t han t h e  
magni  f  i c a t  i o n - o f  d i s p l a c e m e n t ,  t h e  m a g n i f i c a t i o n  f o r  w a r p i n g  
in t h i s  c a s e  i s  g r e a t e r  t han  b e n d i n g .  In t h e  v i c i n i t y  o f  
t h e  t h i r d  mode t h e  m a g n i f i c a t i o n  o f  d i s p l a c e m e n t s  as  w e l l  as  
s t r e s s  r e s u l t a n t s  a t  t h e  p o i n t  o f  l o a d  a p p l i c a n t i o n  i s  
i n s i g n i f i c a n t .  Ho we v e r ,  t h e  m a g n i f i c a t i o n  o f  t h e  wa r p i n g  
moment  around t h i s  mode a t  t h e  s e c o n d  s u p p o r t  i s  n o t i c a b l e  
a s  shown.  A maximum v a l u e  o f  a bout  32 i s  o b s e r v e d  f o r  t h i s  
wa r p i n g  moment .  F i n a l l y ,  f o r  o t h e r  s t r e s s  r e s u l t a n t s  a t  t h e  
p o i n t  o f  l o a d  a p p l i c a t i o n ,  t h e  f o u r t h  mode i s  t h e  one  where  







F I G . ( 5 - 3 6 )
DYNAMIC MAGNIFICATION FACTOR FOR DISPLACEMENT 
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DYNAMIC MAGNIFICATION FACTOR FOR ANGLE 
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DYNAMIC MAGNIFICATION FACTOR FOR DIFFERENT STRESS RESULTANTS
OF A CONTINUOUS CRANE GIRDER
C H A P T E R  6
SUMMARY AND CONCLUSIONS
A g e n e r a l  a p p r o a c h  i n  f o r m u l a t i n g  t h e  dy na mi c  
e q u i l i b r i u m  e q u a t i o n s  f o r  t h i n - w a l l e d  beams  o f  open c r o s s  
s e c t i o n  has  be e n  p r e s e n t e d .  A r b i t r a r y  c o o r d i n a t e  s y s t e m s
and t h e  e x a c t  s t r e s s  r e s u l t a n t - d i s p l a c e m e n t  r e l a t i o n  o f  t h e  
b e n d i n g  t h e o r y  o f  c y l i n d r i c a l  s h e l l s  h a v e  be e n  us e d  i n t h i s  
a p p r o a c h .  The s h e l l  c u r v a t u r e ,  s e c o n d a r y  w a r p i n g ,  and 
r o t a r y  i n e r t i a  e f f e c t s  a r i s e  n a t u r a l l y  i n  t h i s  f o r m u l a t i o n .
S i m p l i f i c a t i o n  o f  t h e  dynami c  e q u i l i b r i u m  e q u a t i o n s  by 
u t i l i z i n g  p r i n c i p a l  c o o r d i n a t e  s ys t e r ns  was made .  Ex a mp i e s  
o f  d e t e r m i n i n g  t h e  p r i n c i p a l  c r o s s  s e c t i o n a l  p r o p e r t i e s  ha v e  
been g i v e n .  The e f f e c t  o f  s e c o n d a r y  w a r p i n g  on t h e  wa r p i n g  
c o n s t a n t  was s t u d i e d  and i t  was shown t h a t ,  f o r  some c a s e s ,  
t h i s  e f f e c t  c a n n o t  be  n e g l e c t e d .
The s t r u c t u r a l  dampi ng  e f f e c t  was i mp o s e d  on t h e  
e q u i l i b r i u m  e q u a t i o n s  by i n t r o d u c i n g  t h e  m o d u l u s  o f
e l a s t i c i t y  and t h e  s h e a r  mo dul us  i n  c o mp l e x  
f o r ms .  N u me r i c a l  s o l u t i o n  s t e p s  b a s e d  on dy na mi c  d i r e c t  
s t i f f n e s s  a p p r o a c h  f o r  t h e  c o mp l e x  f r e q u e n c y  r e s p o n s e  were
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o u t l i n e d  and a c o m p u t e r  program to p e r f o r m t h e s e  s t e p s  was  
w r i t t e n .  The c a s e s  when a x e s  o f  s y mme t r y  are  p r e s e n t ,  were  
a c c o u n t e d  f o r  i n t h i s  p r o g r a m.  N u me r i c a l  e x a m p l e s  f o r  b o t h  
f r e e  and f o r c e d  v i b r a t i o n s  were p r e s e n t e d .
Some e x a m p l e s  o f  f r e e  v i b r a t i o n  we r e  compared w i t h  
o t h e r  i n v e s t i g a t o r s '  e x p e r i m e n t a l  work.  A l s o ,  t h e  f i n i t e  
e l e m e n t  method was us e d  in t h i s  c o m p a r i s o n .  S a t i s f a c t o r y
r e s u l t s  were  o b t a i n e d  u s i n g  t h e  p r e s e n t  f o r m u l a t i o n  and
p r o g r a m.  The s e  r e s u l t s  a l s o  i n d i c a t e d  t h e  s t a b i l i t y  o f  t h e  
p r o p o s e d  n u m e r i c a l  s o l u t i o n  ove r  a w i d e  r a n g e  o f  c r o s s  
s e c t i o n a l  p r o p e r t i e s  a s  w e l l  as  f o r c i n g  f r e q u e n c i e s .  The 
c o mput e r  program p r e s e n t e d  r e q u i r e d  l e s s  comput e r  t i m e  in  
c o m p a r i s o n  w i t h  t h e  f i n i t e  e l e m e n t  pr o g r a ms  u s e d .  T h i s  i s  
m a i n l y  b e c a u s e  m o d e l l i n g  t h e  beam a s  an a s s e m b l a g e  o f  
s e v e r a l  s h o r t  beams  i s  n o t  r e q u i r e d .
Most  r e s e a r c h e r s  in t h i n - w a l l e d  beams  as sumed t h a t  
t a n g e n t i a l  s h e l l  s t r e s s e s  a r e  n e g l i g i b l e ,  w h i c h  c o n t r a d i c t s  
t h e  o t h e r  a s s u m p t i o n  o f  i n d e f o r m a b l e  c o n t o u r .  The 
a s s u m p t i o n  o f  z e r o  t a n g e n t i a l  s h e l l  s t r e s s e s  l e a d s  t o  l o w e r  
v a l u e s  o f  n a t u r a l  f r e q u e n c i e s  w i t h  maximum d i f f e r e n c e  o f  
about  5%. T h i s  me ans  a d o p t i n g  t h i s  a s s u m p t i o n  c o m p a r e s
b e t t e r  w i t h  e x p e r i m e n t a l  r e s u l t s .  I t  a l s o  l e a d s  t o  c l o s e r
v a l u e s  o b t a i n e d  u s i n g  s h e l l  e l e m e n t s  o f  t h e  f i n i t e  e l e m e n t  
program PAFEC 75.  A s i m i l a r  e f f e c t  f o r  t h i s  a s s u m p t i o n  was  
o b s e r v e d  in f o r c e d  r e s p o n s e .  Lower m a g n i f i c a t i o n  f a c t o r s
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we r e  o b t a i n e d  when t h i s  a s s u m p t i o n  was made .
The s t u d y  o f  s h e l l  c u r v a t u r e  and s e c o n d a r y  wa r p i n g  
e f f e c t  showed t h a t  n e g l e c t i n g  them c o u l d  p r o d u c e  e normous  
e r r o r  on t h e  f o r c e d  r e s p o n s e  o f  c e r t a i n  s e c t i o n s .  A l s o  i t  
has  be e n  shown t h a t  d o u b l i n g  t h e  dampi ng  f a c t o r  r e d u c e s  t h e  
r e s p o n s e  by a bout  50%.
Si nc e -  many d i f f e r e n t  p a r a m e t e r s  s u c h  a s  dampi ng  and 
s e c o n d a r y  wa r p i ng  p l a y  an i m p o r t a n t  r o l e  i n  beam v i b r a t i o n ,  
t h e  nee d  f o r  more e x p e r i m e n t a t i o n  in t h e s e  a r e a s  i s  
e v i d e n t .  In p a r t i c u l a r ,  e x p e r i m e n t a t i o n  w i t h  t h e  t y p e s  o f  
beams  d i s c u s s e d  in t h i s  s t u d y .  R e l i a b l e  t e s t  r e s u l t s  c an  be  
o b t a i n e d  u s i n g  t h e  new g e n e r a t i o n s  o f  dynami c  t e s t i n g  
e q u i p m e n t s  a s  w e l l  a s  t h e  c o m p u t e r i z e d  d a t a  a c q u i s i t i o n  
s y s t e m s .
T h i n - w a l l e d  beams  we re  us e d  in many a p p l i c a t i o n s  a s  
s t i f f n e r s .  The b e h a v i o r  o f  t h e  member in s u c h  a c a s e  i s  
d i f f e r e n t  from t h a t  o f  a s i n g l e  e l e m e n t .  E x t e n s i o n s  o f  t h e  
p r e s e n t  s t u d y  i n s u c h  a d i r e c t i o n  are
r e c o mme nde d .  S i m i l a r l y ,  f o r m u l a t i n g  and s o l v i n g  t he  dynami c  
e q u i l i b r i u m  e q u a t i o n s  f o r  t h i n - w a l l e d  c u r v e d  members  i s  
g r e a t l y  n e e d e d  in t h e  a n a l y s i s  o f  s t i f f e n e d  
s h e l l s .  F i n a l l y ,  t a p e r e d  t h i n - w a l l e d  members  a r e  o f  
i n t e r e s t  i n  opt imum d e s i g n  and t h e  dynami c  a n a l y s i s  o f  s u c h  
beams  i s  v e r y  a p p e a l i n g .
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APPENDIX I
REVIEW OF THE THEORY OF 
CYLINDRICAL SHELLS
I .  1 G e n e r a l
The p a r t  o f  t h e  t h e o r y  o f  c y l i n d r i c a l  s h e l l s  n e e d e d  f o r
t h e  dy na mi c  e q u i l i b r i u m  o f  t h i n - w a l l e d  beams  i s  r e v i e w e d  in
t h i s  A p p e n d i x .  F i g . ( 1 - 1 )  shows  a c y l i n d r i c a l  s h e l l  e l e m e n t
and t h e  c o r r e s p o n d i n g  c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  ( n , s , z )
a s s o c i a t e d  w i t h  t h i s  e l e m e n t .  A p o i n t  ' A'  l o c a t e d  on t h e
m i d d l e  s u r f a c e  ( d s . d z )  w i l l  have  t h e  d i s p l a c e m e n t  c o m p o n e n t s
(TF,~v,w) a f t e r  d e f o r m a t i o n ,  w h i l e  a p o i n t  'B ' ,  l o c a t e d  on t h e
s u r f a c e  ( d s  . d z )  w h i c h  i s  n - d i s t a n c e  away from t h e  m i d d l e  n '
s u r f a c e ,  w i l l  ha v e  t h e  d i s p l a c e m e n t  c o m p o n e n t s  ( u , v , w ) .  The 
r e l a t i o n  b e t w e e n  t h e  two s u r f a c e s  i s  g i v e n  by
d s  = ^ ± n ds ( 1 - 1 )
n a
I . 2 S h e l l  De f o r ma t  i o n
S i n c e  t h e  t h i c k n e s s  o f  t h e  s h e l l  i s  s m a l l  compared to  
i t s  r a d i u s  o f  c u r v a t u r e ,  t h e  d i s p l a c e m e n t s  o f  b o t h  p o i n t s  
' A'  and ' B 1 in t h e  n - d i r e c t i o n  a r e  as sumed to be  e q u a l , i . e . ,
194
Ml DDLS.
FIG. I ” I
CYLINDERICAL SH ELL ELEM ENT
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u = u ( 1 - 2  )
The K i r c h h o f f  a s s u m p t i o n ,  t h a t  p l a n e  s e c t i o n s  i n i t i a l l y  
normal  to  t h e  m i d s u r f a c e  r e mai n  p l a n e  and normal  t o  t h a t  
s u r f a c e  a f t e r  d e f o r m a t i o n ,  a l o n g  w i t h  F i g . ( 1 - 2 )  g i v e  t h e  
f o l l o w i n g  r e l a t i o n s :
w = w -  n 3u3z ( I  -3 )
v = 7  S i s . .  n | “
a 3s ( 1 - 4  )
The s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  i n c y l i n d r i c a l  
c o o r d i n a t e s  a r e  g i v e n  by F l u g g e  [ 3 ]  a s
3w
3z ( 1 - 5  )
3w _3v
Ys z~  3s 3z n
( 1 - 6  )
Not e  t h a t  e s = 0 s i n c e  t h e  s ha pe  o f  a t h i n - w a l l e d  beam i s  
u n a l t e r e d  d u r i n g  d e f o r m a t i o n .  S u b s t i t u t i n g  E q s . ( I - 3 )  and 
( 1 - 4 )  i n t o  E q s . ( I - 5 )  and ( 1 - 6 )  and u s i n g  E q . ( I - 1 )  y i e l d s
3w 3^u ( 1 - 7 )
'0(J A/
1




FIG. 1 - 2 -  a
g ,
^Avggt-^ ^o«MA-r 10 w
FIG. 1 - 2
RELATIO N BETW EEN THE  
DISPLACEMENT OF A POINT 
ON THE MIDDLE SURFACE 
AND ANOTHER ONE n-D ISTA NCE
FIG. 1 - 2 - b
AWAY FROM IT.
I .  3 S h e l l  S t r e s s  Res u l t  an t  s
The s h e l l  s t r e s s e s  a r e  shown in F i g . ( I - 3 - a ) , w h i l e  t h e  
s t r e s s  r e s u l t a n t s  are  shown in F i g . C I - 3 - b ) .  J u s t  l i k e  t h e  
beam t h e o r y  some s t r e s s  r e s u l t a n t s  s h a l l  be d e t e r m i n e d  from 
s t r e s s e s ,  and t h e  r e s t  c a n  be  o b t a i n e d  from 
e q u i l i b r u i m .  G j e l s v i k  [ 9 ]  r e f e r s  t o  t h e  f or mer  as  a c t i v e
f o r c e s  and t o  t h e  l a t e r  a s  r e a c t i v e .  In t h i s  c a s e  N , M ,z z
M , and M a r e  t h e  a c t i v e  s h e l l  f o r c e s .s z  z s
The a c t i v e  s h e l l  f o r c e s  c a n  be  d e t e r m i n e d  by u s i n g  
H o o k ' s  l a w .  S i n c e  t h e  t h i c k n e s s  o f  t h e  s h e l l  i s  s m a l l  
compared t o  i t s  r a d i u s  o f  c u r v a t u r e ,  t h e n
a = 0  
n
H e n c e ,  t h e  s t r e s s - s t r a i n  r e l a t i o n s  n e e d e d  h e r e  a r e
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a. STRESSES ACTING ON A S H E L L  ELEMENT
Fo r c e s
MOMCNT5
b. STRESS RESULTANTS ACTING ON A SHELL E L E M E N T
FIG. 1 - 3  SHELL S T R E S S E S  AND STR ESS RESULTANTS
2 00
S u b s t i t u t i n g  E q s . ( I - 7 )  and ( 1 - 8 )  i n t o  E q s . ( I - 9 )  and 
( 1 - 1 0 ) ,  r e s p e c t i v e l y ,  y i e l d
E ("3W 9^u
Gz = 2  L d z  ~  n  21-v  3z
( 1 - 1 1 )
G f a 9W + n+a 3v 
' sz La+n 3 s a  3z
2—3 u  / a n
3s3z a+n n , ] ( 1 - 1 2 ) ^
The r e l a t i o n  f o r  t h e  normal  s t r e s s  r e s u l t a n t  t a k e s  t h e
form
h / 2
- h / 2
a ds  dn z n
U s i n g  E q . ( I - 1 )  one o b t a i n s
h /2
a+n ta -----  dnz a ( 1 - 1 3 )
-h / 2






a+no  n dnz a
a+n , 
t   n dnzs  a
( 1 - 1 4 )
( 1 - 1 5  )
- h / 2
s z
h/2
- h / 2
T n .dn 
s z
2 01
( 1 - 1 6 )
S u b s t i t u t i n g  E q s . ( I - 1 1 )  and ( 1 - 1 2 )  i n t o  t h e s e  f o u r  e q u a t i o n s  





, 3w h —L 9z
, 3  _2--  
_h  3 u
1 2 a  .  2  
3 z
Eh'








1 3 v _ 32u 1 
. a  3z 3s3zJ
( 1 - 1 7 )
( 1 - 1 8 )
( 1 - 1 9 )
F i n a l l y  E q . ( l - 1 6 )  b e c o m e s
s z
„ r r, •, 2a+hi 3w , h 3v - G i a  [ h - a . l n  7:— H —  + .777-  —  L 2a - h  3s 12a 3z
r 2u m 3 1 2a+h * i d  1 1[ - a  h  a  . I n  2&_ h  l g J }
U s i n g  t h e  power e x p a n s i o n  r e l a t i o n
,3 ^ , 0 ^ 51 n 2 a + h  =  l + h / 2 a  =  [ h _  ( h / 2 a ) °  ( h / 2 a K  1
2 a —h  l - h / 2 a  >-2a -? q J
and n e g l e c t i n g  t h e  f i f t h  and h i g h e r  o r d e r  t e r ms  o ne  h a s
m = n i s .  x  3 t
SZ 6  L2 a  3 s  2 a  3 z  3 s 3 z J 1
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E q s . ( 1 - 1 7 )  t h r o u g h  ( 1 - 2 0 )  g i v e  t h e  r e l a t i o n  b e t w e e n  t h e  
a c t i v e  s t r e s s  r e s u l t a n t s  and t h e  s h e l l  m i d d l e  s u r f a c e  
d i s p l a c e m e n t s .  G j e l s v i k  n e g l e c t e d  t h e  l a s t  two t e r m s  in  
E q s . ( 1 - 1 7 )  and ( 1 - 1 8 ) .  T h i s  means  he use d  a p p r o x i m a t e d
r e l a t i o n s  f o r  N and M , w h i l e  u s i n g  t h e  e x a c t  r e l a t i o n sz z
f o r  M and M ( s e e  F l u g g e  [33 ) .  The u s e  o f  t h e  e x a c tsz zs
r e l a t i o n s  f o r  a l l  a c t i v e  s t r e s s  r e s u l t a n t s ,  a s  p r e s e n t e d  in 
t h e  p r e s e n t  work,  w i l l  l e a d  t o  more a c c u r a t e  e x p r e s s i o n s  f o r  
t h e  c r o s s  s e c t i o n a l  p r o p e r t i e s  o f  t h e  beam.
 ^ S h e l 1 I n e r t i a  F o r c e s
A c c o r d i n g  to  D ' A l e m b e r t ' s  p r i n c i p l e  t h e  mas s  d e v e l o p s  
an i n e r t i a  f o r c e  p r o p o r t i o n a l  t o  i t s  a c c e l e r a t i o n  and 
• o p p o s i n g  i t .  The i n e r t i a  f o r c e s  and t h e i r  d i r e c t i o n s  a r e  
i n d i c a t e d  in F i g . ( 1 - 4 )  and c a n  be  d e t e r m i n e d  a s  f o l l o w s :
h/2  r
P . . d s ,d z =ni
- h / 2
p u .dn .d s  .dz  n
Us i ng  Eq. ( 1 —1) and i n t e g r a t i n g
P . = phu" ( 1 - 2 1 )ni
Sim i l a r l y
2 0 3
M io o u t
5HE.LL E-L.E.MQ4T
M i d d l e
S u r f a c e
C uR vium E lA R  
C o Q R P lS iA T g .  
S  VST EISA
m
Im e r t \a
F o r c e d
ImERTIA
MOMENTS
FIG. 1 - 4
SHELL INERTIA FORCES AND MOMENTS
2 0 4
P . . d s . d zs i
h/2
- h / 2
p v . d n . d s  . dz n
S u b s t i t u t i n g  E q s . ( 1 - 1 )  and ( 1 - 4 )  i n t o  t h e  a b o v e  e q u a t i o n  and 
i n t e g r a t i n g
P . = Ps i
h3_v j £ _  S u l ]
2 ] '  12a 9s J l*fa
v " ( h + ------ - )  - ( 1 - 2 2 )
F o l l o w i n g  t h e  same p r o c e d u r e  we ha v e
h /2
P . d s . d z  =
z i p w .d n .d s  .dz  n
- h / 2
and
h3 9u"P . = p lhw" -zx *- 12a 9z I ( 1 - 2 3  )
A1 so
M . . d s . d z  =zi
h/2
-h / 2
p v n .d n .d s  .dz  n
and
fh3 h3 9u*l
z i  _ p l 6 a V 12 9 s J ( 1 - 2 4  )
F i n a l l y  one has
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h /2
M . . d s . d z  = -s i
- h / 2
p w "n .d n .d s  .dz  n
and
u f h —. h -' 3uM . = -n  w -s i  '  P *-12a W 12 9z J ( 1 - 2 5 )
I . 5 S h e l l  Dyn am i c  Egu i l i b r  i  um Equat  i on  s
The f o r c e s  and moment s  a c t i n g  on a d i f f e r e n t i a l  s h e l l
e l e m e n t  d s . d z  a r e  shown in F i g . ( 1 - 5 ) .  The f o r c e s  P , P ,n s
and Pz a r e  e x t e r n a l  f o r c e s  and t h e y  a r e  d i s t r i b u t e d  o v e r  t h e  
m i d s u r f a c e  a r e a  o f  t h e  e l e m e n t .  By c o n s i d e r i n g  t he  
e q u i l i b r i u m  o f  f o r c e s  and moment s  in t h e  t h r e e  d i r e c t i o n s  n ,  
s ,  and z r e s p e c t i v e l y ,  a s y s t e m  o f  s i x  dynami c  e q u i l i b r i u m  
e q u a t i o n s  c a n  be  d e r i v e d  a s  f o l l o w s :
-• I ?  = oL n
3Q 3Q
(Q + ——  d z ) d s  -  Q ds  + (Q + ——  d s ) d z  -  Q dz z 3 z z s 3s- s
3N
-(N + ——  d s )d z  N dz +P . d s . d z  -  P . . d s . d z  = 0s 3s 2 s 2 n n i
N e g l e c t i n g  h i g h e r  o r d e r  t e r m s  and  n o t i n g  t h a t  ds  = adi/;
3Q 3Q N
T -5- + —  + P -  P . = 0  (1 -26)3z 3 s a n n i
b .  T F = 0 L s
3N 3N
(N + — —ds ) dz -  N dz + (N + — ^ - d z ) d s - N  ds s 3s s zs  3z zs
3Q , .  , .
+ (q  + - s ds ) dz -77- + Q dz + P dz .d s  -  P . dz .  ds  = 0 s 3s 2 's 2 s s i
J0 .
FIG. 1 - 5
EQUILIBRIUM OF A SHELL
ELEMENT





T - 5- + + —  + P -  P . = 0 (1 -27 )3s 3z a  s s i
Y f  = 0L z
3N 3N
(N + -^-^-dz )ds  -  N ds  + (N + - ~ - d s ) d z -  N dz z 3z z sz  3s sz
+ P . d s . d z  -  P . . d s . d z  = 0 z z i
or
9N 3N
T - 5- + - r 22- + P -  P . = 0 ( 1 - 2 8 )3z 3s z z i
d.  I M = 0n
3W . 3N
(N + - ^ - d s ) d z  + w d z % - -  (N + — 1— d z ) d s  ~sz  3s 2 sz 2 zs 3z 2
, 3M a . .
-N d s - ^ - -  (M + d s ) d z  -  M d z - ^ - =  0 zs 2 sz 3s 2 sz  2
or
M
N -  N sz zs
sz = 0 (1 -29 )
e.  TiM = 0U G
3M 3M
(M + -r -^-dz)ds  -  M ds  + (M + — d s )dz -  M dzz 3z z sz 3s sz
3Q j  j




— -  + + q _ M . = 0
3z 3s z s i
(1 -3 0 )
f .  £m = 0
3M 3M
(M + -r -^-ds)dz -  M dz + (M + z s d z )d s  -  M ds s 3s s ' zs  3z zs
-(.Q + - “ d s ) d z  -  Q d z ^ -  M .dz ds '= 0
S o S  <— S  Z I
or
3M 3M
— -  + — —  -  Q -  M . = 03s 3z s z i ( 1 - 3 1 )
A P P E N D I X  I I
BEAM-SHELL RELATIONS
1 1 .1 Ge n e r a l
In t h i s  Appe ndi x  t h e  r e l a t i o n s  b e t w e e n  t h e  s h e l l  and 
beam f o r c e s  a r e  o b t a i n e d .  S i n c e  t h e  s h e l l  f o r c e s  a r e  
r e f e r r e d  t o  t h e  c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  w h i l e  t h e  beam 
f o r c e s  a r e  r e f e r r e d  t o  t h e  f i x e d  and a u x i l i a r y  o n e s ,  t h e  
g e o m e t r i c  r e l a t i o n s  b e t w e e n  t h e s e  s y s t e m s  a r e  f i r s t  
d e r i v e d .  As t h e  s h e l l  f o r c e s  a r e  o u t l i n e d  i n  t e r m s  o f  t h e  
s h e l l  d i s p l a c e m e n t s  i n  Appe ndi x  I ,  t h e  b e a m - s h e l l  
d i s p l a c e m e n t  r e l a t i o n s h i p  h a s  t o  be o b t a i n e d .  F i n a l l y ,  t h e  
r e l a t i o n s  b e t w e e n  t h e  beam and s h e l l  f o r c e s  a r e  d e r i v e d  by 
t h e  a p p l i c a t i o n  o f  t h e  p r i n c i p l e  o f  v i r t u a l  d i s p l a c e m e n t s .
1 1 . 2  R e l a t i o n  Be t we e n  Coord i n a t e  S y s t e m s
In F i g . ( I I - l - a )  'A* i s  a g e n e r i c  p o i n t  on t h e  m i d d l e  
s u r f a c e  whi ch  h a s  f i x e d  c o o r d i n a t e s  ( x , y )  and a u x i l i a r y  
c o o r d i n a t e s  ( r , q )  w i t h  r e f e r e n c e  t o  t h e  a r b i t r a r y  p o l e
P (x , y  ) .  The r e l a t i o n s  b e t w e e n  t h e  f i x e d  and a u x i l i a r y
P P




FIG. H -  I - a
FIG. E M - b
F i G . n - i
9 FIG. II -  I - c
x
GEOMETRIC RELATIONS BETWEEN COORDINATE
SYSTEMS
r = ( y - y  ) . s i n  0 + ( x - x  ) . c o s  0
P P
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< 1 1 - 1 )
q s ( y - y  ) . c o s  0 -  ( x - x  ) . s i n  0 ( 11 —2 >
P P
The n e x t  r e l a t i o n s  n e e d e d  are  t h e  d i f f e r e n t i a l
r e l a t i o n s  b e t w e e n  t h e  a u x i l i a r y  and c u r v i l i n e a r  c o o r d i n a t e
s y s t e m s .  From F i g . ( 11 —1- b ) ,
q .do = dr ( I I  - 3  )
r . d 0 + dq = ds  ( I I - 4 )
The c u r v a t u r e  e q u a t i o n  i s  g i v e n  by
£ £  = i  . ( I I - 5  )
ds a
D i v i d i n g  E q . ( I I - 4 )  by ds  and u s i n g  E q . ( I I - 5 )  l e a d  t o
-  + r 1 ( I I - 6  )a ds
The r e l a t i o n  b e t w e e n  t h e  f i x e d  and c u r v i l i n e a r  
c o o r d i n a t e  s y s t e m s  can be  o b t a i n e d  from F i g . ( I I - l - c )  as
= C O S  0
ds ( 1 1 - 7  )
The n e g a t i v e  s i g n  i n E q . ( I I - 8 )  i n d i c a t e s  x d e c r e a s e s  as  s 
i n c r e a s e s  a c c o r d i n g  t o  t h e  r i g h t  hand s c r e w  r u l e .
F i n a l l y ,  t h e  r e l a t i o n  b e t w e e n  t h e  f i x e d  c o o r d i n a t e s  o f  
a g e n e r a l  p o i n t  B ( x , y )  and t h e  c o r r e s p o n d i n g  c o n t o u r  p o i n t  
A ( x , y )  [ s e e  F i g . ( I I - 1 - d )  ] i s
x = x + n . c o s  e ( I I - 9 )
y :  y + n . s i n  0 ( 1 1 - 1 0 )
I I . 3  B e a m - S h e l l  D i s p l a c e m e n t  R e l a t i o n s h i p
The f i r s t  a s s u m p t i o n  o f  t h e  t h e o r y  o f  t h i n - w a l l e d  beams  
s t a t e s  t h a t  t h e  c r o s s  s e c t i o n  i s  u n a l t e r e d  d u r i n g  
d e f o r m a t i o n .  A c c o r d i n g l y ,  t h e  p o l e  and c o n t o u r  can be  
t h o u g h t  a s  embedded i n  a r i g i d  d i s k  l y i n g  i n  t h e  
x - y  p l a n e .  He n c e ,  an a n a l y s i s  s i m i l a r  t o  t h a t  us e d  in t h e
k i n e m a t i c s  o f  a r i g i d  body  can be a d o p t e d  h e r e .  S o ,  t h e
d i s p l a c e m e n t  o f  t h e  c o n t o u r  can be d e s c r i b e d  by r e f e r r i n g  i t  
t o  t h e  d i s p l a c e m e n t  o f  t h e  p o l e  and t h e  r o t a t i o n  o f  t h e  
assumed d i s k  a b o u t  t h i s  p o l e .  S ma l l  l e t t e r s  a r e  us e d  to  
d e s c r i b e  t h e  c o n t o u r  d i s p l a c e m e n t  whi ch  i s  r e f e r r e d  t o  as  
t h e  s h e l l  m i d d l e  s u r f a c e  d i s p l a c e m e n t .  Th i s  d i s p l a c e m e n t  
h a s  c o m p o n e n t s  ( u , v )  w i t h  r e s p e c t  t o  t h e  c u r v i l i n e a r
2 1 3
c o o r d i n a t e  s y s t e m  and ( u v , v ) w i t h  r e s p e c t  t o  t h e  f i x e d
y
c o o r d i n a t e  s y s t e m  a s  shown i n F i g . ( I I - 2 ) .  The r e l a t i o n  
b e t we e n  t h e  c o m p o n e n t s  t a k e s  t h e  form
U : U . Q O S  9 + v,r . s i n  0 ( 1 1 - 1 1 )
x  y
v = - u v . s i n  0 + v . c o s 9  ( 1 1 - 1 2 )
-*■ y
On t h e  o t h e r  h a n d ,  c a p i t a l  l e t t e r s  a r e  u s e d  t o  d e s c r i b e  t h e  
p o l e  d i s p l a c e m e n t  w h i c h  i s  r e f e r r e d  t o  as  t h e  beam 
d i s p l a c e m e n t .
From F i g . ( I I - 3 )  t h e  f o l l o w i n g  r e l a t i o n s  can be  
o b t a i n e d :
U + ( x - x  ) . c o s  $ = ("x-x ) + u" + ( y - y  ) . s i n  $P P x  '
V + ( x - x  ) . s i n  $ + ( y - y  ) . c o s  $ = ( y - y  ) + v
p  p  p y
For a s m a l l  a n g l e  o f  r o t a t i o n  $ , t h e  a b o v e  r e l a t i o n s  r e d u c e  
t o
ux = U -  ( y - y p ) . $ ( 1 1 - 1 3 )
2 1 4
y
FIG . n - 2
BEAM AND S H E LL DISPLACEMENTS
Rl<WO
D £PO R tv^A m O
3»
—  lb




FIG. n - s
RELATION BETWEEN BEAM AND SHELL .DISPLACEMENTS
i
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Vy S V + ( X-Xp ) . $ ( 1 1 - 1 4 )
S u b s t i t u t i n g  t h e s e  two e q u a t i o n s  i n t o  E q s . ( 1 1 - 1 1 )  and
( 1 1 - 1 2 ) ,  and u s i n g  E q s . ( I I - l )  and ( I I - 2 )  g i v e
u s U . c o s  0 + V . s i n  0 -  $.q
v : - U . s i n  0 + V . c o s 0  + $.  r
No t i n g  t h a t  u and v a r e  f u n c t i o n s  o f  s ,  z ,  and t ;
U, V, and $ are  f u n c t i o n s  o f  z and t ;  and 0 , q ,  and r a r e
f u n c t i o n s  o f  s o n l y ,  t h e  above  two e q u a t i o n s  t a k e  t h e  more
c o n v e n i e n t  form as f o l l o w s :
i T ( s , z , t )  = U ( z , t ) . c o s 0 ( s )  + V ( z , t ) . s i n  0 ( s )
The r e l a t i o n  b e t w e e n  t h e  l o n g i t u d i n a l  d i s p l a c e m e n t  o f  
t h e  s h e l l  m i d s u r f a c e  and t h e  beam d i s p l a c e m e n t  can be 
o b t a i n e d  u s i n g  t h e  V l a s o v ' s  a s s u m p t i o n .  A c c o r d i n g  t o  t h i s  
a s s u m p t i o n  [ 2 6 ]
$ ( z , t ) . q ( s ) ( 1 1 - 1 5 )
v ( s , z , t )  = - L I ( z , t )  . s i n  0 ( s )  + V ( z , t ) . c o s 0 ( s )
+ $ ( z , t ) . r ( s ) ( 1 1 - 1 6 )
D i f f e r e n t i a t i n g  E q . ( 1 1 - 1 6 )  and s u b s t i t u t i n g  i t  i n t o  t h e  
above  e q u a t i o n  y i e l d s
—  = -  r— = U' ( z , t ) . s i n  0 ( s )  -  V' ( z , t )  . c o s  6
d S  d Z
-  $'( z , t )  . r (  s )
U s i n g  E q s . ( I I - 7 ) ,  ( I I - 8 ) ,  and ( 2 - 1 ) ,  and 
from t h e  o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e  
g e n e r i c  p o i n t  ' A'  on t h e  c o n t o u r  one  o b t a i n s
w X yf r A




-  $ ' ( z , t ) r ( s ) .  d s
o
Or
w -  w = -U" ( z , t ) . [ x - x  ] -  V " ( z , t ) . [ y - y  ]U U o
-  <f>"( z , t ) . u( s )
i n t e g r a t i n g  
'O' t o  t h e
F i n a l l y  t h e  e q u a t i o n  f o r  t h e  l o n g i t u d i n a l  d i s p l a c e m e n t  o f  
t h e  m i d s u r f a c e  t a k e s  t h e  form
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w ( s , z , t )  = W ( z , t ) -  U" ( z , t ) .x ( s )  -  V M z , t ) . y ( s )
-  r ( z . t ) . u ( s )  u i - 1 7 )
wher e
W ( z , t ) = w + U." ( z , t ) . x + V ' ( z , t ) . yo o o
i s  a l o n g i t u d i n a l  d i s p l a c e m e n t  i n d e p e n d e n t  o f  s and d e p e n d s  
o n l y  on t h e  o r i g i n  o f  t h e  c u r v i l i n e a r  c o o r d i n a t e  s y s t e m .
I t  i s  wor t h  p o i n t i n g  o u t  now t h a t  a c o m p l e t e  
d e s c r i p t i o n  o f  t h e  d i s p l a c e m e n t  o f  t h e  s h e l l  m i d s u r f a c e  can  
be  o b t a i n e d  u s i n g  E q s . ( 1 1 - 1 5 ) ,  ( 1 1 - 1 6 ) ,  and ( 1 1 - 1 7 )  and
t h r o u g h  t h e  k n o w l e d g e  o f  s e v e n  beam g e n e r a l i z e d  
d i s p l a c e m e n t s ,  n a m e l y ,  W, U, V, $ ,  U' ,  V' , and .
The l o n g i t u d i n a l  d i s p l a c e m e n t  o f  any p o i n t  ’ B 1 on t h e  
s h e l l  ( n o t  on t h e  c o n t o u r  ) c a n  now be found u s i n g  
Eq. ( I - 3 ) .  S u b s t i t u t i n g  E q s . ( 1 1 - 1 5 )  and ( 1 1 - 1 7 )  i n t o  t h i s
e q u a t i o n  g i v e s
w = W -  U ' . ( x + n . c o s  0 )  -  V' . ( y  + n . s i n  0 ) -  $ ' . ( w - n . q )
Us i ng  Eqs .  ( 11 —9)  • ( 1 1 - 1 0 ) ,  and ( 2 - 2 )  one has
2 1 8
w ( n , s , z , t )  = W ( z , t )  -  U ' ( z , t ) , x ( s , n )  -  V" ( z , t ) . y ( s , n  )
-  $ ' ( z , t )  , u ( s , n )  ( 1 1 - 1 8 )
1 1 . 4 S h e l l  Fo rc  e s  In Te rms Of Be am d i s p l a c  ement
I I . 4 . a S h e l 1 S t r  e s s  Re s u l t a n t s
A r e l a t i o n  b e t w e e n  t h e  beam d i s p l a c e m e n t  and t h e  s h e l l  
s t r e s s  r e s u l t a n t s  c a n  be  o b t a i n e d  u s i n g
E q s . ( 1 1 - 1 5 ) ,  ( 1 1 - 1 6 ) ,  and ( 1 1 - 1 7 ) .  As an e x a m p l e ,
d i f f e r e n t i a t i n g  E q . ( 1 1 - 1 7 )  o n c e  and E q . ( 1 1 - 1 5 )  t w i c e  w i t h  
r e s p e c t  to  z g i v e s
w "  -  U ~ . X  -  V ".~y -  U
d Z
~2~
— U^. c o s  8 + \T " .s in  0 -  ‘P~.q
3z
S u b s t i t u t i n g  t h e s e  two e q u a t i o n s  i n t o  Eq . ( I -'1 7)  y i e l d s
_  3 _  3
N = [ w T -  U~(hx + ~ - c o s  0) -  V~(hy- :£r-s in  0)z - 2 12s. 12al - v
- r l h w - ^ q ) ]  ( 1 1 - 1 9 )
F o l l o w i n g  a s i m i l a r  p r o c e d u r e  E q s . ( 1 - 1 8 )  and ( 1 - 1 9 )  w i l l  
g i v e
2 1 9
M =  — ^  0 [*- —W" + U ^ (c o s0  + —) + V ~ ( s i n 0  -  -^)
Z 1 2 ( l - v  ) L a
-  r - ( q - f ) ] ( 1 1 - 2 0 )
and
M -  ■ a  A ®  d \  . v '  a  AM =  —r— U  s m 0  — -  ~ )  +  V  C O S  0  -  —— )zs  6 L a s  a  a  ds
a  ds
U s i n g  E q s . ( I I - 5 )  and ( I I - 6 )  t h e  a b o v e  e q u a t i o n  r e d u c e s  t o
rh3 ‘M = <S>' ( 1 1 - 2 1  )zs  6
F i n a l l y ,  f rom E q . ( I - 2 0 )  we h a v e
rin3
M = -  4>' ( I I  -22 )sz o
E q s . ( 1 - 2 1 )  and ( 1 - 2 2 )  g i v e  t h e  f o l l o w i n g  r e l a t i o n
M = -M ( 1 1 - 2 3 )zs  sz
The same c o n c l u s i o n  c an be  drawn i f  we add E q s . ( 1 - 1 9 )  
and ( I - 2 0  ) ,
M + M = 2h J ^ T 9 v  + 3v
*7. G 7Q r\ <• Sc C^7
and n o t i n g  t h a t  t h e  t erm b e t w e e n  b r a c k e t s  e q u a l s  z e r o
2 2 0
b e c a u s e  o f  t h e  V l a s o v ' s  a s s u m p t i o n .
I I . 4 . b S h e l l  I n e r t i a  F o r c e s
E q s . ( 1 - 2 1 )  t h r o u g h  ( 1 - 2 5 )  g i v e  t h e  r e l a t i o n  b e t w e e n  t h e  
i n e r t i a  f o r c e s  and t h e  d i s p l a c e m e n t  o f  t h e  s h e l l .  Us i ng  
E q s . ( 1 1 - 1 5 ) ,  ( 1 1 - 1 6 ) ,  and ( 1 1 - 1 7 )  t h e  s h e l l  i n e r t i a  f o r c e s  
c a n  b e  o b t a i n e d  in t e r m s  o f  t h e  beam d i s p l a c e m e n t  a s  
f o l l o w s :
Pni  = p [hU"co s0  + h V s in  0 -  h<Tq] ( 1 1 - 2  4)
( 1 1 - 2 5 )
r  -  h 3P . = p  h r -  (hx + q ^ -  z i  L 12a cos 0 ) U - ' -  ( h y + q q -  s i n 6)V""J-diS.
( 1 1 - 2 6 )
3
M . = p f -  q q — U "s in  0 + z i  L 12a V"cos 0 + ( 1 1 - 2 7 )
(^-+ s i n  0 )V"
( 1 1 - 2 8 )
2 2 1
1 1 . 5  B e a m - S h e l 1 F o r c e s  R e l a t i o n s
The beam f o r c e s  a s  w e l l  as  t h e  s h e l l  f o r c e s  can be  
c l a s s i f i e d  i n t o  s t r e s s  r e s u l t a n t s ,  i n e r t i a  f o r c e s ,  and 
e x t e r n a l  f o r c e s .  The beam f o r c e s  can  be  r e l a t e d  to t he  
s h e l l  f o r c e s  by  c a l c u l a t i n g  t h e  work d o n e  d u r i n g  a v i r t u a l  
d i s p l a c e m e n t .  To a v o i d  l e n g t h y  e x p r e s s i o n s ,  e a c h  c a t e g o r y  
o f  s h e l l  f o r c e s  w i l l  be  r e l a t e d  to  t h e  e q u i v a l e n t  beam 
f o r c e s  by a s e p a r a t e  v i r t . u a l  work e x p r e s s i o n .
I I . 5 . a S t r e s s  R e s u l t a n t s
The s h e l l  s t r e s s  r e s u l t a n t s  a c t i n g  on t h e  c r o s s  s e c t i o n  
o f  a beam e l e m e n t  a r e  shown in F i g . ( I I - 4 ) .  The e x p r e s s i o n  
f o r  t h e  work d o n e  d u r i n g  a v i r t u a l  d i s p l a c e m e n t  o f  t h e  c r o s s  
s e c t i o n  i s
/      _
n = ( N w  + N v  + Q u  + M - — + M $)dsJ z z s  z ' z 3z zs
c
+ T (M^  i ?  -  u1 )
t. sz szb r a n c h e s
U s i n g  E q s . ( 1 1 - 1 5 ) ,  ( 1 1 - 1 6 ) ,  and ( 1 1 - 1 8 )  one has
2 2 2
sz
FIG. H -  4
SHELL STRESS RESULTANTS ACTING ON THE 
CROSS SECTION OF A BEAM ELEM EN T
n  = N (W- U ' x -  V ' y -  $"aj)ds z
+ I N ( - U s i n 0 +  V cos 0 + $ r ) d s  zs
Q (Ucos 0 + V s i n  0 -  $q)ds  z
M ( U ' c o s 0 + V ' s i n 0 -  $^q)ds  z
M $ds + T MJ (U cos  0J + V s i n  0J -  Sq13)*7 G G *7Z S  ,  S Zb ra n c h e s
I  M1 (U cos  01 + V s i n  01 -  Sq1 )
b ra n c h e s sz
T h i s  work e x p r e s s i o n  can a l s o  be w r i t t e n  in t he  form
n = N W + V U + V V + T $ + M U '  
x y  y
- m  v "  + m rX OJ
where
N = N ds z ( 1 1 - 2 9 )
(-N s i n  0 + Q  cos  0 )ds  zs  z
2 2 4
y  (MJ c o s  0J -  M1 cos  01 )L  g Z  c^r ,
b r a n c h e s sz
( 1 1 - 3 0 )
V = l(N c o s 0 + Q s i n  0 )d s  y J zs  z
c
y (MJ s i n  0° -  M1 s i n  01 ) ■u v, sz szb ra n c h e s
( I I - 3 1 )
T = (N r - Q q + M  )ds  zs  z zs
I  (-JT3 q^ + M1 q 1 )U  ' C ' 0 - L O’ T
b r a n c h e s sz  sz
( I I - 3 2 )
M = (-N x + M cos  0 )d sy  J z z
c
( 1 1 - 3 3 )
M (N y  -  M s i n  0 )ds  z z ( I I - 3 4 )
(N a> -  M q ) d s  z z ( 1 1 - 3 5 )
E q s . ( 1 1 - 2 9 )  t h r o u g h  ( 1 1 - 3 5 )  g i v e  t h e  beam s t r e s s  
r e s u l t a n t s  i n  t e r m s  o f  t h e  s h e l l  s t r e s s  r e s u l t a n t s .  The 
l i n e  o f  a p p l i c a t i o n  o f  t h e  beam s t r e s s  r e s u l t a n t s  a r e  shown 
in F i g . ( 2 - 8 ) .
E q . ( 1 1 - 3 5 )  g i v e s  t h e  e x p r e s s i o n  f o r  t h e  bi moment  i n
t e r m s  o f  t h e  s h e l l  s t r e s s  r e s u l t a n t s  N andz
M . S u b s t i t u t i n g  E q s . ( 1 - 1 3 )  and ( 1 - 1 4 )  i n t o  t h i s  e q u a t i o nz
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y i e l d s
h/2
a (o o -n q )d n « d sz a
:- h /2
Usi ng  E q . ( 2 - 2 )  t h e  a b o v e  e q u a t i o n  b e c o me s
M =co
h /2
a + n  A  Aa -----  co. d n . dsz a
- - h /2
T h i s  i s  t h e  e x p r e s s i o n  f o r  t h e  b i moment  i n t e r m s  
s t r e s s  .
»
I I . 5 . b I n e r t i a  F o r c e s
The e x p r e s s i o n  f o r  t h e  work do n e  d u r i n g  a 
d i s p l a c e m e n t  by t h e  s h e l l  i n e r t i a  f o r c e s  [ s e e  Fi g  
per u n i t  l e n g t h  o f  t h e  beam i s
n. = -i  - (P .u  + P .v  + P .w + M . — ■ nx s i  z i  s i  3z
+ M . $ )ds z i
Us i n g  E q s . ( 1 1 - 1 5 ) ,  ( 1 1 - 1 6 ) ,  and ( 1 1 - 1 7 )  we have
o f  t h e
v i r  t u a l  
( 1 - 4 )  ]
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n. = -i P . (U cos  0 + V s i n  0 -  <I>q )ds  m  u
P . (-U s i n  s i + V cos  0 + $ r ) d s
P . (W- tT x  z i -  V"y -  $"'o))ds
M . (U^cos 0 + V ' s i n  s i 0 -  $^q)ds
M . $ .d s  z i
T h i s  e x p r e s s i o n  can  be  w r i t t e n  i n t e r m s  o f  t h e  beam i n e r t i a  
f o r c e s  shown in F i g . ( 2 - 8 )  a s  f o l l o w s :
n. = - n . w -  v  .u  -  v  . v  -  t .$ -  m . u '
l  i  X I  y i  1  y i
+ M .V '  -  M .c




P .ds  z i ( 1 1 - 3 6 )
V . =
X I
(p  .cos  ni -  P . s i n  0 )ds  s i ( 1 1 - 3 7 )
V . = (P . s i n  0 + P . co s  0 )ds  y i  J n i  s i
c
( 1 1 - 3 8 )
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( 1 1 - 3 9 )  
( 1 1 - 4 0 )  
( 1 1 - 4 1 )  
( I I - 4 2  ) 
I I . 5 . c Ex t e r n a l  F o r c e s
The work d o n e  d u r i n g  a v i r t u a l  d i s p l a c e m e n t  by t h e  
s h e l l  e x t e r n a l  f o r c e s  [ s e e  F i g . ( 2 - 6 - c )  ] per u n i t  l e n g t h  o f  
t h e  beam i s
n
e
+ Y ( V u  + N v  + N w + M $ )
-t s  s  s z  s  e d g e s
+ 7 T u + T v + T w
r . x x  y  y  zj u n c t i o n s  J
(P u  
n
P v  
s P w ) d s  z
T. = ( - P  . q  + P . r  + M . ) d sl  n i  s i  z i
M . =
y 1 J
( - P  . x  + M . c o s  0 ) d s  z i  s i
M . = -x i ( - P  . y  + M . s i n  0 ) d s  z i  s i
M . =
0)1
( - P  . 0) -  M . q ) d s  z i  s i
Us i ng  e q s . ( 1 1 - 1 3 ) ,  ( 1 1 - 1 4 ) ,  ( 1 1 - 1 5 ) ,  ( 1 1 - 1 6 ) ,  and ( 1 1 - 1 7 )  
t h e  above  e q u a t i o n  b e c o m e s
2 2 8
n =e P (U cos  0 + V s i n  9 -  $q )ds  n
P ( - U s i n  0 + V cos 0 + $ r ) d s  s
P (W -  ITx -  Y ' j  -  $ ' u ) d s  
2
+ £ V ( U cos  0 + V s i n  0 -  $q)
edges
+ J N ( - U s i n  0 + V cos  0 + $ r )La <-»
edges
+ I  N (W -  ITx -  V 'y  -  $'uj)
S  2edges
+ J  Ms $ + I  Tx [u -  ( y - y p )*]
S  2Cedges  j u n c t i o n s
+ 7 T Tv + (x  - x )$]7.  y L pj u n c t i o n s
+ I T [ w -  ITx  -  Y 'y  -  <Tw ]  
j u n c t i o n s
The p r e v i o u s  e x p r e s s i o n  can a l s o  be w r i t t e n  i n  t e r m s  o f  
beam e x t e r n a l  f o r c e s  as  f o l l o w s :
n :  I W  + V U + V V + T $ + M IT e e xe  ye  e ye




p  d s  +  y  n  ■ +  y  tz s z zedges  j u n c t i o n s
V =
xe (P cos  0 n -  P s i n  8 )ds s
+ J (V cos  0 -  N s i n  0 ) +  J T , s s j . xedges j u n c t i o n s
V = (P s i n  0 + P cos  0 )d s  ye J n s
c
+ y (V s i n  0 + N cos  0 ) +  £ T
edges  s j u n c t i o n s  ^
T =e - P  q + P r  ds  + J ( - V q + N r + M )  n^  s s s sedges
v 1 -T ( y - y  ) + T ( x - x  ) ]I . L x •'p y  p Jj u n c t i o n s  * J
M = -  P x ds -  J N x -  J T x  ye I z sz . . .  zJc edges j u n c t i o n s
”xe Pzy d s +  I  Ngzy +  I  Tzy edges  j u n c t i o n s
f
M = -
cue p u d s -  y  N t o -  y  T e az  ^ sz . . .  Zedges  j u n c t i o n s
The l i n e s  o f  a c t i o n  o f  t h e s e  .beam e x t e r n a l  l o a d s  a r e
( 1 1 - 4 3 )
( 1 1 - 4 4 )
( 1 1 - 4 5 )
( 1 1 - 4 6 )  
( 1 1 - 4 7  ) 
( 1 1 - 4 8 )  
( 1 1 - 4 9 )  
sim i l  ar
to t h o s e  o f  t h e  i n e r t i a  f o r c e s  and are  shown in F i g . ( 2 - 8 ) .
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I I . 6 R e d u c t i o n  o f  t  he Ex p r e s s i o n  fo r Som e S t r  e s s  Re s u l t a n  t s
The e x p r e s s i o n s  f o r  t h e  s h e a r i n g  f o r c e s  Vx , V , and t he  
t o r q u e  T c a n  be s i m p l i f i e d  a s  f o l l o w s :
I I . 6 . a The S h e a r i n g  F o r c e  V       _ x
E q . ( 1 1 - 3 0 )  can be  w r i t t e n  f o r  a s i n g l e  e l e m e n t  o f  t h e  
be am a s
V* =
x (-N s i n  0 + Q cos  0 )ds  zs z
*
+ cos  0  ^ -  M1 cos  01 sz sz
whe re  c* i s  t h e  l e n g t h  o f  t h e  b r a n c h  r e l a t e d  to t h i s  
e l  ement  .
O b t a i n i n g  an e x p r e s s i o n  f o r  Q from Eq. ( I - 3 0 )  andz
s u b s t i t u t i n g  i t  i n t o  t h e  a bo v e  e q u a t i o n  y i e l d s
t 3M 3M
V* = f-N s i n  0 + M . co s  0 -  cos 0 -  ,.S,Z cos 0 dsx J L zs  s i  9z 3s -J
c*
+ cos  0J -  M1 cos 01 ( 1 1 - 5 0 )sz . sz
I n t e g r a t i n g  t h e  f o u r t h  t erm i n  b r a c k e t s  by p a r t s  we have
2 31
3M
—  cos  0 ds = -M^ cos  0  ^ + cos  013s sz sz
M d( cos  0) sz  . ds ds
= -M^ cos  0  ^ + M1 cos  01 -sz sz
Msz
a s i n  0 ds
S u b s t i t u t i n g  t h e  a b o v e  e q u a t i o n  i n  a d d i t i o n  t o  an e x p r e s s i o n
f o r  N f rom E q . ( I - 2 9 )  i n t o  E q . ( 1 1 - 5 0 )  g i v e s
zs
V* = |M . cosx L s i
3M __ z
3z cos  0 -  N s i n  0 | d s  sz J
I n t r o d u c i n g  s i n  
p a r t s ,
cLx—  and i n t e g r a t i n g  t h e  t h i r d  t erm byds
V* = I |M .co s  x | L s i
■» if
3M __ z
3z cos  0 ds
+ WJ x '3 -  N1 x -  x sz  sz I 3s
3Nsz ds
3N
S 2The s u b s t i t u t i o n  o f  an e x p r e s s i o n  o f  —-—  from E q . ( I - 2 8 )  i n t o3s
t h e  p r e v i o u s  e q u a t i o n  y i e l d s
V = u
3N 3M
3z 3z cos  0 )ds + (M . c o s  s i x P . )ds z i
+ 1 P x d s  +NJ xJ -  N1 7sz sz
When t h i s  e q u a t i o n  i s  a p p l i e d  f o r  t h e  w h o l e  c o n t o u r ,  i t
b e c o me s
_  9N 9M _
V = I ( x cos  0 ) ds + I (M .co s  0 -  x P . )dsx  9z 9z s i  z i
P x d s +  T N x + J T x  z s z zedges  j u n c t i o n s
Emp l o y i n g  E q s . ( 1 1 - 3 3 ) ,  ( 1 1 - 4 0 ) ,  and ( 1 1 - 4 7 ) ,  t h e  
e q u a t i o n  c a n  be s i m p l i f i e d  a s
9M
V = -  -rZ- + M . -  Mx 9z y i  ye
I I . 6 . b The Shear  i n g  F o r c e  Vy
S i m i l a r l y  E q . ( 1 1 - 3 1 )  can be  w r i t t e n  f o r  a 
e l e m e n t  o f  t h e  beam a s  f o l l o w s :
V* = ( (N cos  0 + Q s i n  0 )ds  y  J zs  z
+ MJ s i n  0J -  M1 s i n  01 sz sz
ab ov e
( 1 1 - 5 1  )
s i n g l e
O b t a i n i n g  an e x p r e s s i o n  f o r  Q from Eq. ( I - 3 0 )  andz








s i n  0 - sz3s s i n  0 )ds
+ s i n  0J -  M1 s i n  01 ( 1 1 - 5 2 )sz sz
I n t e g r a t i n g  t h e  f o u r h  t e r m i n  b r a c k e t s  by p a r t s ,
/ 3M . . . .
„ SZ- s i n  0 ds  = -M^ s i n  0^ + M1 s i n  01 3s sz sz
.*
r Msz
a cos  0 ds
S u b s t i t u t i n g  t h e  a b o v e  e q u a t i o n  i n  a d d i t i o n  t o  an e x p r e s s i o n
f o r  N from E q . ( I - 2 9 )  i n t o  E q . ( 1 1 - 5 2 )  one  has
Zi 5
V* = (M . s i n  s i
3M __ z
3z s i n  0 + N cos  0 )ds sz
I n t r o d u c i n g  c o s = ^ds and i n t e g r a t i n g  t h e  t h i r d  t erm by
p a r t s ,
t 3M
V* = (M . s i n  0 -  s i n  0 )ds  y J s i  3z
r 3N
+ NJ P  -  N1 P  -  y  dssz sz j J 3s
c*
3NC* *7
S u b s t i t u t i n g  an e x p r e s s i o n  o f  —-—  from E q . ( I - 2 8 )  i n t o  t h e<3 S
above  e q u a t i o n  y i e l d s
2 3 4
V* =
f _  3N 3M
(y  - ~ L -  „ Z~ s i n  0 )ds  + I (M . s i n3z 3z j  s i+ f
r* y P . ) ds z i
P y d s  + NJ yJ -  N1 y 2 z sz sz
When t h i s  e q u a t i o n  i s  a p p l i e d  f o r  t h e  w h o l e  c o n t o u r  i t  
bec ome s
V =y
_  3N 3M
<y I T  -  TT sin 6)ds + (M . s i n  0 -  y  P . )ds ' s i  z i
r
P y d s  + Y N y  + I  T y  z sz zedges  j u n c t i o n s
U s i n g  E q s . ( 1 1 - 3 4 ) ,  ( 1 1 - 4 1 ) ,  and ( 1 1 - 4 8 )  t h e  p r e v i o u s  
e q u a t i o n  be c o me s
3M
V = — -  M . + JVIy  3z x i  xe ( 1 1 - 5 3 )
I I . 6 . c The Torque  T
E q . ( 1 1 - 3 2 )  can a l s o  be w r i t t e n  f o r  a s i n g l e  e l e m e n t  o f  
t h e  beam as
T* = (N r - Q q + M  )ds zs  z zs
•MJ qJ + M1 q1 sz sz
S u b s t i t u t i n g  e x p r e s s i o n s  f o r  N and Q from E q s . ( 1 - 2 9 )
Z S  2
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a n d  ( I —3 0 ) g i v e s
M 9M 9M
T* = [ (n r  -  —^  r  + z , sz <1 + “T7-  1sz a  9z 9s
-M .q + M )ds-MJ qJ + M1 q1 s i  z s  sz sz
( 1 1 - 5 4 )
I n t e g r a t i n g  t h e  f o u r t h  t er m i n  b r a c k e t s  by p a r t s ,
9M
— . q . d s = qJ9s s z H M q -  sz M dssz ds
S u b s t i t u t i n g  t h e  a b o v e  e q u a t i o n  i n t o  E q . ( 1 1 - 5 4 )  and u s i n g  
E q . ( I I - 6 )  one  o b t a i n s
T* -
9M
(M - M  + -—£• q + N r - M . q ) d s  zs  sz 9z sz  s i
R e w r i t i n g  t h i s  e q u a t i o n  f o r  t h e  w h o l e  c o n t o u r  and u s i n g  
e q s . ( 1 1 - 2 1 )  and ( 1 1 - 2 3 )  we have
3 r 9M
T = G [ —  ds + (——^-q+ N r  -  M . q )ds3 j 9z sz s i
Or
T = T + Ts 0)
The e x p r e s s i o n  f o r  t h e  dynami c  wa r p i n g  t o r q u e  can be  
s i m p l i f i e d  by w r i t i n g  i t  t o  a s i n g l e  e l e m e n t ,  and 




(-~  q -  M . q )d s
a  Z  S X
+ NJ coj -  N1 w1 -  sz  sz
3N— sz  n co — —  ds  
3s
3N
S u b s t i t u t i n g  an e x p r e s s i o n  f o r — —  from Eq. ( I - 2 8  )
3 s
above  e q u a t i o n  o ne  o b t a i n s
i n t o  t h e
T * =0)
3M 3W _
{i r q -  i f  “ )ds  - (M .q  + P ,co)ds s i  z i
P co ds + NJ coJ -  N1 a? z sz  sz
When t h i s  e q u a t i o n  i s  a p p l i e d  t o  t h e  w h o l e  c o n t o u r ,  i t  




q + -r-^- co)ds -  I (M .q  + P . <o)ds3z 3z I s i  z i
+ P id  ds + 7  N co + Y T co
' Z  S  Z  Zed g es  j u n c t io n s
Us i n g  E q s . ( 1 1 - 3 5 ) ,  ( 1 1 - 4 2 ) ,  and ( 1 1 - 4 9 )  t h e  a b o v e  e q u a t i o n  
b e c o me s
3M
T = -  + M . -  Mco 3z coi coe ( 1 1 - 5 5  )
i
2 3 7
E q s . ( 1 1 - 5 1 ) ,  ( 1 1 - 5 3 ) ,  and ( 1 1 - 5 5 ) ,  a r e  s i m p l i f i e d  f o r ms  
f o r  t h e  s h e a r i n g  f o r c e s  and w a r p i n g  t o r q u e ,  and r e p r e s e n t  
t h r e e  o f  t h e  s e v e n  beam e q u i l i b r i u m  e q u a t i o n s .
A P P E N D I X  I I I
FORC E-DIS PLA CEM ENT RELATIONS FOR 
THIN-WALLED BEAMS
I I I . 1 Gener a l
The r e l a t i o n s  b e t w e e n  t h e  beam s t r e s s  r e s u l t a n t s  a s
w e l l  a s  t h e  beam i n e r t i a  f o r c e s  and t h e  beam d i s p l a c e m e n t  
a r e  d e r i v e d  in t h i s  A p p e n d i x .  S i n c e  t h e s e  r e l a t i o n s  a r e
e x p r e s s e d  in t e r m s  o f  t h e  c r o s s  s e c t i o n a l  p r o p e r t i e s  ( A r e a ,  
moments  o f  i n e r t i a ,  and e t c . .  ) ,  e x p r e s s i o n s  f o r  t h e s e
s e c t i o n a l  p r o p e r t i e s  a r e  o b t a i n e d  f i r s t .
1 1 1 . 2 Sec  t i o n  P r o p e r t i e s  0f_ Th i n - W a l l  ed Be am s
The s h e l l  e l e m e n t  shown i n F i g . ( I I I - l )  i s  p a r t  o f  a
c r o s s  s e c t i o n  o f  a t h i n - w a l l e d  beam o f  o p e n  c r o s s
s e c t i o n .  The e x p r e s s i o n s  to  be  d e r i v e d  h e r e  a r e  t h e  a r e a ,
t h e  f i r s t  a r e a  mo me n t s ,  t h e  s e c o n d  a r e a  mo me n t s ,  t h e  f i r s t  
s e c t o r i a l  moment ,  and t h e  s e c o n d  s e c t o r i a l  moment .  S i n c e
t h e s e  e x p r e s s i o n s  a r e  g o i n g  t o  be  in t e r m s  o f  t h e  m i d s u r f a c e




f i g . n r - i
A SHELL D IFFER EN TIA L ELEM EN T
AS PART OF A BEAM SECTION
2 4 0
The d i f f e r e n t i a l  h a t c h e d  a r e a  shown in F i g . ( I I I - l )  i s
dA s d s n .dn
S u b s t i t u t i n g  E q . ( I - 1 )  i n t o  t h i s  e q u a t i o n  and i n t e g r a t i n g  




( l  + —) d n . a s  a
h/2
h . d s
The f i r s t  a r e a  moment  a b o u t  t h e  x - a x i s  c a n  be found i n  
a s i m i l a r  way .  Agai n from F i g . ( I I I - 1 ) >
dSx = y . d s n . dn
S u b s t i t u t i n g  E q s . ( 1 - 1 )  and ( 1 1 - 1 0 )  i n t o  t h e  a b o v e  e q u a t i o n  
one o b t a i n s
dS = ( y  + n . s i n  0 ) (1 + -  ) d n . d sx a
I n t e g r a t i n g  t h i s  e q u a t i o n  w i t h  r e s p e c t  t o  n y i e l d s
( h y  + s i n  0 )ds ( 111 -2  )
S i m i l a r l y ,  we ha v e
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( hx  + ^ r - c o s  0)ds ( I I I - 3 )12a
R e f e r r i n g  to s e c t i o n  2 . 2  o f  Ch a p t e r  2 ,  t h e  d i f f e r e n t i a l  
f i r s t  s e c t o r i a l  moment  i s  d e f i n e d  as
dS = ai .ds  .dna) n
S u b s t i t u t i n g  E q s . ( 1 - 1 )  and ( 2 - 2 )  i n t o  t h i s  e q u a t i o n  g i v e s
dS = ( u - n q )  (1 + -  )dn , d su) a
I n t e g r a t i n g  t h e  p r e v i o u s  e x p r e s s i o n  w i t h  r e s p e c t  t o  n we 
ob t a  in
SOJ
3
U h  -  q)ds ( 1 1 1 -4 )
kwhere S has  a d i m e n s i o n  o f  L .U)
The e x p r e s s i o n s  f o r  t h e  s e c o n d  moment  o f  i n e r t i a  and 
t he  p r o d u c t  o f  i n e r t i a  c a n  be  o b t a i n e d  i n a s i m i l a r  
manne r .  From F i g . ( I I I - l ) ,
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2 2 d l  = y . d s  . d n ,  d l  = x . d s  . d n ,  d l  = x y . d s  . dnn yy n xy 3 nxx
Th us
XX
( h y 2 + -^ 2 s i n 2 0 + s i n  0 )ds (I  I I -5  )
yy  -
3 3—/, —2 . In 2 „ . h x  „ ,( h x  + —  cos  0 + -7—  cos  0 )ds 12 6a ( I I I - 6 )
and
xy ( h x y  + s i n  0 cos  0 + I i I  COS
*3“  h x
12a s i n  0 )ds ( I I I - 7 )
L i k e w i s e ,  t h e  e x p r e s s i o n s  f o r  t h e  s e c t o r i a l  p r o d u c t s  o f  
i n e r t i a  and s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a  a r e
d l  = u ) y . d s . d n , d l  = c o x . d s . d n , d I  = to . d s  . dncox n coy n coco n
and
cox
/ ,  h(hoo y -  —  q s m h i12a
, 3“h co . . \ ,+ s i n  0 )ds12a ( 111 - 8  )
2 4 3
r   . 3  , 3 -
I = (hco x -  —  q cos 0 -  q coy I 12 12a
h3“
cos 0)ds ( I I I - 9  )12a
and
I coco r(hco2 + ~ L -  -  ^ 3-)ds ( 1 1 1 - 1 0 )
where t h e  s e c t o r i a l  p r o d u c t s ,  o f  i n e r t i a  and t h e  s e c o n d
5 6s e c t o r i a l  moment  o f  i n e r t i a  h a v e  d i m e n s i o n s  o f  L and L , 
r e s p e c t i v e l y .
The e x p r e s s i o n s  d r i v e n  h e r e  a r e  d i f f e r e n t  from t h o s e  
use d  by V l a s o v  [ 2 6 ]  and G j e l s v i k  [93 due t o  t h e  e n c o u n t e r i n g  
o f  t h e  s h e l l  c u r v a t u r e  in t h i s  work.
1 1 1 . 3  S t r e s s  Res u l t a n  t  s - D i  s p i a c  ement  E q u a t i o n s  Of The Be am
As in t h e  c a s e  o f  t h e  s h e l l  s t r e s s  r e s u l t a n t s ,
G j e l s v i k  [ 9 3  c l a s s i f i e d  t h e  beam s t r e s s  r e s u l t a n t s  a s  a c t i v e
and r e a c t i v e .  The a c t i v e  beam f o r c e s ,  wh i c h  are  t o  be
d e t e r m i n e d  from s t r e s s e s ,  a r e  N, M , M , and M . On t h e’ x y co
o t h e r  hand t h e  r e a c t i v e  beam f o r c e s ,  whi c h  are  t o  be
d e t e r m i n e d  from e q u i l i b r i u m  a r e  V , V , and T .x ' y ’ co
2 4 4
For t h e  a c t i v e  beam f o r c e s ,  s u b s t i t u t i n g  E q s . ( 1 1 - 1 9 )  
and ( 1 1 - 2 0 )  in to  Eqs . ( I I - 2 9 )  , ( 1 1 - 3 3 ) ,  ( 1 1 - 3 * 0  , and ( 1 1 - 3 5 )  




f _  , 3  . 3
{hW" -  V " ( h y  +' 777-  s i n  8 ) -  U " (h x  + 777- cos  0 ) I d a  I d a
h3
-  r ( h t D  -  -TT- q) }ds I d a
M - } {-W' (hx+ f e  c o s  0>
1 - V  J
  3  3—  3 —
+ V " ( h x y  + s i n  0 cos  9 + cos  0 + rj7~^ s i n  0 )
3 3—
+ U " (h 3?  + ~ r  c o s 20 + cos  0 ) 12 6a
3 3— 3— h „ h x  . h a)
+$ ( h w x  -  —  9. cos  0 ” J2 a  ^  12a  COS
Mx = - = ^  j { - W ' ( h y  + ^  s i n  0 )
1 - V  J c
3 3—
+ V "{hy2 + s i n 2 0 + s i n  0 )
  3  3—  3—
+ U " ( h x y  + s i n  0 cos  0 + cos 0 + s i n  0 ) 12 12a 12a
+ $'1h(n y ~ 1 2  q s i n  0 ~ 1 2 a ^ + 12a Sin 0 ^ ds
* r W  + -  ^ ) ) d s
Us i n g  t h e  e x p r e s s i o n s  f o r  t h e  s e c t i o n  p r o p e r t i e s  o u t l i n e d  in  
t h e  p r e v i o u s  s e c t i o n ,  t h e  a bove  e q u a t i o n s  may be w r i t t e n  a s
n = — Taw" -  s  T' -  s  u" -  s  r'l
l _ v 2 x  y  0) j
M = ——-r- r-S W" + I  Y '  + I  U" + I  r q
y y *y yy wy J
M = — [ - S W' + I  Y '  + I  U" + I  Y'~\x _ 2 L x xx xy uix J1 -v  J
M = -  ~  C-S VT + I  Y '  + I  XT' + I  Y ' lw , 2 L a) cox wy ojo) J1- v
The e x p r e s s i o n s  f o r  t h e  r e a c t i v e  beam . f o r c e s  c an  be  
o b t a i n e d  by s u b s t i t u t i n g  t h e  above  e q u a t i o n s  i n t o  
E q s . ( 1 1 - 5 1 ) ,  ( 1 1 - 5 3 ) ,  and ( 1 1 - 5 5 ) ,  and t h e  r e s u l t s  a r e
( I I I - 1  1 ) 
( 111 - 1 2  ) 
( I I I - 1 3)  
( 111  - 1 4 )
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v =--E
x  -1 1 -v
-  f _ s  W" + I  T " +  I  J f"  + I  <T'~\ 
2 L y  xy y y  coy J
+M . -  M ( I I I - 1  5 )y i  y e
v = r-s \ r  + i r +  i u~ + i ]
y  ^ J 2  L x  x x  x y  wx -I
-M . •+ M ( 1 1 1 -1 6 )x i  xe
T = — ^ T - S  W" + I  T " +  I  IT" + I  r ~ l(o n 2 u to (ox toy toco J1 -v  J
+M . -  M ( I I I - 1 7)col ooe
Empl oy i ng  E q s . ( 2 - 6 )  and ( 2 - 7 ) »  t h e  t o t a l  t o r q u e  b e c o me s
t = gjo" -  f - s  w~ + i  v ~ +  i  tr~+ i  <r~]
v 60 (jx coy toco J
+M • -  M ( I I I - 1 8 )col coe
1 1 1 . 4 R e l a t i o n  Bet  ween I n e r t i a  F o r c e s  And The Pi  s p i a c  emen t  s 
Of The Beam
The i n e r t i a  f o r c e s  o f  t h e  beam can be  o b t a i n e d  by 
s u b s t i t u r t i n g  E q s . ( 1 1 - 2 4 )  t h r o u g h  ( 1 1 - 2 8 )  i n t o  E q s . ( 1 1 - 3 6 )  






{ W h  -  U ' " ( h x  +  7 7 -  c o s  0 ) -  V ' "
1 2 a
h3
- < f ' " ( h ( i )  -  q )  } d s
V . =  P f ( U " h  +  $ '*y  h  -  $ “ ( h y  +  7 7 —  s i n  0 ) } d s  
x i  j  p  1 2 a
V . =
yi
{ V " h  -  $ " x  h  +  r ( h x +  7 7 — 
p  1 2 a
c o s 0 )  } d s
T. = P
c
p.. r ( h y t ^ s t a e ){ I T y  h -
, 3
- V " x  h  +  V “ ( h x  +  7 7 —  c o s  0 ) 
p  1 2 a
3 3 3—2 —2 h h — h —
+  $ " ( h x  +  h y  +  —  +  -g^-x c o s  0 +  g ^ - y  s i n  0 )
_  3 3
- 2 x  r ( h x  +  7 7 —  c o s  0 )  -  2 y  $ " ( h y  +  7 7 —  s i n  
p  -Lda. p  Jl£zq .
s i n  0 )
0 ) -






f -  h 3{ -W "( h x +  T-r— cos  0 )12a
3 3—
+ U '" ( h x 2 + ^  c o s 2 0 + cos 0)
  3 3— 3—
+ V ' " ( h x y  + s i n  0 cos 0 + cos  0 + s i n 0 )±d X^_3. J-clQj
3— 3—h x , h co . u ,
i s : 9  + 12?  003  e ) > d s
M .
X I
f -  h 3-p j{ W ‘( h y  + s i n  0 )
c
h3




. Q \ 
+ s : s i n  6>











12 cos 9 -  k  <
h 3co
12a
12 s i n
. 3 -  h o)
12a s i n  0 )
+ r -,( h u 2 + _ l l ^ a ) } ds
12 6a
Usi r . j  t h e  s e c t i o n  p r o p e r t i e s  o u t l i n e d  in s e c t i o n  ( I I I . 2)  
t h e s e  e q u a t i o n s  become
T . = p | u " (Ay -  S ) -  V"( Ax -  S ) i  L p  x p  y
No t i ng  t h a t
So,  E q . ( I I I - 2 2 )  t a k e s  t h e  form
2 49
N. = p (AW -  S IT"  -  S V '"  -  S i  L y  x to J ( I I I - 1  9 )
V . = p [ a w  + < r(A y  -  S )1 x i  L p x J < 1 1 1 - 2 0 )
V . = p [a v  -  
y i  L
' ( A x  -  s  )1  
p  y  J
( 111  -2  1 )
+$"(1  + 1  -  2x S -  2y S +A x2 + A y2 )l
x x  y y  p  y  p  x p
(I I I -2  2 )
M . = p f - S  W  + I  IT "  + I  V '"  + Iyx L y  y y  x v  tov J y y ( 1 1 1 - 2 3  )
M . = -p  r-S w  + I  IT "  + I  V '"  + I  $ '" 1x i  L x xy xx cox J ( 1 1 1 - 2 4 )
M .= p f - S  W  + I  IT "  + I  V"" + I  <b'"l(oi <- to toy tox toco -* ( 1 1 1 - 2 5  )
1 = 1  '+ I  -  2x S -  2y S + Ax2 + Ay2p xx yy P  y  P  x P P ( 111 -2  6 )
T. = p f i r  ( Ay -  S ) -  V" (Ax -  S ) + I  <&"] 
i  L P  x p y p J ( 1 1 1 - 2  7 )
2 5 0
F i n a l l y ,  s u b s t i t u t i n g  t h e  a b o v e  e q u a t i o n s  i n t o  
r e a c t i v e  beam f o r c e s  e x p r e s s i o n s  y i e l d s
V = - E_ T-S VI" + I  XT' + I  XT' + I  <r~] x _ 2 L y  xy yy wy J1- v
+ p f - S  W" + I  V'" + I  IT "  + I  $"-■)- M  ( I I I .L y  xy . yy wy J ye
V = — —F-S VI" + I  XT' + I  XT' + I  y . 2 L x xx xy o jx  -11-v
+ pT-S W” + I V'"+ I lT ” + I $'”1 + M ( I I I .L X X X  xy tox J xe
T = GJ3>' -  — T-S VI" + I  XT'" + I  XI"' + I2 L co o)X oiy coo) J. - _ ~ — w1-v
♦ p f - S  W" + I  + I  I T ” + I  ^ " l - M  ( I I I -






CROSS SECTIONAL PROPERTIES * TRANSFORMATION
EQUATIONS
I V. 1 Gener a l
The t h i n - w a l l e d  beams  dy na mi c  e q u i l i b r i u m  e q u a t i o n s  
d e r i v e d  in Ch a p t e r  2 a r e  f u n c t i o n s  o f  t h e  c r o s s  s e c t i o n a l  
p r o p e r t i e s  wh i c h  a r e  o b t a i n e d  in Appe ndi x  I I I .  S i n c e  t h e s e
p r o p e r t i e s  depe nd  on t h e  f i x e d ,  a u x i l i a r y ,  and c u r v i l i n e a r  
c o o r d i n a t e  s y s t e m s  c h o s e n ,  t h e  dy na mi c  e q u i l i b r i u m  e q u a t i o n s  
w i l l  a l s o  de pe nd  on t h e s e  c o o r d i n a t e  s y s t e m s .
In t h i s  A p p e n d i x ,  a s y s t e m  o f  t r a n s f o r m a t i o n  e q u a t i o n s  
b e t we e n  two s y s t e m s  o f  c o o r d i n a t e s  and t h o s e  c r o s s  s e c t i o n a l  
p r o p e r t i e s  i s  d e r i v e d .  F i r s t ,  t h e  f i x e d  c o o r d i n a t e s  and t h e  
c r o s s  s e c t i o n a l  p r o p e r t i e s  a s s o c i a t e d  w i t h  them w i l l  be
c o n s i d e r e d .  Then,  t h e  a u x i l i a r y  and c u r v i l i n e a r  c o o r d i n a t e s  
w i l l  be h a n d l e d  a l o n g  w i t h  t h e  c r o s s  s e c t i o n a l  p r o p e r t i e s
whi ch  a r e  r e l e v a n t  to  t he m.
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2 5 2
I V . 2 The Fi  x ed Coord in a t e  S ys t e m
F i g . ( I V - l )  shows  a new f i x e d  c o o r d i n a t e  s y s t e m
( Xi , y  ^ , z1 ) . In t h i s  s y s t e m  t h e  z - ^ - a x i s  i s  t a k e n  p a r a l l e l  t o  
the  o l d  z - a x i s .  The p o i n t  ( x ^  tYc l ) i s  t h e  i n t e r s e c t i o n  
o f  t h e  z ^ - a x i s  and t h e  x y - p l a n e .  The a n g l e  b e t w e e n  t h e  a x e s  
x and x i s  . The g e n e r i c  p o i n t  A ( x , y )  on t h e  c o n t o u r  has  
new c o o r d i n a t e s  ( x  ^ ,y^) w i t h  r e s p e c t  t o  t h e  new f i x e d  
c o o r d i n a t e  s y s t e m .  The a n g l e  b e t w e e n  t h e  c u r v i l i n e a r  
c o o r d i n a t e s  and t h e  new f i x e d  c o o r d i n a t e s  i s  0-^  . The 
f o l l o w i n g  t h r e e  r e l a t i o n s  can be  o b t a i n e d  from F i g . ( I V - l ) :
= ( x - x  . ) c o s a .  + ( y - y - , )  s i n  a ( I V - 1 ).1 c l  1 c l  1
y = - ( x - x  ) s i n  a1 + ( y~yc l ) c o s c ^  ( I V - 2 )
0 = 0 -  a (IV -3  )
The c r o s s  s e c t i o n a l  p r o p e r t i e s  a s s o c i a t e d  w i t h  t h e  
f i x e d  c o o r d i n a t e s  are  t h e  f i r s t  a r e a  mo me n t s ,  t h e  p r o d u c t  o f  
i n e r t i a ,  and t he  s e c o n d  moment s  o f  i n e r t i a .  The
t r a n s f o r m a t i o n  e q u a t i o n s  f o r  t h e s e  p r o p e r t i e s  c a n  be  d e r i v e d  
as f o l l o w s :
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FIG . 1 2 - I
FIXED COORDINATES* TRANSFORMATION
2 5 4
I V . 2 . a The F i r s t  Area Moment S-x
The e x p r e s s i o n  f o r  t h e  f i r s t  a r e a  moment  Sx w i t h  
r e s p e c t  t o  t h e  new f i x e d  c o o r d i n a t e  s y s t e m  c a n  be  o b t a i n e d  
from E q . ( I I I “2 )  as
s x i = I ( h y i + l k r  s i n 0 i ) ds
S u b s t i t u t i n g  E q s . ( I V - 2 )  and ( I V - 3 )  i n t o  t h i s  e q u a t i o n  y i e l d s
x l = |  £ - h ( x - x c l ) s i n  + h ( y  -  y c l )cos
h
12a s in(0-oi )Jds ( I  V-4 )
Us i ng t h e  t r i g o n o m e t r i c  r e l a t i o n
s i n ( 9 - a ^)  = ( s i n  0 co s  ot  ^ -  cos  0 s i n  a ) ( I V - 5  )
E q . ( I V - 4 )  b e c o m e s
S , = cos  a_ x l  1 ( h y +  s i n  0 )ds -  y ^ c o s  a 1 h.ds
-  s i n  a n
r _  h 3
( h x  + t :  c o s 0 )ds + x _ s i n  a_12a  c l  1 h .  ds
F i n a l l y  s u b s t i t u t i n g  E q s . ( I I I - l ) ,  ( I I I - 2 ) ,  and C I I I —3)  i n t o  
t h e  above  e q u a t i o n  one  h a s
2 5 5
Sx l  [ Sx  ”  y c l A] c o s  a1
-  S  -  c  . A  s i n  a ,  
L y  c l  J 1 ( I  V - 6  )
Th i s  i s  t h e  t r a n s f o r m a t i o n  e q u a t i o n  f o r  t h e  f i r s t  a r e a  
moment S .
X.
I V . 2 . b The F i r s t  Area Moment S
------------- y
S i m i l a r l y ,  t h e  e x p r e s s i o n  f o r  t h i s  f i r s t  a r e a  moment  
can be  o b t a i n e d  from E q . ( I I I - 3 )  a s
S u b s t i t u t i n g  E q s . ( I V - l )  and ( I V - 3 )  i n t o  t h i s  e q u a t i o n  g i v e s
c
|  jji(,x  -  ) , c o s  ot-j +  h ( y  -  y c ^ ) s i n a ^
c
(I V-7 )
Us i ng  t h e  r e l a t i o n
c o s ( ) = c o s  0 c o s  +  s i n  0 s i n ( I V - 8 )
E q . ( I V - 7 )  b e c o m e s
2 5 6
S -i “■ s i n  „
y i  i  jan ( ( h y  + s i n  0 )ds -  y s i n o ^ h . d s
+ cos  a. ( h x  + 777-  cos  0 )ds -  x . cos  a .  | h . d s  12a c l  1
S u b s t i t u t i n g  E q s . ( I I I - l ) ,  ( I I I - 2 ) ,  and ( I I I - 3 )  i n t o  t he  
above  e q u a t i o n  y i e l d s
Sy l  = [£W (. l A] s i n aX J c
+  I s  -  x _Ajcos  a_ u  y  c i  J  l ( I V - 9 )
IV.  2 .  c The Prod uc t  o f  I n e r t i a  I_
E q . ( I I I - 7 )  can be  e x p r e s s e d  in t e r m s  o f  t h e  new f i x e d  
c o o r d i n a t e s  a s  f o l l o w s :
x y l  _
  —
(h x 1 + —  s i n  0 cos  .0
, 3—
y l  h x l
* l 2 T  COS01 + 1 2 T  s i n e i > ds
S u b s t i t u t i n g  E q s . ( I V - l ) ,  ( I V - 2 ) ,  and ( I V - 3 )  i n t o  t h e  a b o v e  





I x y l
{ [ ( x -  x c l )cos
+ ( y -  y ci ) s i n c t i ^
[ - ( x - x c l ) s i n  a 1 + ( y -  y ^  )cos  ]c l  .. I'
h r—  [ s i n  0 cos  a n -  cos  0 s i n  a n
• [ c o s  0 cos  a_ + s i n  0 s i n  a ]
12a [ - ( . x - x c l ) s i n  a 1 + (.y -  y c l )cos  a^]
. [ c o s  0 cos  a + s i n  0 s i n  a ]
12a [ (x -  xc l )cos  a n + ( y _ y ^ 1 ) s i n a 1 ]c l   1
• [ s i n  0 cos  -  cos  0 s i n  a^J }ds
The a b o v e  e q u a t i o n  can a l s o  be r e w r i t t e n  as
2 5 8
V l  = Sin  a l  COS “ l j  [ " h ( x - xc l ) 2 + h ( y _ y c l )2
c
3 3h . 2 li 2
1 2 * S l n  9 -  1 2  0 0 3  0
3  _  3 _
"  f e  ( x -  xc l )cos  9 + f c (y  -  yc l ) s l n  0] ds
+ c o s 2a [ h ^x _  xci ^ y _  y c i^  + 12 s i n  6 cos
h3 -  h3 1
* I 2T  ( y * y c l )cos  9 + 12l  < * - xc l >s i “  9>
-  s i n 2a f  j j i ( x - xc l H y ~  y  j_) + ^  s i n  0 cos
l k ( x - x c l )sin 9 ( y - yc l )cos  9Jds
S u b s t i t u t i n g  E q s . ( I I I - 1 ) ,  ( I I I - 2 ) ,  ( I I I - 3 ) ,  ( I I I - 5 ) ,
( I I I - 6 ) ,  and ( I I I - 7 )  i n t o  t h e  above  e q u a t i o n  y i e l d s
I = 2r ( l  - I  -  2y S + 2x . S + y 2 A -  x2 A ) s in  2a x y l  2 xx yy  J c l  x c l  y c l  c l  1
+ ( I  - x  S - y  ..S + x  y _ A ) c o s 2 a n ( I V - 1 0 )xy c l  x c l  y c l  c l  1
I V . 2 . d The Second Moment o f  I n e r t i a  I      —   _  xx
The e x p r e s s i o n  f o r  t h e  s e c o n d  moment  o f  i n e r t i a  I xx
w i t h  r e s p e c t  t o  t h e  new f i x e d  c o o r d i n a t e  s y s t e m  can be




- 2  h 3 2 h y T
( h y l +  I z  s i n  6 1  +  ~ S T s i n  0 l , d s
S u b s t i t u t i n g  E q s . ( I V - 2 )  and ( I V - 3 )  i n t o  t h e  a b o v e  e q u a t i o n  
and u s i n g  E q s . ( I V - 5 )  and ( I V - 8 )  y i e l d s
“ { h K x - x c l ) s i n a 1 +  ( y - y ^ l c o s  a .,1
tL 2
+  —  f  s i n  0 c o s  a _  -  c o s  0 s i n  a .  "I 
12 u 1 1J
h
"5a [ - ( x - x  1 ) s i n a 1 + ( y -  y c l ) c o s  a  ]
[ s i n  0 c o s  -  c o s  0  s i n  a ^ ]  } d s
The a b o v e  e q u a t i o n  c an  a l s o  be  w r i t t e n  a s  f o l l o w s :
I  _ =  c o s  ct_
x x l  12  ^ [ h ( y -  y c l ) 2 + s in2e  + f e  ■ y c l ) s i n  0j ds
. 2
+  s i n  a .
r ,  / — \ 2  h  2
[ h ( x - x  ) +  —  c o s  0
h3
+  -7—  ( x - x  _ , ) c o s 0 l d s  
c l6 a
+  s i n  c o s  [ - 2 h ( x -  x ^ )  ( y -  y Q l ) -  s i n  0 c o s
h 3  h 3  -
• & :  ( x - x c i ) s i n e "  &  ( y - y c l ) ° ° s  0 ] i s
2 6 0
F i n a l l y ,  s u b s t i t u t i n g  E q s . ( I I I - 1 ) ,  ( I I I - 2 ) ,  ( I I I - 3 ) ,
( I I I - 5 ) ,  ( I I I - 6 ) ,  and ( I I I - 7 )  i n t o  t h e  above  e q u a t i o n  g i v e s
2 2 I = ( I  -  2y S + y A)cos  a x x l  xx ' ' c l  x J c l  1
2 2 + ( l  -  2x _S + x  _A )s in  a_ yy c l  y c l  1
-  Clx y  -  y c l Sy  -  Xc l Sx  + x c i y o 1 A ' s i n  2“ l  ( I V - 1 1  )
IV.  2 .  e The Seco  nd Momen t  o f  I n e r t i a  I_
S i m i l a r l y ,  t h e  s e c o n d  moment  o f  i n e r t i a  I e x p r e s s i o n
«/ J
can be  o b t a i n e d  from E q . ( I I I - 6 )  as
:y y i  J
j .  h3 2q
( 1  12  cos  1
h3x1
+ —7—  cos 0_ )ds  6a 1
S u b s t i t u t i n g  E q s . ( I V - l )  and ( I V - 3 )  i n t o  t h e  a b o v e  e q u a t i o n  
and u s i n g  E q s . ( I V - 5 )  and ( I V - 8 )  g i v e s
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I y y 1 = J f h [ ( x - x c l ) c o s a 1 + ( y - y c l ) s i n a 1 ] ‘:
ll £+ —  [cos  0 cos  + s i n  0 s i n  a ~f
6a L ( x - x c l )cos  a;L + ( y - y c l ) s i n a 1]
[cos 0 cos  + s i n  0 s i n  a ] }ds
R e w r i t i n g  t h i s  e x p r e s s i o n  as
T • 2I  _ = s i n  a
y y i  i
N2. .hJ . 2,
- y c l ’ + 12 Sln  '
& ;  ( y - y e l ) s i n e ] d s
2+ cos  a n r , f— \2  h 2[ h ( x - x c l ) + —  COS i
h 3
+ 6a  “ xc3_)cos  0]
+ s i n  cos
_  - h
[ 2h ( x -  xc l ) ( y -  y  ) + -g- s i n  0 cos
c
hJ  -  h 3
&  ( x - xc i ) s in 0  + S  ( y - y c l ) c o s e ] d s
S u b s t i t u t i n g  E q s . ( I I I - l ) ,  ( I I I - 2 ) ,  ( I I I - 3 ) ,  ( I I I - 5 ) ,
( I I I - 6 ) ,  and ( I I I - 7 )  i n t o  t h e  above  e q u a t i o n  y i e l d s
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2 2 + ( I  -  2x S + x  A)cos a yy c l  y  c l  1
( I V — 1 2)
I V. 3 The Curv i l i n e a r  and Aux i l i  ary Coord in a t e  Sys t e m s
T r a n s f o r m a t i o n  o f  t h e  c u r v i l i n e a r  and a u x i l i a r y
c o o r d i n a t e  s y s t e m s  c a n  be  p e r f o r me d  by c h o o s i n g  a new o r i g i n  
C>i ( xQi  , y o l ) f o r  t h e  c u r v i l i n e a r  s y s t e m  and a new p o l e
P„ (x .y „ ) f o r  t h e  a u x i l i a r y  s y s t e m  as  shown in1 p i  p i
F i g . ( I V - 2 ) .  He n c e ,  t h e  g e n e r i c  p o i n t  'A' w i l l  have  t h e  new 
a u x i l i a r y  c o o r d i n a t e s  ( r ^ j q ^ )  and t h e  new w a r p i n g  f u n c t i o n  
' u) 1 w i t h  r e s p e c t  to  t h e  new c o o r d i n a t e s .  Eq . ( 11 — 1 ) c a n  be  
w r i t t e n  f o r  t h e  new c o o r d i n a t e  r^ as
r n = ( x - x  . ) c o s  0 + ( y - y  , ) s i n  01  p i  ' p i
S u b t r a c t i n g  E q . ( I I - 1 )  from t h e  a b o v e  e q u a t i o n  g i v e s
r
1
r - ( x  - x ) c o s 8
p i  p
y ) s i n  0 (I V -1 3 )
Ap p l y i n g  t h e  same p r o c e d u r e  to  Eq. ( 1 1 - 2 )  one  has
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FIG. EZ> 2
TRANSFORMATION OF CURVILINEAR AND AUXILIARY
COORDINATE SYSTEMS
2 6 4
q : q + (x - x  ) s i n  6 -  ( y  .  - y  ) c o s  0 ( I V - 1 4 )1 p i  p p i  p
R e c a l l i n g  E q . ( 2 - 1 )  t h e  f o l l o w i n g  r e l a t i o n s  c a n  be  
o b t a i n e d
dm. = r . d s
-4» _L
and dco = r . d s
S u b t r a c t i n g  t h e s e  t wo e q u a t i o n s  g i v e s
d C oj 1 “ to ) = ( r 1 -  r ) d s
S u b s t i t u t i n g  E q . ( I V - 1 3 )  i n t o  t h e  a b o v e  e q u a t i o n  y i e l d s
d (co1 -  oi) = [ - ( X p i ' X p )  c o s  0 -  (y - y  ) s i n  0 ] d s
I n t e g r a t i n g  t h i s  e q u a t i o n  from p o i n t  t o  'A* on t h e
c o n t o u r  [ s e e  F i g . ( I V - 2 ) ]  and u s i n g  t h e  E q s . ( I I - 7 )  and ( I I - 8 )  
one h a s
y
d ( co^  -  to) [ - ( x  -  x  )p i  p d y + ( y p i - y p ) j dx ] ( I V - 1 5)
o l Xo l
No t i n g  t h a t  t h e  i n t e g r a t i o n
d a) — co — to
V/here co* i s  t w i c e  t h e  h a t c h e d  a r e a  b e t w e e n  t h e  two v e c t o r s
2 6 5
'PO'  and , P 0 1 * and t h e  c o n t o u r  c u r v e  ' 0 0 ^ '  a s  shown in 
F i g . ( I V - 2 ) .  Hence E q . ( I V - 1 5 )  now b e c o m e s
a), s uj -  w* -  ( x n — x ) ( y -y n ) + ( y . - y  ) ( x - x  . )1 p i  p o l  p i  p o l
(I  V-1 6)
The c r o s s  s e c t i o n a l  p r o p e r t i e s  a s s o c i a t e d  w i t h  t h e  
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e  s y s t e m s  a r e  t h e  f i r s t  
s e c t o r i a l  moment ,  t h e  s e c t o r i a l  p r o d u c t s  o f  i n e r t i a ,  and t h e  
s ec ond  s e c t o r i a l  moment  o f  i n e r t i a .  The t r a n s f o r m a t i o n  
e q u a t i o n s  f o r  t h e s e  p r o p e r t i e s  c a n  be  d e r i v e d  a s  f o l l o w :
I V . 3.  a The F i r  s t  Sec  t o  r i a l  Moment
The e x p r e s s i o n  f o r  t h e  f i r s t  s e c t o r i a l  moment  w i t h  
r e s p e c t  t o  t h e  new c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s  can  
be o b t a i n e d  from Eq. ( 1 1 1 ) as
s » i  = [ ( “i h -  i k % )ds
S u b s t i t u t i n g  E q s . ( I V - 1 4 )  and ( I V - 1 6 )  i n t o  t h i s  e q u a t i o n  
y i e l d s
(y , - y  )cos  0 ] }dsp i  p
T h i s  e q u a t i o n  can be  r e w r i t t e n  a s  f o l l o w s :
0)1
h . d s
-  (x  -  x ) 
P i  P J
r _  h3 
[ h y  + s i n  0] ds
+ (x p l ' Xp ) y o l  I h - ds
*  ( y P i -  y p '  J  t h x  +  i 2 e l c o s  e P s -  ( y p i -  y p >  x 0 i . h.  ds
S u b s t i t u t i n g  E q s . ( 111 -1 ) , ( 1 1 1 - 2 ) ,  ( 1 1 1 -3 ) , and ( 1 1 1 - M ) i n t o  
t h e  above  e q u a t i o n ,  t h e  t r a n s f o r m a t i o n  e q u a t i o n  f o r  t h i s  
s e c t o r i a l  moment  t a k e s  t h e  form
2 6 7
s = S -  o)*A- (x  -  x ) ( s  -  y  A) 0)1 o) p i  p x  J o l
+(y  T -  y  Ms -  X A) ■'pi J p y  o l
I V . 3 . b The S e c t o r i a l  P r o d u c t  o f  I n e r t i a  I------     —------  ----------------  -(jjX
E q . ( I I I - 8 )  c a n  be  e x p r e s s e d  in t e r m s  o f  
c u r v i l i n e a r  and a u x i l i a r y  c o o r d i n a t e s  a s
Xo)lx
 h 3
( h ^ y  -  s i n0
-3 > 3 -3— h o)
1 2 T S i n 0 ) d s
I n t r o d u c i n g  E q s . ( I V - 1 4 )  and ( I V - 1 6 )  i n t o  t he  
e q u a t i o n  g i v e s
I
mix { h y |> U p l - x p ) ( y - y 0 l ) +  (yp l - y p ) ( x - x o l
C
h3
—  s i n  6 [q+  (xp l ~ xp ) s i n  0 -  ( y  y  ) cos  0]
h 3 y  [q+ (.x -  x ) s i n  0 -  (y -  y ) cos  0]1 2 a  p i  p p i  p
h 3 -  -
s i n e L“ - “ * -  < V xp ) ( y ' y o i )
+ <yp l - y p ) < x - xo l ) 1 , d s
( I V - 1 7)
t h e  new
pr ev i o  us
) J
2 6 8
The a b o v e  e q u a t i o n  can a l s o  be w r i t t e n  in t h e  form
oulx [ hoo y -  q. s i n  0
- f e ? q + l 2l S l n  0 ]d S
-  C O * [ h y  + s i n  0] d s
-  (x  _ -  x ) p i  p
3 3
^ “ 2 h • 2_ . h •( h y  + —  s i n  0 + g^-y s i n  0 )ds
+ (x  -  x ) y  p i  p o l ( h y  + s i n  0 )ds
+ ( y  -  y  ) ‘ p i  P J
( h x  y  + —  s i n  0 cos  0
3—  3—
+ cos  9 + 77^- s i n  0 )ds  12a 12a
-  f  -  h 3
( y p i ' y P ) x o i J ( h y +  l i l s i n  e ) d s
S u b s t i t u t i n g  E q s . ( I I I - 2 ) t ( 1 1 1 - 5 ) ,  ( I I I - 7 ) ,  and ( I I I - 8 )  
t h e  above  e q u a t i o n  y i e l d s
I  = I  -  co*S -  ( x -  x ) ( I  - y  S ) culx cox x p i  p xx o l  x
+ ( y  i -  y  ) ( i  -  x S ' • 'p i  p xy o l  x ( I V
i n t o
- 1 8 )
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I V . 3 . c The S e c t o r i a l  P r o d u c t  o f  I n e r t i a  I       —  _ wy
S i m i l a r l y ,  t h e  s e c t o r i a l  p r o d u c t  o f  i n e r t i a  I 
e x p r e s s i o n  c a n  be  o b t a i n e d  from E q . ( I I I - 9 )  as
, 3
 h
W  cos e
C
■a v,3 -
h x W1 n v .
-  I S q i  + H T  c o s  e ) d s
S u b s t i t u t i n g  E q s . d V - 1 1!) and ( I V - 1 6 )  i n t o  t h e  a b o v e  e q u a t i o n  
g i v e s
I = ( h x [ i i ) - a i * -  (x - x  ) ( y -  y  . ) a)ly J p i  p o l
c
* (yp l - yp ) ( x - xo l ) ]
h 3
-- t t t  cos  0 [q+ (x  _ -  x ) s i n  0 -  (y , -  y  ) cos  0 ] 12 LM- p i  p J p l  ' 'p
h 3 -x [ q +  (x  -  x ) s i n  0 -  (y  n -  y ) cos  0 ]12a p i  p p i  "p
h 3 -  -
* 1 2 a C0S 6 [ “ ~ "* "
* (jrp l - yp ){X' X° i m d s
T h i s  e x p r e s s i o n  can be  r e w r i t t e n  as
2 7 0
oily
r-i h[h a) x -  Y2  Q. GOS
3— 3—h x , h a) „ i ,_  q + _  cos ejds
_ a)7 f -  h 3( h x  + -r^— cos 8 )ds 
I d a
-  ( x n - x  ) I ( h x  y  + —  s i n  0 cos  0 
P-L p I 1 2
3— 3—h x . ~ h y  _ x ,+ r-T— s m  0 + ~r^~ cos  0 )ds12a  12a
* (xp l ' V y o l J ( h x  + ^7— cos 0 )ds  12a
- 2  h 3 2 h 3 —+ (yp l  -  y  ) | ( h x  + —  cos 0 + x cos  0 )ds
-  (yp l - yp ) x o l j ( h x  + ~ r — cos  0 )ds  12a
S u b s t i t u t i n g  E q s . ( I I I - 3 ) ,  ( 1 1 1 - 6  ) , ( I I I - 7 ) ,  and ( 1 1 1 - 9  ) 
t h e  above  e q u a t i o n  g i v e s
I  . = I  -  tu*S -  (x  . -  x ) ( I  -  y _S )toly wy y  p i  p xy • 'o l  y
+  ( y  n -  y  ) ( I  - x  S )  p i  p  y y  o i  y ( I V
i n  to
- 1 9 )
IV.  3• d The Second Sec  to r i a l  Momen t  o f  In er  t i  a I_
S i m i l a r l y ,  t h e  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a  
e x p r e s s i o n  c a n  be  o b t a i n e d  from E q . ( I I I - 1 0 )  a s  f o l l o w s :
I h 3 2 h 3 -  v ,
I coa)l 1 12  ql  6a  “ l ' 1! ^ a s
When E q s . C I V - ' M)  and ( I V - 1 6 )  a r e  s u b s t i t u t e d  i n t o  t h e  
e q u a t i o n  o ne  o b t a i n s
I  = { h [o> -  o)* -  ( x  -  x  ) (.y -  y  )
cowl j L p i  p  ^ol.
* (jrp l - y p ) ( x - xo l ) ]2
h3 2
*22 t 4 +  (xp l ' Xp , S i n  6 '  (yp l - yp ) c 0 S e ]
" la  a’* < x p l -  x p ) ( y _  y o l )
+ < y p l - y p ) ( x - x o l ) ]
. [q+  (x  -  x ) s i n  0 -  (y . -  y ) cos  9] }ds L p i  p J p l  J p
I 0)0)
ab ov e
I t  can a l s o  be w r i t t e n  as
2 7 2
tocol
3  2  3r, ~2 . h q h — 1 , |hco + -  j -  coqJds
c
-  2 w *
12 6a 
3
( h U -  j ^ - q ) a s * 01’ h . d s
+ ( x  -  x  ) L 
P i  P . Ih (y  -  yQ l)2 + 12 sin2f
h 3 -  -  
+ 61  ( y - y ol*  s i n  0 ]d s
r . , -  -  2[ h ( x -  xq 1 ) + —  cos  i
+ 7T- ( x -  x _ ) cos  0 ]ds  6a o l
-  2 (x -  x ) 
P i  P
[hco ( y -  y Q l ) -  hoi* ( y -  y ^  )
0.1 '
, 3  *-2. Qn- 
12 s i n ° -  i s i  ( y - yo i*
+ -rr— s i n  0 -  —  3 m  0J ds12a 12a
2 ( y ? i -  yp ) I  [hco ( x -  xq 1 ) -  hoj*(x -  
c
h i  
- l f c ° s
, 3 —, h co
+ 12l COS 
-  2 (
x ) o l
3
£-9.  ( x -  x )
12a 1 o l
h 3oo*' u  a-t, —  c o s 0 ] d s
L n  ~  AP i  P ><yo^ i - v | h (F
c
3 3
T i l  (y - y 0i ) c o s  0 + i 2 i <x ~ xo i * s l n  e l i s
h 3
yo l ) ( x  -  x x ) + ^2 s i n  6 cos  1
I ’\ffii
2 7 3
F i n a l l y ,  u s i n g  E q s . ( I I I - l )  t h r o u g h  ( 1 1 1 - 1 0 ) ,  t h i s  s e c t o r i a l  
moment o f  i n e r t i a  c a n  be  t r a n s f o r m e d  a s
1 = 1  -  2w*S + w*2A0)0)1 030) 0)
+ (x -  x ) 2 [ I  -  2y S + y ^ A l  p i  p L xx J o l  x ■'ol -J
+ (y„-, -  y )2[ i  -  2x s + x2 a ]  p i  p L yy o l  y o i  -I
-  2 (x  - -  x ) [ I  -  03*S -  y  _S + o)*y _a]p i  p L 03X X ,7o l  03 J o l
+  2  < y p l  -  y p  > -  “ * Sy  '  V S « .+ “ % 1 A^
-  2 ( x p l ' Xp ) ( V y p ) [ l x y - V Sx ‘  V Sy + W o l # i  ( I V ' 2 0 )
APPENDIX V
THE COMPUTER PROGRAM TNWLBM
F i g . ( V - l )  shows  a f l o w  c h a r t  o f  t h e  program TNWLBM and 
F i g . ( V - 2 )  g i v e s  t h e  s t o r a g e  a l l o c a t i o n  u s e d  i n  t h e  
pr ogr am.  B e f o r e  p r e s e n t i n g  t h e  l i s t i n g  o f  t h e  p r o g r a m,  an 
i n p u t  manual  i s  g i v e n .
V. 1 P r e p a r a t i o n  o f  Data F i l e
V. 1 . a T i t l e  Li ne  [ HEAD( 15) ,  FORMAT( 1 5 A5 ) ]
E n t e r  t h e  t i t l e  o f  t h e  probl e m f o r  us e  i n  l a b e l i n g  t h e  
o u t p u t .
V. 1 . b C o n t r o l  Li ne  [NBEAM,NDIST,NCLOD]
NBEAM = t o t a l  number o f  beam e l e m e n t s
NDIST = d i s t r i b u t e d  l o a d s  c o de
= 0 — > no d i s t r i b u t e d  l o a d s
= 1 — > t h e r e  a r e  d i s t r i b u t e d  l o a d s
NCLOD = number o f  c o n c e n t r a t e d  l o a d s
S T A R T
Read D i s t r i b u t e d  and C o n c e n t r a t e d  
____________ Lo a ds  A m p l i t u d e s __________
Read Beam Data
pp no
Re ad Nodal  P o i n t  Dat a  
( c o o r d i n a t e s ,  b o u n d a r y  c o n d i t i o n s )  
and E s t a b l i s h  E q u a t i o n  Numbers  
____________i n t h e  ID Ar r a y _______
ror Each F r e q u e n c y
For Each Beam El e me nt
For Each Beam El e me nt
S o l v e  For D i s p l a c e m e n t  A m p l i t u d e s * *
C a l c u l a t e  S t r e s s  R e s u l t a n t  A m p l i t u d e s
G e n e r a t e  [ A]  and [ B]  and 
S o l v e  For [ D ] **
A s s e m b l e  [ D]  I n t o  t h e  O v e r a l l  
S t i f f n e s s  Ma t r i x
Read S t a r t i n g ,  E n d i n g ,  and I n c r e m e n t a l  
V a l u e s  o f  t h e  F o r c i n g  F r e q u e n c y _____
A s s e m b l e  t h e  C o n c e n t r a t e d  Loads  A m p l i t u d e s  
I n t o  t h e  O v e r a l l  Load V e c t o r
G e n e r a t e  t h e  D i f f e r e n t  C h a r a c t e r i s t i c  E q u a t i o n s
and Fi nd T h e i r  Rtrots *
Use [ D]  t o  C a l c u l a t e  t h e  F i x e d  End E f f e c t  
Load V e c t o r  {W} and A s s e mb l e  i t  I n t o  
_________ t h e  O v e r a l l  Load V e c t o r  ____
END
F i g .  V-1
FLOW CHART OF THE PROGRAM TNWLBM
* IMSL S u b r o u t i n e s  ZRPOLY and ZCPOLY Are Us e d .  
** IMSL S u b r o u t i n e  LEQT1C I s  Us e d .
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Ad d r e s s S t o r  ag e Arr ay  
ID -  Array  
Z - C o o r d i n a t e  Ar r ay
D I S L D - D i s t r i b u t e d  Loads  
A m p l i t u d e s
C 0 NCLD-Co nc en t r  a t  e-d Loads  
Am p i i t u d e s
DR-Beam E l e m e n t s  s t i f f n e s s  
M a t r i c e s  ( R e a l )
DI-Beam E l e me n t s  S t i f f n e s s  
M a t r i c e s  ( I m a g i n a r y )
S T F R - O v e r a l l  S t i f f n e s s  Ma t r i x  
( R e a l )
S T F I - O v e r a l l  S t i f f n e s s  Ma t r i x  
( Im ag in ar y)
R R - O v e r a l l  Load A m p l i t u d e s  and 
t h e n  D i s p l a c e m e n t  a m p l i t u d e s  
( Re a l )
R l - O v e r a l l  Load A m p l i t u d e s  and 
t h e n  D i s p l a c e m e n t  A m p l i t u d e s  
( Im ag i n ar y)
WK-Work Array For IMSL 
S u b r o u t i n e  LEQT1C
WR-Fi xed End E f f e c t  Load 
V e c t o r s '  A m p l i t u d e s  ( R e a l )
WI - F i x e d  End E f f e c t  Load 
V e c t o r s ’ A m p l i t u d e s  
( Im ag i n ar y)
F i g .  V- 2
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1 96 8 NBEAM»ITWO
8ITW0=1 i n s i n g l e  p r e c i s i o n  a r i t h m e t i c  
ITW0=2 i n  d o u b l e  p r e c i s i o n  a r i t h m e t i c
2 7 7
V . 1 . c  Beam P r o p e r t i e s  L i n e s  [ 4 - L i n e s ]
F i r s t  Li ne  [YOUNG,SHEAR, POISON, RHO, DAMP]
YOUNG = s t o r a g e  mo dul us  o f  e l a s t i c i t y  ( r e a l  p a r t )
SHEAR = s h e a r  m o d u l u s  ( r e a l  p a r t )
POISON = P o i s o n ' s  r a t i o
RHO = ma s s  d e n s i t y  o f  t h e  m a t e r i a l
DAMP = t h e  l o s s  t a n g e n t  ( s t r u c t u r a l  dampi ng f a c t o r )
*NOTE: I f  SHEAR i s  i n p u t  e q u a l s  z e r o  t h e  program
c a l c u l a t e s  SHEAR=Y0UNG/ (2»(1 +POISON) ) .
#NOTE: t h e  a s s u m p t i o n  o f  z e r o  s t r e s s e s  i n  t h e  c o n t o u r  
d i r e c t i o n  can be  i n t r o d u c e d  by t h e  i n p u t  o f  t h e  v a l u e  
o f  SHEAR and i n t r o d u c i n g  P0IS0N=0
Second Li ne  [ AREA, XXM, YYM]
AREA = c r o s s  s e c t i o n a l  a r e a
XXM = p r i n c i p a l  moment  o f  i n e r t i a  a bo ut  t h e  X - a x i s  
YYM s p r i n c i p a l  moment  o f  i n e r t i a  a b o u t  t h e  Y - a x i s
Th i r d  L i n e  [WWM,STVENT]
WWM = p r i n c i p a l  s e c o n d  s e c t o r i a l  moment  o f  i n e r t i a  
( w a r p i n g  c o n s t a n t )
STVENT = S t .  Venant  t o r s i o n a l  c o n s t a n t  ( J )
Fo u r t h  L i n e  [ XP, YP]
XP and YP a r e  t h e  c o o r d i n a t e s  o f  t h e  p r i n c i p a l  p o l e  
w i t h  r e s p e c t  t o  t h e  p r i n c i p a l  a x e s  o f  i n e r t i a  X and Y,  
r e s p e c t i v e l y .
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V. 1.  d Nod a l  P o i n t  Data L i n e s
[N,'Z(N ) , ID (1 , N) , ID ( 2 ,  N) , .  . . , ID ( 7 ,  N)]  [ s e e  F i g . ( V - 3 ) ]
N = n o d e  ( j o i n t )  number [ G E . 1 and LE.NUMNP, whe r e  
NUMNP=NBEAM+1]
Z(N)  = Z - c o o r d i n a t e
ID ( 1 , N ) = W - t r a n s l a t i o n  b o u n d a r y  c o d e  
I D ( 2 , N )  = U - t r a n  s l a t  i o n  b o u n d a r y  c o d e  
I D ( 3 » N )  = V - t r a n s i a t i o n  b o u n d a r y  c o d e  
I D ( 4 , N )  = P H I - t r a n  s l a t  i o n  b o u n d a r y  c o d e  
I D ( 5 , N )  = U ’ - t r a n s i a t i o n  b o u n d a r y  c o d e  
I D ( 6 , N )  = V ’ - t r a n s l a t  i o n  b o u n d a r y  c o d e  
I D ( 7 , N )  = P H I ’- t r a n s i  at  i o n  b o u n d a r y  c o d e  
*NOTE: I D(M, N)  = 0;  u n s p e c i f i e d  ( f r e e )  d i s p l a c e m e n t  
ID( M, N)  = 1; d e l e t e d  ( f i x e d )  d i s p l a c e m e n t  
*N0TE: NUMNP l i n e s  h a v e  t o  be r e a d
V. 1 . e D i s t r  i b u t e d  Load Ampl i t ud  e s  L i n e s  ( I F NDIST = 1)
[ N , DIS LD(1 f N) , DISLD( 2 , N) , . . . , DISLD (7 , N ) ]
N = beam e l e m e n t  number [GE. 1 and LE.NBEAM]
D I S LD ( 1 , N )  = d i s t r i b u t e d  l o a d  a m p l i t u d e  i n  t h e
Z - d i r e c t i o n
DI S LD( 2 , N)  = d i s t r i b u t e d  l o a d  a m p l i t u d e  i n  t h e
X - d i r e c t i o n
DI SLD( 3»N)  = d i s t r i b u t e d  l o a d  a m p l i t u d e  i n  t h e
Y - d i r e c t i o n
D I S LD( 4 , N)  = d i s t r i b u t e d  t o r s i o n a l  moment  a m p l i t u d e
D I S LD( 5 , N)  = d i s t r i b u t e d  f l e x u r a l  moment a m p l i t u d e  
a b o u t  t h e  Y - a x i s
S im p l y  S u p p o r t e d
U , V ,  AMD <|>
A r e  Z e r o s
Mo o r s I z 3 4
D  VSPUACE.ME.NT
A m p l i t u d e s
~\ o o o W O I S 15
\ o o I
/ V
U O Z 9 O
I o o 1 V O 3 lO O
[ lo l  = I o o 1 4> [ ID ] = O 4 11 O
IwPUT 1 o o 0 u* M o d i f i e d O 5 12 16
1 o o o V ' O 6 13 IT
I o o o o 7 14 16
E q u a t io n  U u m b e r s
F I G .  V  -  3  
EXAMPLE OF BEAM IDEALIZATION
AND THE CORRESPONDING [ID ] ARRAY
2 8 0
DI S LD( 6 , N)  = d i s t r i b u t e d  f l e x u r a l  moment  a m p l i t u d e  
a bo ut  t h e  X - a x i s
DI SLD( 7 , N)  = d i s t r i b u t e d  bi moment  a m p l i t u d e  
*NOTE: NBEAM l i n e s  h a v e  t o  be r ea d
V. 1 . f  C o n o e n t r a t e d  Load A m p l i t u d e s  L i n e s  
( IF NCLOD.GT.O) [NOD,IDIR , FLOAD]
NOD = node  number t o  whi c h  t h i s  l o a d  i s  a p p l i e d
IDIR = d e g r e e  o f  f r e e d o m number f o r  t h i s  l o a d  
c o m p o n e n t ;
EQ. 1,  W - d i r e c t i o n
EQ. 2,  U - d i r e c t i o n
EQ.3* V - d i r e c t i o n
EQ. 4 ,  P H I - d i r e c t i o n
EQ. 5,  U’ - d i r e c t i o n
EQ. 6 ,  V ' - d i r e c t i o n
EQ. 7 ,  PHI ' - d i r e c t i o n
FLOAD s a m p l i t u d e  o f  t h i s  l o a d
•NOTE: NCLOD l i n e s  h a v e  t o  be  r ead
V. 1 . g F r e q u e n c y  In fo r ma t i o n  L i n e  [FRSTRT,FREND,FRINC]
The f o r c i n g  f r e q u e n c i e s  o f  i n t e r e s t  s t a r t  a t  
FRSTRT(HZ. )  and i n c r e a s e  a r i t h m e t i c a l l y  by  FRINCCHZ.)  
u n t i l  FREND(HZ.)  i s  r e a c h e d .
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C T H I S  P R O G R A M  C A L L S  T H E
C
C F O L L O W I N G  M O D I F I E D  I M S L
C
C S U B R O U T I N E S :  L E Q T 1 C ,  Z R P 0  L Y ,
C
C A N D  Z C P O L Y .
C
C O M M O N / T A P E S / I I N , I O U T
C O M M O N / B E A M / N B E A M , N U M N P , N E Q , N D I S T , N C L O D  
D O U B L E  P R E C I S I O N  • F R S T R T , F R E N D , F R I N C , X L A M D A , XLAM D 2  
I N T E G E R  U N ,  I O U T ,  N B E A M ,  N E Q ,  N D I S T ,  NC L O D ,  I E  R , 1 , 1 1 ,  J  J ,  K K ,  L L , MM, N N ,  
« N 1 , N 2 , N 3 , N 4 , N 5 , N 6 , N 7 , N 8 , N 9 , N 1 0 , N 1 1 , N 1 2 , N 1 3 f N 1 H , L X , L Y ,
«  M T O T , I T W O
D I M E N S I O N  I A ( 1 ) , H E D ( 1 5 >
E Q U I V A L E N C E  ( A C I ) . I A ( I ) )
COMMON AC 1 0 0 0 0  )
DATA U N ,  I O U T ,  I T W O / 1 8 ,  3 , 2 /
T N WL B M 
a b a  a
A C O M P U T E R  P R O G R A M
FOR
C O M P L E X  F R E Q U E N C Y  A N A L Y S I S
0  F
D A M P E D  T H I N - W A L L E D  B E A M S
M.  F .  AHMAD 
S E P T E M B E R  1 9 8 3
a a a a a a a a a a s a a a a a a a a a a a a a a B a a a a a a
M T O T  = 1 0 0 0 0
O P E N ( U N I T = I I N , D E V I C E r ' D S K ' , M O D E = ' A S C I I ' , F I L E = ' T N W L B M . D A T ' )
R E A D  ( U N ,  1 0 0 0  ) ( H E D ( I  ) ,  I  = 1 ,  1 5  )
W R I T E  ( I O U T , 2 0 0 0 )  ( H E D ( I ) , I = 1 , 1 5 )
C
C I N P U T  B E A M  P A R A M E T E R S
C
C A L L  I N P A R
C
N 1 = 1
N 2  = N 1  +  7  *  N U M N P
C
C N 1  = = = > N 2  = = = > I D
C
N 3  = N 2  +  N U M N P  * I T W O
C
C N 2  = = = > N 3  = = = > Z
C
C A L L  I N P U T  ( A ( N 2 ) , A ( N 1 ) , A ( N 3 ) , A ( N 3 ) , 0 )
C



























































N 4  = N 3  +  7  *  N B E A M  » I T W O
N 3 = = = > N 4  = = = > D I S L D
I F  ( N D I S T . E Q . O )  N 4 = N 3  
KK = NE Q » I T W O  
N 5  = N 4 +  KK
N 4  = = = > N 5  = = = > C O N C L D
I F  ( N C L O D .  E Q .  0 )  N 5  = N 4  
NN = 1 9 6  » NB E A M * I T W O  
N 6  = N 5  +  NN
N 5  = =• = > N 6  = = = > D R 
N 7  = N 6  +  NN
N 6  = = = > N 7  = = = > D I
NN = N E Q  » N E Q  •  I T W O  
N 8  = N 7  +  NN
N 7  = = = > N  8  = = = > S T F R
N9  = N 8  +  NN
N 8  = = = > N 9  = = = > S T F I  
N 1 0  = N 9  +  KK
N 9  = = = > N 1 0 = .  = = > R R  O R  A M P R
N1 1  = N 1 0  +  KK
N 1 0  = = = > N  1 1 = = = > R I  O R  A M P I
N 1 2  ' = N 11  +  KK
N 1 1 = = = > N  1 2  = = = > W K
NN = 1 H * N B E A M  * I T W O
I F  ( N D I S T . E Q . O )  NN = 0 
N 1 3  = N 1 2  +  NN
N 1 2  = = = > N 1 3  = = = > W R
N H  = N 1 3  + NN
N 1 3  = = = > N 1 i J  = = = > W I
I F  ( N 1 4 . L E . M T O T )  GO T O  1 0
W R I T E  ( I O U T , 2 0 1 0 )  N 1 4  
GO TO 9 9 9 9
1 0  C A L L  I N P U T  ( A ( N 2 ) , A ( N 1 ) , A ( N 3 ) , A ( N  4 ) , 1  )
I N P U T  F R E Q U E N C I E S
R E A D  ( U N , * )  F R S T R T , F R E N D , F R I N C  
W R I T E  ( I O U T , 2 0 2 0 )  F R S T R T , F R E N D , F R I N C
XLAM DA = F  R S T R T
2 0  W R I T E  ( I O U T , 2 0 3 0 )  XL AM DA
X L A M D 2  = XLAM DA * XLAM DA » 3 9 .  4 7 8 4 1  7 6 1
C A L C U L A T E  T H E  R O O T S  O F





















C A L L  C 0 E F 1 2  ( X L A M D 2 )
C A L L  Z E R O S  ( I E R )
I F  ( I E R . G T . O )  G O  T O  1 0 0  
NN = ( N E Q  + 1 )  * NEQ * I T W O  » I T W O  
C A L L  C L E A R  ( A ( N 7 ) , N N )
C O N C E N T R A T E D  L O A D S
I F  ( N C L O D . G T . O )  C A L L  E X L O A D ( A ( N 1 ) , A ( N 4 ) , A ( N 3 ) , A ( N 5 ) , A ( N 6 ) , A ( N 9 ) ,  
«  A ( N 1 0 ) , A ( N 1 2 ) , A ( N 1 3 ) , X L A M D 2 . 0 )
A S S E M B L E  S T I F F N E S S  A N D  L O A D
M A T R I C E S
DO 5 0  I  = 1 ,  NBEAM
I I = ( I - 1 ) * 7 + N 1  
L X  = ( 1 - 1  )  » I T W O  
LY = L X  « 1 9 6
J J  = L Y  + N 5
KK = LY +  N 6
L L  = L X  +  N 2
C A L L  A M T X 1 2  ( A ( J J ) , A ( K K ) , A ( L L ) , I E R )
I F  ( I E R . G T . O )  GO TO 1 0 0
C A L L  A S S E M  ( A (  1 1  )  ,  A(  J  J  )  ,  A (  KK )  ,  A (  N 7  )  ,  A ( N 8  )  ,  NE Q )
I F  ( N D I S T . E Q . O )  GO T O  5 0  
MM = 7  * L X  +  N 3
LY = 1 4  * L X
NN = LY +  N 1 2
L L  = L Y  + N 1 3
C A L L  E X L O A D  ( A ( 1 1 ) , A ( N 4 ) , A ( MM) ,  A ( J J  )  , A ( KK )  ,  A ( N 9  ) , A ( N 1 0  ) ,
» A ( N N )  , A ( L L ) , XL AMD 2 , 1 )
5 0  C O N T I N U E
S O L V E  F O R  T H E  A M P L I T U D E S
C A L L  L E Q T 1 C ( A ( N 7 ) , A ( N 8 ) , N E Q , N E Q , A ( N 9 ) , A ( N 1 0 ) , 1 , N E Q , 0 , A ( N 1 1 ) , I E R )  
I F  ( I E R . G T . O )  GO T O  1 0 0
P R I N T  D I S P L A C E M E N T  A M P L I T U D E S
C A L L  W R I T E ( A ( N 1 ) , A ( N 7 ) , A ( N 8 ) , A ( N 9 ) , A ( N 1 0 ) , A ( N 1 1 ) )
S T R E S S  R E S U L T A N T  A M P L I T U D E S
W R I T E  ( I O U T ,  2 0 3 0 )  XL AM DA 
W R I T E  ( I O U T ,  2 0 4 0  )
DO 7 0  1 = 1 , NBEAM
I I  = ( I  -  1 ) » 7  +  N 1
L X  = ( I  -  1 ) *  I T W O
LY = L X  * 1 9 6
J J  = LY +  N 5
KK = L Y  + N 6
NN = N 1 2
L L  = N 1 3
I F  ( N D I S T . E Q . O )  GO T O  6 0  
LY = 1 4  « L X  
NN = L Y  +  N 1 2  
L L  = LY +  N 1 3  
6 0  LY = I
C A L L  S T R E S S ( A ( 1 1 ) , A ( J J ) , A ( K K ) , A ( N 9 ) , A ( N 1 0 ) , A ( N N ) , A ( L L ) , L Y )
7 0  C O N T I N U E  
C
1 0 0  XL AM DA = XLAM DA + F R I N C
I F  ( X L A M D A . L E . F R E N D ) GO TO 2 0
C
9 9 9 9  S T O P
C
1 0 0 0  F O R M A T ( 1 5 A 5 )
2 0 0 0  F O R M A T ( / / / , 5 X , 1 5 A 5 )
2 0 1 0  F O R M A T ( / / / , 5 X , ' *  *  * E R R O R  -  S T O R A G E  E X C E E D E D  -  * *  » ' , / . 5 X ,
2 8 4
• ' M T O T  M U S T  B E  I N C R E A S E D  T O ' , 1 9 )
2 0 2 0  F O R M A T ( / / / / / , 5 X , ' F  R E Q U E N C Y  I N F O R M A T I O  N ' , / / / f
» 5 X , ' S T A R T I N G  F R E Q U E N C Y  V A L U E  ........................  ( F R S T R T ) ' , F 1 5 . 5 , 5 X , ' ( H Z ) ' ,
» / / , 5 X , ' E N D I N G  F R E Q U E N C Y  V A L U E ............................. ( F R E N D  ) ' , F  1 5 . 5 , 5 X ,
• ' ( H Z ) ' , / / , 5 X , ' F R E Q U E N C Y  I N C R E M E N T  ...................................  ( F R I N C ) ' , F 1 5 . 5 ,
• 5 X , ' ( H Z )  '  )
2 0 3 0  F O R M A T ( 1 H 1 , / / / , 5 X , ' F  R E Q U E N C Y  = ' , F 1 5 . 5 , 5 X , ' ( H Z ) '  )
2 0 4 0  F O R M A T ( / / , 5 X , ' S  T R E S S  R E S U L T A N  T ' , 5 X ,













R 0  G R A M
T O  C A L C U L A T E  T H E  P A R T  OF T H E  M A T R I C E S  ' A '  
A S S O C I A T E D  W I T H  T H E  A X I S  OF  S Y M M E T R Y











C O M M O N / M A T R X / X P , Y P , B X R , B X I , B Y R , B Y I , C S R , C S I , E R , E l , A R E A ,
■ X X M , Y Y M , WWM
C O M M O N / W E Q / R R , R I  
C O M M O N / M R O O T / R O O T R , R O O T I  
C O M M O N / A B M T X / A R , A I , B R , B I
D O U B L E  P R E C I S I O N  AR ( 1 4 ,  1 4  ) ,  A I  ( 1 4 ,  1 4 ) , R O O T R ( 1 4 ) , R O O T I ( 1 4  ) , Z ( 1  ) ,
» C R , C I , E X P N , X P , Y P , B X R , B X I , B Y R , B Y I , C S R , C S I , E R , E I ,
» A R E A ,  X X M , Y Y M , W W M , X , Y R , Y I , R O O T R 2 , R O O T I 2 , Q R , Q I ,
«  R R , R I , B R ( 1 ' I , 1 « ) , B I ( H , 1 4 ) , V R , V I
I N T E G E R  L L ( 1 ) , L X , N , I , J , K , K K , M , L
L X = 1 y - A X I S  I S  T H E  O N L Y  A X I S  OF  S Y M M E T R Y  
( C A L C U L A T I O N S  F O R  T H E  V - E Q U A T I O N S )
L X = 2  X - A X I S  I S  AN A X I S  OF  S Y M M E T R Y
( C A L C U L A T I O N S  F O R  T H E  U - E Q U A T I O N S )
L X = 6  X A N D Y - A X E S  A R E  A X E S  OF  S Y M M E T R Y  
( C A L C U L A T I O N S  F O R  T H E  V - E Q U A T I O N S )
L X = 1 0  X AN D  Y - A X E S  A R E  A X E S  OF  S Y M M E T R Y
( C A L C U L A T I O N S  F O R  T H E  P H I - E Q U A T I O N S )
I F ( L X . N E . 1 )  GO T O 1 0
X = - X X M
L X = 2
GO T O  2 0
1 0  X = - Y Y M
I F  ( L X .  E Q .  6  ) X = - X X M  
I F ( L X . E Q . 1 0 ) X = - W W M  
YR = R R 
Y I  =R I
I F ( L X . N E .  1 0  ) GO  T O  2 0
YR = C S R
Y I s C S I
2 0  N = 0
DO 3 0  1 = 1 , 3 , 2  
N =N + 1  
K = L L  ( I  )
L = K + 3
DO 3 0  J  =1  ,  1*
KK = L L ( J  )
M = J  +L  X
E X P N  = D E X P ( R O O T R ( M ) » Z ( N  ) )
C R = E X P N » D C O S ( R O O T I ( M ) » Z ( N ) )
C I = E X P N  * D S I N ( R O O T I ( M ) » Z ( N ) )
AR ( K ,  K K ) = CR 
A I ( K , KK ) = C I
A R ( L , K K ) = C R » R O O T R ( M ) - C I « R O O T I ( M )  
A I  ( L ,  KK ) = C R *  R O O T I  (  M ) + C I  »  R O O T R  ( M)
R O O T R 2 = R 0 0 T R ( M ) « R O O T R ( M ) - R O O T I ( M ) » R O O T I ( M )  
R O O T I 2 = 2 . * R O O T R ( M ) » R O O T I ( M )
VR =YR + R O O T R  2  
V I = Y I + R  O O T I 2
Q R = V R « R O O T R ( M ) - V I * R O O T I ( M) 
Q I = V R « R O O T I ( M ) + V I * R O O T R ( M )
B R ( K , K K ) = ( Q R » C R - Q I » C I ) « X  
B I ( K , K K ) = ( Q R » C I + Q I » C R ) » X
2 8 6
B R ( L , K K  ) = - ( R O O T R  2 * C R - R 0 0 T I 2 * C I ) * X 
3 0  B I ( L , K K ) = - ( R 0 0 T R 2 * C I + R 0 0 T I 2 * C R ) «X







C .  P R O G R A M
C .  T O  C A L C U L A T E  T H E  ' A '  AND ' B '  M A T R I C E S  I N  T H E  C A S E  OF




C O M M O N / M R O O T / R O O T R , R O O T I  
C O M M O N / A B M T X / A R , A I , B R , B I  
C O M M O N / W E Q / R R , R I
C O M M O N / M A T R X / X P , Y P , B X R , B X I , B Y R , B Y I , C S R , C S I , E R , E l , A R E A ,
» X X M , Y Y M , WWM
D O U B L E  P R E C I S I O N  A R ( 1 4 , 1 4 ) , A I ( 1 4 , 1 4 ) , B R ( 1 4 ,  1 4 ) , B I  ( 1 4 , 4 4 ) , R O O T R ( 1 4  ) 
"  ,  R O O T I  ( 1 4 ) , Z ( 1 ) , R R , R I , X P , Y P , B X R , B X I , B Y R , B Y I , C S R ,
* '  C S I ,  E R ,  E l ,  A R E A ,  XXM,  Y Y M , WWM, PR , P I ,  X ,  XM 1 ,
» R O O T R 2 , R O O T I 2 , T R , T I , V R , V I , B O T R , B O T I , D U M , X K R , X K I ,
» E X P N . C R , C l , X M R , X M I , X Q R , X Q I
I N T E G E R  L L ( l j , M , K , K 1 , K 2 , K 3 , K 4 , J , I , K K
C
C L L ( 1  ) = 3  X - A X I S  I S  AN A X I S  OF  S Y M M E T R Y
C L L ( 1 ) = 2  Y - A X I S  I S  AN A X I S  OF  S Y M M E T R Y
C
I F ( L L ( 1 ) . E Q . 2 )  G O  T O  1 0
PR =B XR
P I = B X I
X = - X P
X M 1 = - X X M
GO TO 2 0
C
1 0  P R  = B YR 
P I = B Y I  
X = Y P
X M 1 = - Y Y M
C
2 0  M = 0
DO 3 0  ( ( = 1 , 5 , 4  
M =M +  1 
K 1 = L L ( K  )
K 2 = L L  ( K +1 )
K 3 = L L  ( K + 2  )
K4  = L L  ( K + 3  )
DO 3 0  J = 1  ,  8 
I = L L  ( J  )
KK = J  + 6
R O O T R 2  = R O O T R ( K K  ) " R O O T R ( K K  ) - R O O T I ( K K  ) " R O O T I ( K K )
R 0 0 T I 2 = 2 . " R O O T R ( K K ) » R O O T I ( K K )
T R  =R R + R O O T R  2 
T I = R I + R O O T I 2  
VR = R 0 0 T R 2 « T R - R 0 0 T I 2 » T I  
V I = R 0 0 T R 2 » T I + R 0 0 T I 2 » T R
C
B O T R  = V R - P R  
B O T I = V I - P I
D U M = B O T R " B O T R + B O T I " B O T I  
XKR = P R " B O T R + P I * B O T I  
X K I = - P R » B O T I + P I " B O T R
C
C A - M A T R I X
C
E X P N = D E X P ( R O O T R ( K K ) » Z ( M ) )
C R = E X P N " D C O S ( R O O T I ( K K ) » Z ( M ) )
C I = E X P N * D S I N ( R O O T I ( K K ) » Z ( M ) )
C
A R ( K 1 , I  ) = ( C R * X K R - C I » X K I ) " X / D U M  
A I ( K 1 , 1  ) = ( C R » X K I + C I " X K R ) " X / D U M
C





A I  ( K 2 , I )  = C I
V R = C R » R O O T R ( K K ) - C I " R O O T I ( K K )
VI  = C R » R O O T I ( K K ) + C I » R O O T R  ( K K )
A R ( K 3 , I ) = ( V R * X K R - V I " X K I  ) * X / D U M  
A I  ( K 3 . I  ) = ( V R » X K I + V I » X K R ) » X / D U M
AR ( K 4 ,  I  ) = VR 
A I ( K 4 , 1 ) = V I
B - M A T R I X
V R = T R » R O O T R ( K K ) - T I " R O O T I ( K K )
V I  = T R * R O O T I ( K K ) + T I « R O O T R  ( K K )
XM R =V R * X K R - V I * X K I  
X M I = V R * X K I + V I » X K R
VR = R O O T  R 2 + C  SR 
V I = R O O T I 2  + C S I
X Q R = V R * R O O T R ( K K ) - V I " R O O T I  ( K K  )
X Q I = V R ®  R O O T I ( K K ) + V I * R O O T R  ( K K )
B R ( K 1 , I ) = ( X M R » C R - X M I » C I ) * X M 1 " X / D U M  
B K K 1 . I  ) = ( X M R * C I + X M I » C R ) » X M 1  " X / D U M
B R ( K 2 , I ) = - ( X Q R » C R - X Q I » C I ) « W W M  
B I ( K 2 , I  ) = - ( X Q R * C I + X Q I * C R ) * W W M
VR = C R * R O O T R 2 - C I * R O O T I 2  
V I = C R * R 0 0 T I 2 + C I * R 0 0 T R 2
B R ( K 3 , I  ) = - ( V R " X K R - V I " X K I ) « X M 1 " X / D U M  
B I ( K 3 , I  ) = - ( V R " X K I + V I " X K R ) " X M 1 " X / D U M
BR ( K 4 ,  I ) = VR * WWM 
B I ( K 4 , 1 ) = V I " WWM






















P R O G R A M
1 - T O  C A L C U L A T E  T H E  ' A '  AND ' B '  M A T R I C E S  I N  T H E  C A S E  OF  
NO A X E S  OF  S Y M M E T R Y
2 - T O  C A L C U L A T E  T H E  D Y N A M I C  S T I F F N E S S  M A T R I X  ' D '
C O M M O N / M R O O T / R O O T R , R O O T I  
C O M M O N / F  L A G S / I  DAM P , I S Y M X , I S Y M Y  
C O M M O N / A B M T X / A R , A I , B R ,  B I  
C O M M O N / W E Q / R R , R I
C O M M O N / M A T R X / X P , Y P , B X R , B X I , B Y R , B Y I , C S R , C S I , E R , E l , A R E A ,
» X X M , Y Y M , WWM
D O U B L E  P R E C I S I O N  AR ( 1 4 ,  1 4  ) , A I  ( 1 4 ,  1 4  ) ,  R O O T R ( 1  A ) ,  R O O T I ( 1 4  ) , Z ( 1  ) ,  •
*  X P , Y P , B X R , B X I , B Y R . B Y I , R R , R I , E X P N . R 0 0 T R 2 , R O O T I 2 ,
» T R , T I , V R , V I , B O T R , B O T I , DUM Y , D U M X , X K R , X K I , XLR f X L I ,
»  C R . C I , C S R , C S I , E R , E l , A R E A , X X M , Y Y M . W W M , X M R , X M I , X N R ,
* • X N I , X Q R , X Q I , B R ( 1 4 ,  1 4 ) , B I ( 1 4 ,  1 4  )  ,  A I N  VR ( 1  4  ,  1 4 ) ,
»  A I N  V I  ( 1  4 ,  1 4 )  , WK  ( 1 4 )  ,  DR ( 1  4 ,  1 ) , D I  ( 1  4 ,  1 )
I N T E G E R  L W ( 2 ) , L N O S Y M ( 1 2 ) , I , J , K , M , K K , I D A M P , I S Y M X , I S Y M Y , K 1 , K 2 , K 3 , K 4 ,
* K 5 . L U ( 4 ) , L V ( 4 ) , L P H I ( 4 ) , L X S Y M ( f f ) , L Y S Y M ( 8 ) , I E R  
D A T A  L W / 1 , 8 /
D A T A  L U / 2 , 5 , 9 , 1 2 / . L V / 3 , 6 , 1 0 , 1 3 / . L P H I / 4 , 7 , 1 1 , 1 4 /
DATA L X S Y M / 3 , 4 , 6 , 7 , 1 0 , 1 1 , 1 3 , 1 4 / , L Y S Y M / 2 , 4 , 5 , 7 , 9 , 1 1 , 1 2 , 1 4 /
D A T A L N O S Y M / 2 , 3 , 5 , 6 , 7 , 9 , 1 0 , 1 1 , 1 2 , 1 3 ,  1 4 /
I N I T I A L I Z E  T H E  M A T R I C E S
DO 1 0  1 = 1 , 1 4
DO 1 0  J  = 1 ,  1 4
B R ( I , J  )  = 0  .
B I  ( I , J ) = 0 .
A R ( I , J ) = 0 .
A I ( I , J ) = 0 .
A I N V R ( I , J ) = 0 .
A I N  V I ( I , J ) = 0 .
I F  ( I . E Q . J )  A I N V R ( I , J ) = 1 .
1 0  C O N T I N U E
W -  E Q U A T I O N
DO 2 0  1 = 1 , 2  
K = L W ( I  )
DO 2 0  J  =1  ,  2  
KK = L W ( J  )
E X P N = D E X P ( R O O T R ( J  ) * Z ( I  ) )
CR = E X P N » D C O S ( R O O T I  ( J  )  * Z ( I  ) )
C I = E X P N  * D S I N ( R O O T I ( J  ) * Z ( I  ) )
A R ( K , K K  ) = CR 
A I ( K , K K  ) = C I
B R ( K ,  K K ) = ( C R » R O O T R ( J ) - C I » R O O T I ( J  ) ) *  AR E A 
2  0  B I ( K ,  K K ) = ( C R « R O O T I ( J ) + C I * R O O T R ( J ) ) *  A R E A
C C A L L  O T H E R  S U B R O U T I N E S  I N
C C A S E  O F  S Y M M E T R Y
C
I F ( I S Y M X . E Q . 1 . A N D .  I S Y M Y . E Q . 1 )  GO T O  1 0 0  
I F ( I S Y M X . E Q . 0  . A N D .  I S Y M Y . E Q . O )  GO T O  4 0  
I F d S Y M X .  E Q .  0 )  GO T O  3 0  
C A L L  A M T X 4 ( L V , 1 , Z )
C A L L  A M T X 8 ( L Y S  Y M , Z )
GO TO 1 1 0
C
3 0  C A L L  A M T X 4 ( L U , 2 , Z )
C A L L  A M T X 8 ( L X S Y M , Z )
















4 0  C A L L  A M T X 4 ( L U , 2 , Z )
C A L L  A M T X 4 ( L V , 6 , Z )
C A L L  A M T X 4 ( L P H I , 1 0 , Z )
GO T O 1 1 0
C
1 0 0  M = 0
DO 1 1 0  K = 2 , 9 , 7  
M =M + 1  
K1 =K +1 
K 2  =K + 2  
K 3 = K + 3  
K 4  =K + 4  
K 5 = K + 5
DO 1 1 0  J = 1 , 1 2
I = L N O S  Y M ( J )
KK = J  + 2
R O O T R 2 = R 0 0 T R ( K K ) » R O O T R ( K K ) - R O O T I ( K K ) * R O O T I ( K K ) 
R O O T I 2 = 2 . » R O O T R ( K K ) « R O O T I ( K K )
T R = R R + R O O T R 2  
T I = R I + R O O T I 2  
V R = R O O T R 2 » T R - R O O T I 2 * T I  
V I = R 0 0 T R 2 » T I + R 0 0 T I 2 » T R
C
B O T R  = V R - B Y R  
B O T I =  V I - B Y I
D U M Y = B O T R * B O T R  + B O T I » B O T I
C
XKR = B Y R » B O T R + B Y I » B O T I  
X K I = - B  YR * B O T I + B Y I * B O T R
C
B O T R = V R - B X R  
B O T I = V I - B X I
D U M X = B O T R * B O T R + B O T I * B O T I
C
X L R =  B XR * BO T R  +B X I * B O T I  
X L I  = - B  XR * B O T I  + B  X I  *  B O T R
A -  M A T R I X
E X P N = D E X P ( R O O T R ( K K ) « Z ( M ) )
C R = E X P N « D C O S ( R O O T I ( K K ) * Z ( M ) )
C I = E X P N * D S I N ( R O O T I ( K K ) » Z ( M ) )
A R ( K 2 , I  ) = CR 
A I ( K 2 , I ) = C I
A R ( K , I  ) = ( C R » X K R - C I * X K I ) » Y P / D U M Y  
A I ( K , I  ) = ( C R « X K I + C I * X K R ) » Y P / D U M Y
A R ( K 1 , I ) = - ( C R » X L R - C I * X L I ) * X P / D U M X  
A I ( K 1 , I  ) = - ( C R * X L I + C I » X L R ) " X P / D U M X
VR = C R * R O O T R ( K K ) - C I » R O O T I ( K K )
V I = C R « R O O T I ( K K ) + C I » R O O T R  ( K K )
AR ( K 5 , I )  = VR
A I ( K 5 , I ) = V I
AR ( K 3 , I )  = ( V R * X K R  - V I « X K I  ) • Y P / D U M Y
A I ( K 3 , I  ) = ( VR * X K I  + V I * X K R  ) • Y P / D U M Y
AR ( K •». I )  = - ( V R * X L R - V I * X L I ) * X P / D U M  X
A I ( K 1 . I  ) = - ( VR » X L I + V I * X L R ) * X P / D U M X
R I X
VR = T R * R O O T R ( K K  ) - T I « R O O T I ( K K ) 
V I = T R » R O O T I ( K K ) + T I » R O O T R  ( K K )
XM R =VR * X K R - V I " X K I  
X M I = V R * X K I + V I « X K R
291
c
X N R = V R » X L R - V I » X L I
X N I = V R » X L I + V I » X L R
C
VR = R O O T R  2 + C S R  
V I = R O O T I 2  + C S I
C
X Q R = V R » R O O T R ( K K ) - V I " R O O T I ( K K )
X Q I = V R » R O O T I ( K K ) + V I " R O O T R ( K K )
C
B R ( K 2 , I ) = - ( X Q R » C R - X Q I » C I ) " W W M  
B I ( K 2 , I  ) = - ( X Q R * C I + X Q I » C R ) * W W M
G
B R ( K , I ) = - ( X M R » C R - X M I " C I ) * Y Y M " Y P / D U M Y  
B I ( K , I  ) = - ( X M R * C I + X M I » C R ) » Y Y M » Y P / D U M Y
C
BR ( K 1 ,  I ) = ( X N  R • C R - X N I " C I ) » X X M » X P / D U M X  
B I  ( K 1 , 1  ) = ( X N R » C I + X N I » C R ) » X X M " X P / D U M X
C
V R = C R » R 0 0 T R 2 - C I » R 0 0 T I 2  
V I = C R » R O O T I 2 + C I » R O O T R 2
C
B R ( K  5  ,  I  ) = VR" WWM 
B I  ( K 5 . I  )  = V I " WW M
C
B R ( K 3 , I ) = ( V R » X K R - V I " X K I ) » Y Y M " Y P / D U M Y  
B I ( K 3 . I  ) = ( V R " X K I + V I " X K R ) » Y Y M " Y P / D U M Y
C
B R ( K 4 ,  I ) = - ( V R * X L R - V I * X L I  ) " X X M » X P / D U M X  __
B I  ( K 1! ,  I  ) = - ( V R » X L I + V I » X L R ) » X X M » X P / D U M X
C
1 1 0  C O N T I N U E
C
C F O R C E  S I G N  C O N V E N T I O N
C
DO 1 1 5  1 = 1 , 7
DO 1 1 5  J = 1 , 1 4
B R ( I , J  ) = - B R ( I , J )
1 1 5  B I ( I , J )  = - B I  ( I , J )
C
C F O R M  T H E  S T I F F N E S S  M A T R I X
C
C A L L  L E Q T 1 C ( A R , A I ,  1 4 ,  1 4 . A I N V R . A I N V I ,  1 4 ,  1 4 , 0 , W K , I E R )
I F  ( I E R . G T . O )  R E T U R N
C
DO 1 5 0  1 = 1 , 1 4
DO 1 5 0  J  = 1 ,  1 4  
D R ( I , J ) = 0 .
D I  ( I ,  J  )  = 0 .
DO 1 5 0  K = 1 , 1 4
D R ( I , J ) = D R ( I , J ) + B R ( I , K ) " A I N V R ( K , J ) - B I ( I , K ) » A I N V I ( K , J )
D I  ( I ,  J  ) = D I  ( I ,  J  ) + B R  ( I , K ) » A I N  V I  ( K ,  J  ) + B I  ( I , K ) » A I N  VR ( K ,  J  )
1 5 0  C O N T I N U E
C
C M U L T I P L Y  B Y  T H E  M O D U L U S  O F
C E L A S T I C I T Y
C
DO 1 6 0  1 = 1 , 1 4
DO 1 6 0  J  = 1 , 1 4
DUM X = DR ( I , J ) *  E R  -  D I ( I , J )  » E l
D I ( I . J )  = DR ( I ,  J  ) »  E l  +  D I  ( I ,  J  ) » ER 
1 6 0  D R ( I , J ) = DUMX
C











P R O G R A M
T O  A S S E M B L E  T H E  O V E R A L L  D Y N A M I C  S T I F F N E S S  
M A T R I X
D O U B L E  P R E C I S I O N  D R ( 1 4  ,  1 ) , D I ( 1 4  , 1 ) ,  S T F R ( N E  Q,  1 ) ,  S T F I ( N E Q ,  1 ) 
I N T E G E R  L M ( 1 ) , N E Q , I , J , 1 1 , J  J
DO 2 0  1 = 1 , 1 4  
I I  = L M ( I  )
I F  ( I I . E Q . O )  GO T O  2 0  
DO 2 0  J  = 1 ,  1 4
J J  = L M ( J  )
I F  ( J J . E Q . 0 )  GO T O  2 0  
S T F R ( 1 1 , J  J  ) = S T F R  ( 1 1 , J J  ) + D R ( I , J )
S T F I  ( I I , J J  ) = S T F I  ( I I , J J  ) +  D I  ( I , J  )
2 0  C O N T I N U E  
C












P R O G R A M
T O  C L E A R  A R R A Y  A
D O U B L E  P R E C I S I O N  A ( 1 )  
I N T E G E R  I , N
C
DO 1 0  1 = 1  ,  N 
1 0  A ( I  ) = 0 .  D + 0 0  























SUBROUTINE COEF4(BXR,BXI,BYR,BYI,CSR,CSI,CWR,CW I )
P R O G R A M
T O  C A L C U L A T E  T H E  C O E F F I C I E N T S  OF T H E  D I F F E R E N T I A L  
E Q U A T I O N S  (  D O U B L E  S Y M M E T R I C  C A S E  )
C O M M O N / C O E F / C O F  
C O M M O N / W E Q / R R , R I
D O U B L E  P R E C I S I O N  C O F ( 1 8 ) , R R » R I , B X R , B X I , B Y R , B Y I , C S R , C S I , C W R , C W I
U - E Q U A T I O N
C O F ( 1  ) = 1 .
C O F ( 2  ) = 0 .
C O F ( 3 ) = R R  
C O F ( 4 ) = R I  
C O F ( 5 ) = - B Y R  
C O F ( 6 ) = - B Y I
V - E Q U A T I O N
C OF  ( 7  )" = 1 .
C O F ( 8 ) = 0 .
C OF  ( 9  ) *  R R 
C 0 F ( 1 0 ) = R I  
C O F ( 1 1 ) = - B X R  
C O F ( 1 2 ) = - B X I
P H I - E Q U A T I O N
COF( 1 3  ) = 1 .
C O F ( 1 4 ) = 0 .
C 0 F ( 1 5  ) = C S R  
C O F ( 1 6 )  = C S  I  
C O F ( 1 7  ) = - C W  R 





















S U B R O U T I N E  C O E F 8 ( B W R , B W I , C S R , C S I , C W R , C W I , P , B 1 R , B 1 I , 
*  B 2 R . B 2 I )
P R O G R A M
T O  C A L C U L A T E  T H E  C O E F F I C I E N T S  OF  T H E  D I F F E R E N T I A L  
E Q U A T I O N S  ( C A S E  O F  ON E  A X I S  OF  S Y M M E T R Y  )
C O M M O N / C O E F / C O F  
C O M M O N / W E Q / R R , R I
D O U B L E  P R E C I S I O N  C O F ( 1 8  ) , R R , R I , B W R , B W I , C S R , C S I , C W R , C W I , P , B 1 R , B 1 1 ,  
B 2 R . B 2 I
U - O R - V  E Q U A T I O N
C O F ( 1  ) =  1 .
C O F ( 2 ) = 0 .
C 0 F ( 3 ) = R R  
C O F ( 4  ) =R I  
C O F ( 5  ) = - B 1 R  
C O F ( 6 )  = - B  1 1
E I G H T H  O R D E R  E Q U A T I O N
C O F ( 7  )  = 1 .
C O F ( 8 ) = 0 .
C OF  ( 9  ) = R R +C S  R 
C O F ( 1 0 ) = R I + C S I
C O F ( 1 1 ) = R R * C S R - R I » C S I - B 2 R - C W R  
C 0 F ( 1 2 ) = R R * C S I + R I * C S R - B 2 I - C W I  
C
C 0 F ( 1 3 ) = - ( C S R « B 2 R - C S I « B 2 I ) - ( R R » C W R - R I « C W I ) 
C 0 F ( 1 4 ) = - ( C S R * B 2 I + C S I » B 2 R ) - ( R R « C W I + R I •  CWR )
C
C O F ( 1 5 )  = B 2 R *  CW R - B 2 I « C W I - P * ( B 2 R * B W R - B 2 I * B W I )
































P R O G R A M
T O  C A L C U L A T E  T H E  C O E F F I C I E N T S  OF  T H E  T W E L V E  O R D E R  
D I F F E R E N T I A L  E Q U A T I O N  ( N O N S Y M M E T R I C A L  C A S E )
C O M M O N / C O E F / C O F
C O M M O N / R O O T S / C P O S O N , C D A M P , D A M P , R 1 , R 2 , B 1 , B Y 2 , B X 2 , B W 2 , C W 1 , C S 1 , C S 2 ,
* X 2 P . Y 2 P  
C O M M O f l / F L A  G S / I D A M  P , I S Y M X , I S Y M Y  
C O M M O N / W E Q / R R , R I
C O M M O N / M A T R X / X P , Y P , B X R , B X I , B Y R , B Y I , C S R , C S I , E R , E l , A R E A ,
» X X M , Y Y M , W W M
D O U B L E  P R E C I S I O N  C O F ( 1 8 ) , X L A M D 2 , R R , R I , B Y R , B Y I , B X R , B X I , B W R , B W I , C S R
* , C S I , C W R , C W I , B X Y R , B X Y I , B X B Y R , B X B Y I , T R , T I , U R , U I , V R
« , V I , W R , W I , C P O S O N , C D A M P , D A M P , R 1 , R 2 , B 1 , B Y 2 , B X 2 , B W2
» ’ , C W 1 , C S 1 , C S 2 , X 2 P , Y 2 P , R 2 R , R 2 I , A R E A , X X M , Y Y M
* , W W M , X P , Y P , E R , E l  
I N T E G E R  I , I D A M P , I S Y M X , I S Y M Y , N , N N
C O N S T A N T S
N r 1  6
I F C I S Y M X .  E Q .  1 . A N D .  I S Y M Y .  E Q .  1 ) N = 1H 
I F ( I S Y M X . E Q . 0  . A N D .  I S Y M Y . E Q . O )  N = 1 8
RR =R 1 " X L A M D 2 / R 2  
R I = - R R  * D A M P  
B Y R = B 1 » X L A M D 2 / B Y 2  
B Y I = - B  YR * DA M P  
B X R = B 1 * X L A M D 2 / B X 2  
B X I = - B X R  * D A M P  
B W R = B 1 * X L A M D 2 / B W 2  
B W I = - B W R  * D A MP
C S R = C P O S O N « ( C S 1 + C S 2 * X L A M D 2 ) / B W 2  
C S I = R I
C W R = C W 1 » X L A M D 2 / B W 2  
C W I = - C W R  * D A M P
C A L L  O T H E R  S U B R O U T I N E S  I N
C A S E  O F  S Y M M E T R Y
I F ( I S Y M X . E Q . 1 . A N D .  I S Y M Y . E Q . 1 )  GO T O  3 0  
I F ( I S  YM X . E Q . 0  . A N D .  I S Y M Y . E Q . O )  GO T O 2 0  
I F ( I S Y M X . E Q . 0 )  C A L L  C O E F 8 ( B W R , B W I , C S R , C S I , C W R , C W I ,
* X 2 P , B Y R , B Y I , B X R , B X I )
I F C I S Y M Y . E Q . 0 )  C A L L  C O E F 8 ( B W R , B W I , C S R , C S I , C W R , C W I ,
* Y 2 P , B X R , B X I , B Y R , B Y I )
GO T O  HO
2 0  C A L L  C O E F  H ( B X R , B X I , B Y R , B Y I , C S R , C S I , C W R , C W I )
GO T O  HO
C O E F F I C I E N T S  O F  D 1 2
30 C O F ( 1  )  = 1 .
C O F ( 2 ) = 0 .
C O E F F I C I E N T S  O F  D I O
C O F ( 3  ) = 2 . * R R + C S R  
C O F ( H ) = 2 . *  R I + C S I
C
C C O E F F I C I E N T S  O F  D 8
C
B XYR = B X R  + B  YR 
B X Y I = B  X I + B  Y I  
VR =R R + 2 .  *  C S R  
V I  = R I  + 2  .  * C S  I
C O F ( 5 ) = V R * R R - V I » R I - B X Y R - C W R
2 97
C 0 F ( 6 ) = V R * R I + V I » R R - B X Y I - C W I
C
C C O E F F I C I E N T S  O F  D 6
C
R 2 R  = R R * R  R - R I * R I  
R 2 1 =  2 . *  R R *  R I  
V R = R 2 R * C S R - R 2 I » C S I  
V I = R 2 R « C S I + R 2 I * C S R
C
T R = R R + C S R  
T I = R I + C S  I
W R = T R  * B X Y R - T I * B X Y I  
W I = T R * B X Y I + T I * B  XYR
C
C O F ( 7 ) = V R - W R - 2 . * ( R R * C W R - R I * C W I )
C O F ( 8 ) = V I - W I - 2 . * ( R R « C W I + R I * C W R )
C
C C O E F F I C I E N T S  O F  D 4
C
B X B Y R  =B XR * B Y R - B  X I « B Y I  
B X B Y I = B X R * B Y I + B X I « B Y R
C
T R = R R * C S R - R I * C S I  
T I = R R * C S I + R I » C S R  
VR = T R  * B X Y R - T I * B X Y I  
V I = T R * B X Y I + T I " B X Y R
C
T R = B X Y R - R 2 R  
T I  =B X Y I  - R  2 1  
W R = T R » C W R - T I » C W I  
W I = T R  * C W I + T I *  CWR
C
T R = B X R * X 2 P + B Y R * Y 2 P  
T I = B X I * X 2 P  + B Y I * Y 2 P  
U R = B W R * T R - B W I » T I  
U I  =BWR * T I  + B W I  * T R
C
C O F ( 9 ) s B X B Y R - V R  +W R - U R  
C O F ( 1 0 ) = B X B Y I - V I + W I - U I
C
C C O E F F I C I E N T S  O F  D 2
C
T R = C S R » B X B Y R - C S I « B X B Y I  
T I = C S R * B X B Y I + C S I * B X B Y R
C
V R = C W R » B X Y R - C W I » B X Y I  
V I = C W R » B X Y I + C W I » B X Y R  
W R = R R * V R - R I * V I  
W I  = RR * V I  + R I  * VR
C
VR =R R * U R  - R I  * U I  
V I  = RR * U I  + R I  *UR
C
C O F ( 1 1  ) = T R  +W R - V  R 
C 0 F ( 1 2 ) = T I + W I - V I
C
C C O E F F I C I E N T S  O F  D O
C
T R = ( X 2 P + Y 2 P ) * B W R - C W R  
T I = ( X 2 P + Y 2 P ) * B W I - C W I  
C O F ( 1 3 ) = T R # B X B Y R - T I * B X B Y I  
C O F ( 1 4 ) = T R * B X B Y I + T I « B X B Y R
C
C K E E P  R E A L  C O E F  I F  I D A M P = 0
C
4 0  I F ( I  DAM P . E Q .  1 )  R E T U R N  
N N = N / 2
DO 5 0  I  = 2  t  NN 








































SUBROUTINE EXLOA D (LM , CONC LD, DIS LD,DR,DI,RR,RI,WR,WI,XLAMD2,KK)
P R O G R A M
T O  F O R M T H E  O V E R A L L  L O AD V E C T O R
C O M M O N / B E A M / N B E A M , N U M N P , N E Q , N D I S T , N C L O D  
C O M M O N / L O A D S / X L D 1 , X L D 2 , X L D 3 , X L D 4 , X P Y P ,  P X ,  PY 
D O U B L E  P R E C I S I O N  C O N C L D  ( 1  ) ,  D I S L D  ( 1  ) , D R ( 1  4 ,  1 ) ,  D I ( 1 4  ,  1 ) ,
»  RR ( 1  ) ,  R I  ( 1  ) ,  P F ( 1 4 )  ,  PM ( 1 4 )  , WR ( 1  )  , W I  ( 1  ) ,
» X L D 1 , X L D 2 , X L D 3 , X L D 4 , X P Y P , P X , P Y , C , X L A M D 2
I N T E G E R  L M ( 1 ) , N B E A M , N U M N P , N E Q , N D I S T , N C L O D , I , J , K K
C O N C E N T R A T E D  L O A D S
I F  ( K K . G T . O )  GO T O  2 0  
DO 1 0  1 = 1 , NE Q 
1 0  R R ( I  ) = C O N C L D ( I )
R E T U R N
D I S T R I B U T E D  L O A D S
2 0  I F  ( N D I S T . E Q . O )  R E T U R N  
DO 3 0  1 = 1 , 1 4  
P F ( I ) = 0 .
3 0  PM ( I  ) = ( J .
[ P F  ] - V E C T O R
C = X L D 1 » X L A M D 2  
P F ( 1  ) = - D I S L D ( 1 )  » X L D 2  /  C
P F ( 2 )  = ( D I S  L D ( 2 )  »  X L D 3  -  D I S L D ( 3 )  *  X P Y P  -  D I S L D ( 4 )  •  P Y  ) / C
P F ( 3 ) = ( - D I S L D ( 2 )  »  X P Y P  +  D I S L D ( 3 )  * X L D 4  +  D I S L D ( 4 )  » PX ) / C
P F ( 4 )  = ( - D I S  L D ( 2 )  »  P Y  +  D I S L D ( 3 )  *  P X  +  D I S L D ( 4 )  ) / C
DO 4 0  1 = 1 , 4  
4 0  P F ( I + 7 )  = P F ( I )
[ P M  ] - V E C T O R
P M ( 2  ) = - D I S L D ( 5 )
PM ( 3  ) = D I S L D ( 6  )
PM ( 4 )  = - D I S  L D ( 7  )
DO 5 0  1 = 2 , 4  
5 0  P M ( I + 7  ) = P M ( I  )
E N D  F O R C E S
DO 6 0  1 = 1 , 1 4
W R ( I  ) = P M ( I  )
W I ( I  ) = 0 .
DO 6 0  J  = 1 ,  1 4
W R ( I ) = W R ( I  ) -  D R ( I , J )  »  P F ( J  )
W I ( I )  = W I ( I )  -  D I ( I , J )  » P F  ( J  )
6 0  C O N T I N U E
A S S E M B L E  T H E  L O A D  V E C T O R
DO 7 0  1 = 1 , 1 4  
J  = L M ( I  )
I F  ( J . E Q . O )  GO T O  7 0  
R R ( J  ) = R R ( J  ) -  W R ( I  )
R I  ( J  ) = R I  ( J  ) -  W I ( I  )








































P R O G R A M
T O  R E A D  AND G E N E R A T E  T H I N  W A L L E D  B E A M  M A T E R I A L  A N D 
S E C T I O N  I N F O R M A T I O N
C O M M O N / T A P E S / I I N , I O U T
C O M M O N / B E A M / N B E A M , N U M N P , N E Q , N D I S T , N C L O D  
C O M M O N / F L A G S / I D A M P , I S Y M X , I S Y M Y
C O M M O N / M A T R X / X P , Y P , B X R , B X I , B Y R , B Y I , C S R , C S I , E R , E l , A R E A ,
X X M , Y Y M , W W M
C O M M O N / R O O T S / C P O S O N , C D A M P , D A M P , R 1 , R 2 , B 1 , B Y 2 , B X 2 , B W 2 , C W 1 , C S 1 ,  C S 2 ,  
X 2 P . Y 2 P
C O M M O N / L O A D S / X L D 1 , X L D 2 , X L D 3 , X L D i ) , X P Y P ,  P X ,  PY 
I N T E G E R  NB E  AM,  U N ,  I O U T ,  I  D A M P ,  I S Y M X ,  I S Y M Y  
D O U B L E  P R E C I S I O N  Y O U N G , P O I S O N , R H O , D A M P , A R E A , X X M , Y Y M , WWM,
' S T V E N T , X P , Y P , T O L , P O L A R , S H E A R , C P O S O N , C D A M P ,
C S 1 . C S 2 , R 1 , R 2 , B 1 , B Y 2 , B X 2 , B W 2 . C W 1 , X 2 P , Y 2 P , R 2 P , 
X L D 1 , X L D 2 , X L D 3 , X L D 4 , X P Y P , B X R , B X I , B Y R , B Y I , C S R ,  
C S I ,  E R ,  E l ,  P X ,  PY
D A T A T O L / 1 . D - 9 /
R E A D  B E A M  I N F O R M A T I O N
R E A D ( I I N , " )  N B E A M , N D I S T , N C L O D v  
R E A D  ( U N  ,  *  ) Y O U N G ,  S H E A R ,  PO I S O N , R H O ,  DAM P 
R E A D ( I I N , » )  A R E A , X X M , Y Y M  
R EAD ( U N , * )  WWM,  S T  V E N T  
R E A D ( I I N , * )  X P . Y P
P R I N T  B E A M  I N F O R M A T I O N
W R I T E ( I O U T , 2 0 0  0 )  N B E A M , N D I S T , N C L O D , Y O U N G , S H E A R , P O I S O N , R H O , D A M P ,  
AR E A- ,  X X M,  Y Y M ,  WWM,  S T  V E N T ,  X P ,  Y P
G E N E R A T E  T H E  C O N S T A N T S
NU MNP  = NB E AM + 1 
I  DAMP = 1 
I S Y M X = 1  
I S  YMY = 1
I F ( D A M  P . L T . T O L ) I D A M P = 0  
I F ( D A B S ( Y P ) . L T . T O L ) I S Y M X = 0  
I F ( D A B S ( X P ) . L T . T O L ) I S Y M Y = 0
I DA M P = 0  NO D A M P I N G  ,  I D A M P  = 1 D A M P I N G
I S  YMX = 0  X - A X I S  I S  AN A X I S  OF  S Y M M E T R Y
I S  YM Y = 0  Y - A X I S  I S  AN A X I S  OF  S Y M M E T R Y
X 2 P  =X P " X  P 
Y 2 P  = Y P " Y P
ER = Y O U N G  
E l = YOUNG *DAM P
P O L A R  M O M E N T  O F  I N E R T I A
P O L A R = X X M + Y Y M + A R E A *  ( X 2 P + Y 2 P  )
S H E A R  M O D U L U S  ( G  )
I F  ( D A B S ( S H E A R ) . L E . T O L )  S H E A R = Y O U N G / ( 2 . * ( 1 . + P O I S O N  ) )
C
C P O S O N  = 1 . - P O I S O N * P O I S O N  
C DAM P = 1 .  +  DAM P * DAM P
C
C S 1  = - S H E A R * S T V E N T " C D A M P  
C S 2  = RHO* WWM
300
R 1 = R H O » C P O S O N  
R 2 = Y 0 U N G * C D A M P
C
B 1 = A R E A * R 1 
B Y 2  = Y Y M * R 2  
B X 2  = X X M*  R 2  
BW2  =WWM*R 2
C
C W 1 = R H O » P O L A R » C P O S O N
C
R 2 P = P 0 L A R / A R E A  
X L D 2  = - R  2 P + X 2 P + Y 2 P  
X L D 1 = X L D 2 » A R E A » R H O  
X L D 3  =R 2 P - X 2 P  
X L D 4  = R 2 P - Y  2 P  
X P Y P  = X P  * Y P  
P X = X P  
P Y = Y P
C
R E T U R N  
2 0 0 0  F O R M A T ( / / / / / , 5 X ,
' B E A M  I N F O R M A T I O N .  .  .  . ' , / / / ,  5 X ,
' N U M B E R  O F  BE AM E L E M E N T S  .  .  . , 1 5 , / / / , 5 X ,
' D I S T R I B U T E D  L O A D  C O D E  .  .  .  . • • . .  ( N D I S T ) ' , 1 5 , / , 1 0 X ,
' N D I S T  = 0  . . . .  NO D I S T R I B U T E D L O A D S '  , / , 1 0 X ,
' N D I S T  = 1  . . . .  T H E R E  A R E  D I S T R I B U T E D  L O A D S ' , / / / , 5 X ,
' N U M B E R  OF  C O N C E N T R A T E D  L O A D S  . # , , .  ( N C L O D ) ' , 1 5 , / / / / / / , 5 X ,
' M A T E R I A L  I N F O R M A T I O N  .  .  . ' , / / / , 5 X ,
• Y O U N G S  M O D U L U S  ( E  ) ............................. , E 1 2 . 6 , / / , 5 X ,
' S H E A R  M O D U L U S ( G  ) ............................. ,  E 1 2 . 6 ,  /  /  , 5 X ,
' P O I S S O N  R A T I O  ( N U ) ............................. ,E 1 2 . 6 ,/ / ,5 X ,
' M A S S  D E N S I T Y ( R H O  ) ............................. , E 1 2 . 6 . / / . 5 X ,
' D A M P I N G  C O E F F I C I E N T ( E T A )  .  .  . ,E 1 2 . 6 ,/ / / / / ,5 X ,
' C R O S S  S E C T I O N I N F 0  R M A T I 0  N '  , / / /  , 5 X ^
' A R E A ( A )  .......................................................... ,  E 1 2 . 6 . / / . 5 X ,
' M O M E N T  OF  I N E R T I A ( I X X )  . . . . ,  E 1 2 . 6 , / / , 5 X ,
' M O M E N T  OF  I N E R T I A ( I Y Y ) . . . . ,E 1 2 . 6 . / / . 5 X ,
' W A R P I N G  C O N S T A N T ( I W W )  . . . . , E 1 2 . 6 , / / , 5 X ,
' T O R S I O N A L  C O N S T A  NT ( J )  . . . . , E 1 2 . 6 , / / , 5 X ,
' S H E A R  C E N T E R  C O O R D I N A T E ( X P ) ,E 1 2 . 6,/ / ,5 X ,
' S H E A R  C E N T E R  C O O R D I N A T E ( Y P ) 
E N D





C .  P R O G R A M
C .  1 - T O  R E A D  AND G E N E R A T E  N O D A L  P O I N T  I N F O R M A T I O N




C O M M O N / B E A M / N B E A M , N U M N P , N E Q , N D I S T , N C L O D  
C O M M O N / T A P E S / U N ,  I O U T
D O U B L E  P R E C I S I O N  Z ( 1  ) , D I S L D ( 7 ,  1 ) , C O N C L D ( 1  ) , F L O A D
I N T E G E R  N B E A M , N U M N P , N E Q , N D I S T , N C L O D , I D ( 7 , 1 ) , I I N , I O U T , I , J , N,
» I I , N O D , I D I R , k k
C
C R E A D  A N D  P R I N T  N O D A L  P O I N T
C I N F O R M A T I O N
C
I F  ( K K . G T . 0 )  GO T O  A5 
W R I T E ( I O U T , 2 0 0 0 )
DO 1 0  1 = 1 ,  NU MNP
R E A D C I I N , * )  N , Z ( N ) , ( I D ( J , N ) , J = 1 , 7 )
W R I T E  ( I O U T , . 2 0 1 0  ) N ,  Z ( N ) ,  ( I D  (  J , N  ) ,  J  = 1 ,  7  )
1 0  C O N T I N U E
C
C N U M B E R  O F  U N K N O W N S
C
NE Q = 0
DO AO N = 1 , NUMNP  
DO AO 1 = 1 , 7
I F ( I D ( I , N ) )  3 0 , 2 0 , 3 0  
2 0  NE Q = N E Q  +  1
I D  ( I ,  N ) = N E Q  
GO T O  AO 
3 0  I D ( I , N ) = 0
AO C O N T I N U E
’ W R I T E ( I O U T ,  2 0 2  0 ) ( N , ( I D ( I , N )  , 1  = 1 , 7 )  , N  = 1 , N U M N P )
R E T U R N
C
C I N P U T  D I S T R I B U T E D  L O A D S
C
A5 I F ( N D I S T . E Q . 0 )  GO T O - 5 0
C
W R I T E ( I O U T , 2 0 A 0 )
DO 5 0  1 = 1 , NB E A M
R EA D ( I  I N  , * ) N , ( D I S L D ( J , N ) , J = 1 , 7 )
W R I T E ( I O U T , 2 0 5 0 )  N , ( D I S L D ( J , N ) , J  = 1 , 7 )
5 0  C O N T I N U E
C
C I N P U T  C O N C E N T R A T E D  L O A D S
C I N F O R M A T I O N  A N D  A S S E M B L E
C L O A D  V E C T O R
C
I F  ( N C L O D . E Q . O )  R E T U R N
C
DO 6 0  I  =1 ,  NE Q 
6 0  C O N C L D ( I  ) = 0 .  "
C
W R I T E ( I O U T , 2 0 6 0 )
DO 8 0  1 = 1 ,  N C L O D
R E A D ( I I N , * )  N O D , I D I R , F L O A D  
W R I T E ( I O U T , 2 0 8 0  ) N O D , I D I R , F L O A D  
I I  = 1 D ( I  D I  R ,  N O D )
I F  ( I I )  8 0 , 8 0 , 7 0  
7 0  C O N C L D d I )  = C O N C L D d I )  +  F L O A D
8 0  C O N T I N U E
C
R E T U R N
2 0 0 0  F 0 R M A T O H  1 . / / / . 5 X ,  ' N  O D A L  P O I N T  D A T  A ' , / / , 5 X ,
• ' N O D E  Z - C O O R D I N A T E  B O U N D A R Y  C O N D I T I O N  C O D E S ' , , / )
2 0 1 0  F 0 R M A T ( I 8 , F 1 3 . 5 , 5 X , 7 1 3 )
2 0 2 0  F  O R M A T ( / / /  ,  5 X , ' E Q U A T I O N  N U M B E R  S ' , / / , 5 X ,
• ' N O D E  W U V P H I  U1 V1  P H 1 1 ' , / / , ( 1 8 , 1 6 , 6 1 5 ) )  
2 0 * 1 0  F O R M A T ( / / / / / / , 5 X , ' D  I S T R I B U T E D  L O A D  S ' , / / , 5 X ,
• ’ B E A M '  ,  1 0 X , » N E ' , 1 1 X ,  ' V X E ' , 1 1 X ,  ' VYE '  , 1 2 X , ' T E ' , 1 I X ,
» ' M Y E ' ,  1 1 X , ' M X E ' , 9 X , ' M O M E G A E '  , / )
2 0 5 0  F O R M A T ( I  8 ,  *t X,  7 E  1*4.  6 )
2 0 6 0  F O R M A T C / / / , 5 X , ' C  O N C E N T R A T E D  L O A D  S ' , / / , 6 X ,
» ' N O D E ' , 9 X , ' D I R E C T I O N ' , 8 X ,  ' L O A D '  , / , 5 X , ' N U M B E R ' ,
• 2 3 X , ' M A G N I T U D E ' , / )













P R O G R A M
T O  F I N D  T H E  F O U R T E E N  R O O T S  OF  T H E  C H A R A C T E R I S T I C  
E Q U A T I O N S
C O M M O N / M R O O T / R O O T R , R O O T I
D O U B L E  P R E C I S I O N  Z E R O ( 1 ) , R O O T R ( 1 4 ) , R O O T I ( 1 4 ) , P I , X L , T H , AL
I N T E G E R  I , I I , I I I , N
DA T A  N , P I / 7 ,  3 . 1 4 1 5 9 2 6 5 3 6 /
DO 1 0  1 = 1 , N 
I I = I + I  
I I I = I I - 1
X L = D S Q R T ( Z E R O - ( I I I  ) * Z E R O ( I I I  )  +  Z E R O ( I I  ) * Z E R O ( I I ) )  
I F ( D A B S ( X L ) . G T .  1 . D - 1 2 )  GO TO 5 
T H  = 0 .
' GO T O 7  
5  A L = D A B S ( Z E R O ( I I ) / X L )
T H = D A T A N ( A L / D S Q R T ( 1 . D 0 - A L * A L ) )
7  I F ( Z E R O ( I I I ) . L T . O . D O  . A N D .  Z E R O ( I I ) . G E . 0 . D O )  T H = P I - T H
I F ( Z E R O ( I I I ) . L T . O . D O  . A N D .  Z E R O ( I I ) . L T . 0 . D O ) T H = P I + T H  
I F ( Z E R O ( I I I ) . G E . 0 . DO . A N D .  Z E R O ( I I ) . L T . 0 . D O ) T H = 2 . * P I - T H
XL = D S  Q R T  ( X L  )
TH = T H / 2 . D O
R O O T R ( I I I ) = X L » D C O S ( T H )
R O O T I ( I I I ) = X L » D S I N ( T H )
R O O T R ( I I ) = - R O O T R ( I I I )
R O O T I ( I I ) = - R O O T I ( I I I )
1 0  C O N T I N U E
R E T U R N
E N D










C O M M O N / T A P E S / I I N , I O U T
C O M M O N / F L A G S / I  D A M P , I S Y M X , I S Y M Y
C O M M O N / B E A M / N B E A M , N U M N P , N E Q , N D I S T , N C L O D
D O U B L E  P R E C I S I O N  D R ( 1 4 , 1 ) , D I ( 1 4 , 1 ) , AM P R ( 1 ) , AM P I ( 1 ) , W R ( 1 ) , W I ( 1 ) ,  
» U R ( 1 4 ) , U I ( 1 4 ) , F R ( 1 4 ) , F I ( 1 4 )
I N T E G E R  L M ( 1  ) ,  U N ,  I O U T ,  N B E A M ,  N U M N P ,  N E Q ,  N D I S T ,  NC L O D ,  1 , 1 1 ,  I B  EAM ,
« I D A M P ,  I S Y M X ,  I S Y M Y
C
C C O P Y  B E .  A M  D I S P L A C E M E N T S
C
DO 1 0  1 = 1  ,  1 4  
I I  = L M ( I  )
U R ( I ) = 0 .
U I ( I )  = 0 .
I F  ( I I . E Q . 0 )  G O  T O  1 0  
UR ( I  ) = AM PR ( I I  )
U I  ( I  ) = AM P I ( I I )
1 0  C O N T I N U E
C
C C O M P U T E  [ F ]  = [ D ]  * [ U ]  +  [ W ]
C
DO 3 0  1 = 1 ,  1 4  
F R  ( I  ) = 0 .
F I ( I ) = 0 .
I F  ( N D I S T . E Q . O )  GO T O  2 0  
F R  ( I  )  = W R ( I  )
F I ( I ) = W I ( I )
2 0  DO 3 0  1 1 = 1 , 1 4
F R  ( I  ) = F R ( I  ) +  DR ( I ,  I I  ) «  UR ( I I  ) -  D I ( I , I I )  « U I ( I I )  
F I ( I )  = F i d )  +  DR ( I ,  I I  ) « U I ( I I )  +  D I ( I , I I )  *  UR ( I I  )
3 0  C O N T I N U E
C
I I  = I B E A M  + 1
W R I T E  ( I O U T , 2 0 0 0 )  I B E A M
I F  ( I D A M P . G T . O )  W R I T E ( I O U T , 2 0 0 5 )
W R I T E  ( I O U T , 2 0 1 0 )
W R I T E  ( I O U T ,  2 0 2 0 )  I  B E A M , ( F R ( I ) , I  = 1 , 7 )
W R I T E  ( I O U T , 2 0 2 0  ) 1 1 , ( F R ( I ) , I = 8 , 1 4 )
I F  ( I D A M P . E Q . O )  R E T U R N
C
W R I T E  ( I O U T , 2 0 3 0 )
W R I T E  ( I O U T , 2 0 1 0 )
W R I T E  ( I O U T , 2 0 2 0 )  I  B E A M , ( F I ( I ) , I  = 1 , 7 )
W R I T E  ( I O U T , 2 0 2 0  ) 1 1 , ( F I ( I ) , I = 8 , 1 4 )
C
R E T U R N
- 2 0 0 0  F  O R M A T ( / / /  , 5 X , 1 B E A M  E L E M E N  T ' , I 7 )
2 0 0 5  F O R M A T ( / / , 5 X , ' R  E A L P A R  T ' )
2 0 1 0  F ORM A T ( / , 7 X , ' N O D E '  ,  9 X , ' N O R M A L 1 , 1 0 X , ' S H E A R ' , 1 0 X , ' S H E A R  '  ,  9 X ,
» ' T O R Q U E ' , 9 X , ' M O M E N T ' , 9 X , ' M O M E N T ' , 9 X , ' W A R P I N G '  , / , 5 X , ' H U M B E R ' ,
« 1 O X , ' F O R C E ' , 1 1 X , ' V - X ' , 1 2 X , ' V - Y ' , 1 3 X , ' T ' , 1 3 X , ' M - Y ' , 1 2 X , ' M - X ' ,  
« 1 2 X , ' M - W * , / )
2 0 2 0  F 0 R M A K I 9 ,  4 X ,  7 E 1 5 .  6 )
2 0 3 0  F  O R M A T ( / , 5 X , ' I  M A G I N A R Y  P A R  T '  )
E ND
P R O G R A M
T O  C A L C U L A T E  AND.  P R I N T  T H E  S T R E S S  R E S U L T A N T  
A M P L I T U D E S
305
S U B R O U T I N E  W R I T E ( I D , S T F R , S T F I , AM P R , AM P I , W K )
C .............................................................................................................................................................................
c .
C .  P R O G R A M
C .  T O P R I N T  T H E  D E T E R M I N A N T  OF  T H E  S T I F F N E S S  M A T R I X




C O M M O N / T A P E S / I I N , I O U T
C O M M O N / F L A G S / I  D A M P ,  I S Y M X ,  I S Y M Y
C O M M O N / B E A M / N B E A M , N U M N P , N E Q , N D I S T , N C L O D
D O U B L E  P R E C I S I O N  S T F R ( N E Q , 1 ) , S T F I ( N E Q , 1 ) , AM P R ( 1 )  , AM P I ( 1 ) ,
*  W K ( 1 ) , D E T R , D E T I , D ( 7 ) , DU M
I N T E G E R  I D  ( 7 ,  1 ) ,  U N ,  I O U T ,  N B E A M ,  NUM N P ,  NE Q ,  ND 1 S T ,  NC L O D , I  P V T ,
•  I ,  I I ,  K K ,  I D E T ,  I D A M P ,  I S Y M X ,  I S Y M Y
C
C C A L C U L A T E  A N D  P R I N T  T H E
C D E T E R M I N A N T
C
D E T R  = 1 .
D E T I  = 0 .
I D E T  = 0  
DO 2 0  1 = 1 , NEQ
I  P V T  = W K ( I  )
I F  ( I P V T . E Q . I )  GO T O  1 0  
D E T R  = - D E T R  
D E T I  = - D E T I
1 0  DUM = D E T R  » S T F R ( I , I )  -  D E T I  » S T F I ( I , I )
D E T I  = D E T R  * S T F I ( 1 , 1 )  +  D E T I  * S T F R ( 1 , 1 )
D E T R  = DUM
C
1 2  DUM = D S Q R T  ( D E T R  * D E T R  +  D E T I  » D E T I  )
I F  ( D U M . L E .  1 . DO ) GO T O 1 7  
D E T R  = D E T R  » 0 . 0 6 2 5
D E T I  = D E T I  * 0 . 0 6 2 5
I D E T  = I D E T  +  U
GO TO 1 2
C
1 7  I F  ( D U M . G E . 0 . 0 6 2 5 )  GO T O  2 0
D E T R  = D E T R  » 1 6 .
D E T I  = D E T I  » 1 6 .
I D E T  = I D E T  -  U
DUM = D S Q R T  ( D E T R  » D E T R  +  D E T I  « D E T I  )
GO T O 1 7
C
2 0  C O N T I N U E
I F  ( I D A M P . E Q . O )  D E T I  = 0 .
C
W R I T E  ( I O U T , 2 0 0 0 )  D E T R , D E T I , I D E T
C
C D I S P L A C E M E N T  A M P L I T U D E S
C R E A L  P A R T
C
W R I T E  ( I  O U T , 2 0 1 0 )
I F  ( I D A M P . G T . O )  W R I T E  ( I O U T , 2 0 1 5 )
W R I T E  ( I O U T , 2 0 2 0 )
C
DO 1 0 0  1 1 = 1 , NUMNP  
DO 3 0  1 = 1 , 7  
3 0  D ( I  ) = 0 .
C
DO UO 1 = 1 , 7
KK = I D ( I , I I )
« 0  I F  ( K K . N E . O )  D ( I  ) = A M P R ( K K )
1 0 0  W R I T E  ( I O U T , 2 0 3 0 )  I I , D  
I F  ( I D A M P . E Q . O )  R E T U R N
C
C I M A G I N A R Y  P A R T
C
W R I T E  ( I 0 U T . 2 0 U 0 )
W R I T E  ( I O U T , 2 0 2 0 )
C
306
DO 2 0 0  1 1 = 1 , NUMNP  
DO 1 3 0  1 = 1 , 7  
130 D(I) = 0.
C
DO 1 NO 1 = 1 , 7
KK = I D ( I , I I )
1 N 0  I F  ( K K . N E . O )  D ( I )  = AM P I ( K K )
2 0 0  W R I T E  ( I O U T , 2 0 3 0 )  I I , D
C
R E T U R N
2 0 0 0  F  O R M A T ( / / / , 5 X , 1 T H E  D E T E R M I N A N T  = ( ' ,
• E 1 5 . 6 , '  +  J ' , E 1 5 . 6 , '  ) «  2  » *  ’ , 1 5 )
2 0 1 0  F O R M A T C / / / / ,  5 X , ' D  I S P L A C E M E N T  A M P L I T U D E  S ' )
2 0 1 5  F O R M A T C / / / , 5 X , ' R  E A L P A R  T ' )
2 0 2 0  F 0 R M A T ( / / , 5 X , ' N O D E ' , 7 X , ' W '  ,  1 N X , ' U  '  ,  1 N X , ' V  '  ,  1 3 X , ' P H I  ’ ,  1 3 X , ' U  1 '  ,
8 1 3 X , ' V I ' , 1 2 X , ' P H 1 1 '  , / )
2 0 3 0  F O R M A T ( I 8 , 7 E 1 5 . 6 )















































P R O G R A M
T O  C A L L  T H E  A P P R O P R I A T E  R O U T I N E S  T O  F I N D  T H E  R O O T S  
OF T H E  C H A R A C T E R I S T I C  E Q U A T I O N S
C 0 M M 0 N / C 0 E F / C 0 F
C O M M O N / F L A G S / I D A M P , I S Y M X , I S Y M Y  
C O M M O N / M R O O T / R O O T R , R O O T I  
C O M M O N / W E Q / R R , R I
D O U B L E  P R E C I S I O N  C O F ( 1 8 )  , Z E R O ( 1 4 ) , R O O T R ( 1 4 ) , R O O T I ( 1 4 ) , R R , R I  
I N T E G E R  I E R , I D A M P , I S Y M X , I S Y M Y
Z E R O ( 1 ) = - R R  
Z E RO ( 2  ) .= - R  I
I F d S Y M X . E Q .  1 . A N D .  I S Y M Y . E Q . 1 )  GO T O  2 0
I F C I S Y M X . E Q . 0  . A N D .  I S Y M Y . E Q . O )  GO T O 4 0
1 -  C A S E  OF  ON E  A X I S  OF  S Y M M E T R Y  
I F ( I  DAM P . E Q .  1 )  GO T O  1 0
A -  NO D A M P I N G
C A L L  Z R P O L Y ( C O F , 2 , Z E R O ( 3 ) , I E R )
I F  ( I E R . G T . O )  R E T U R N
C A L L  Z R P O L Y ( C O F ( 4 ) , 4 , Z E R O ( 7  ) , I E R )
I F  ( I E R . G T . O )  R E T U R N  
GO T O  1 0 0
B -  D A M P I G
1 0  C A L L  Z C P O L Y ( C O F , 2 , Z E R 0 ( 3  ) , I E R  )
I F  ( I E R . G T . O )  R E T U R N
C A L L  Z C P O L Y ( C O F ( 7 ) , 4 , Z E R O ( 7  ) , I E R  )
I F  ( I E R . G T . O )  R E T U R N  
GO T O  1 0 0
2 -  N O N - S Y M M E T R I C A L  C A S E  
2 0  I F ( I D A M P . E Q . 1 )  GO T O  3 0
A -  NO D A M P I N G
C A L L  Z R P O L Y ( C O F , 6 , Z E R O ( 3 ) , I E R )
I F  ( I E R . G T . O )  R E T U R N  
GO T O  1 0 0
B -  D A M P I N G
3 0  C A L L  Z C P O L Y ( C O F , 6 , Z E R O ( 3  ) ,  I E R  )
I F  ( I E R . G T . O )  R E T U R N  
GO T O  1 0 0
3 -  T WO A X E S  OF  S Y M M E T R Y  
4 0  I F ( I D A M P . E Q . 1 )  GO T O  5 0
A -  NO D A M P I N G
C A L L  Z R P O L Y ( C O F , 2 , Z E R O ( 3 ) , I E R )
I F  ( I E R . G T . O )  R E T U R N
C A L L  Z R P O L Y ( C O F ( 4 ) , 2 , Z E R O ( 7  ) , I E R )
I F  ( I E R . G T . O )  R E T U R N
C A L L  Z R P O L Y ( C O F ( 7 ) , 2 , Z E R O ( 1 1 ) , I E R  )
I F  ( I E R . G T . O )  R E T U R N  






o B -  D A M P I N G
5 0  C A L L  Z C P O L Y ( C O F , 2 , Z E R O ( 3 ) , I E R )
I F  ( I E R . G T . O )  R E T U R N  
C A L L  Z C P O L Y ( C O F ( 7 ) , 2 , Z E R O ( 7 ) , I E R )
I F  ( I E R . G T . O )  R E T U R N  
C A L L  Z C P O L Y ( C O F ( 1 3 ) , 2 , Z E R O ( 1  1 ) , I E R  )
I F  ( I E R . G T . O )  R E T U R N
F I N D  T H E  R O O T S  OF  T H E  C H A R A C T E R I S T I C  E Q U A T I O N S
1 0 0  C A L L  R O O T S Q ( Z E R O  )
C
R E T U R N
E N D
